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♦ 



This book has been written as a companion volume to my 
Treatise on the Differential Calculus, and in its construction 
I have endeavoured to carry out the same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
fundamental properties of the more important curves and 
surfaces, so far as they were connected with the Integral'' 
Calculus. This has led me to give many remarkable results, .;■ 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Landen's theorems en 
the rectification of the hyperbola, Gennocohi's theorem on the 
rectification of the Cartesian Oval, and others which have not 
been usually included in text-books on the Integral Calculus. 

The present Edition has been altered and improved in 
several respects; the principal change, however, consists in 
the introduction of two new Chapters, one on Moments^ 



iv Preface. 

Inertia, and the other on Mean Value and Probability. For 
the methods adopted, and the greater part of the details in 
the former Chapter, I am indebted to the kindness of Pro- 
fessor Townsend. The Chapter on Mean Value and Proba- 
bility has been written by Professor Crofton, of Woolwich, 
and I desire here to express my sense of the deep obligations 
I am under to him, and to tender him my very best thanks. 

I am glad to be able to lay this Chapter before the Student, 
as an introduction to this branch of the subject by a Mathe- 
matician, whose original and admirable papers, in the Philoso- 
phical Transactions, 1868-9, ^d elsewhere, have so largely 
contributed to the recent extension of this important applica- 
tion of the Integral Calculus. 

I have to tfcanfc other friends for their kind assistance, 
more especially Mr. Cathcart and Mr. Panton, who have ex- 
tended to this book the same valuable aid which they afforded 
to my Differential Calculus, in the correction of the proof 
sheets, as well as in many important suggestions during the 
progress of the work. 

Trinity College, 
March, 1877. 
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INTEGKAL CALCULUS. 



CHAPTER L 

ELEMENTARY FORMS OF INTEGRATION. 

i. Integration. — The Integral Calculus is the inverse of the 
Differential. In the more simple ease to which this treatise 
is principally limited, the object of the Integral Calculus is 
to find a function of a single variable when its differential is 
known. 

Let the differential be represented by F (x) dx, then the 
function whose differential is F(x) dx is called its integral, 
and is represented by the notation 



I 



F(x) dx. 



Thus, since in the notation of the Differential Calculus we 
have 

the integral of /'(a?) dx is denoted hjf(x) ; or 



i- 



f(x) dx =/(*). 



Moreover, as f(x) and f(x) + C (where C is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f (x) da? it is necessary to add an arbitrary constant tof(x) ; 
hence, we obtain, as the general expression for the integral 
in question 

\f(x) dx =f(x) + C. (i) 

li 



[ 



2 Elementary Forms of Integration. 

In the subsequent integrals the constant C will be omitted, 
as it can always be supplied when necessary* In the appli- 
cations of the Integral Calculus the value of the constant is de- 
termined in each case by the data of the problem, as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte- 
gral of any given differential is called integration. 

The expression F(x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
x + dx (Dif. Cal., Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commenoe with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integrals. — A very slight acquaintance 
with the Differential Calculus will at once suggest the inte- 
grals of many differentials. We commence with the simplest 
oases, an arbitrary constant being in all cases understood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Dif. Cal. we may write down at 
onoe the following integrals : — 

oFdx = . — = - r-zrr (a) 

J m + 1 J x™ (m - 1) a?"- 1 v ' 

|f = % (•). (*) 

f . . cos mo? f , sin mo? , . 

\&mmxdx= , cos mxdx = . (c) 

J m ) m K ' 

— 5- = tan x, -r-r- = - cot x. (d) 

J oos'a? * J sura? v ' 



• It was in this aspect that the process of integration was treated by Leib- 
nits, the symbol of integration J being regarded as the initial letter of the word 
««*•, in the same way as the symbol of differentiation d is the initial letter in 
the word 4\ftrtnc*. 
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I 
I 

f 



dx 



% = sin" 1 -. (e) 



x* a 



</dT^ 

dx i . _ x t m 

= - tan- 1 -. (/) 



a a + x 2 a a 



f fl* 

e*dx = 0*. <fdx = ^ . (a). 

J log a vyy 

These, together with two or three additional forms which 
shall be afterwards supplied, are called the fundamental* or 
elementary integrals, to which all other forms, f that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms ; a few simple examples are given for exercise. 

Examples. 

[dx A i 

I. 1 -r-. Am. — . 

J* 2 * 

2*S X. 

-log (cos a:). 
~ b log (a + bx»). 



2. 


r dx 

J 7^" 


3- 


1 tanx dx. 


4- 


[ x n ~ 1 dx 
J a + bx* 




f awfcr 


5- 


Jy'i-* 2 


6. 




•?. 


f sin 0<& 



COS*0 * 



sec 0. 



- h W) 



* The fundamental integrals are denoted in this chapter by the letters a, b, e y 
Ac. ; the other formula by numerals 1,2, 3, &c. 

f By integrable forms are here understood those contained in the elementary 
portion of the Integral Calculus, as involving the ordinary transcendental func- 
tions only, and excluding what are styled Elliptio and Hyper- Elliptic functions* 
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Elementary Forms of Integration. 



\% 



%. \ — . Jju. - ^. 



c dx X 

9- -77T- «*■■ 

J x n 

Idx 

3. Integral of a Sum. — It follows immediately from Art. 
1 2 Dif. Gal. that the integral of the sum of any number of 
differentials is the sum of the integrals of each taken sepa- 
rately. For example — 

f(Ax m + Bx n + Caf + &c.) dx = Afx m dx + Bjx n dx + Cjx r dx + &c- 

Aa?* 1 Bx** 1 CaT 1 p 
= + + + &o. (2) 

Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 
sisting of powers of x multiplied by constant coefficients. 
Again, to find the integrals of cos 2 #dk and mxfxdx ; here 

f _ f 1 + cos 2x . x sin 2x 
cos *xdx = ax = - + , (3) 

f . , . f 1 - cos 2x _ x sin 2x , x 

J sin'sek = J dx = — . (4) 

A few examples are added for practice. 



Examples. 

1. I i - — . Ans. log x - x* + — . 

J x 4 

J x v * V * 

3. J tan 2 awfc = j (sec** - 1) dx. tan a? - a?. 



Integration by Substitution. 5 

sin (m + n)x bw. (m-n)x 

4. j cos mx cos nxdx. Ant. ) r- + — 7 r — . 

J 1 (m + n) a(m— n) 

r . . sin (*»-»)* 8in(m + »)x 

5. J sin ms sin nxdx. ) r ; r • 

J 2 (m - #•) 2 (m + #1) 

6. I a/ rfar. a war 1 v a *— **• 

J ^a - a? a 

Multiply the numerator and denominator by ya + x, 

7. lx*/ x + a &x -(* + «) a (* + «). 

<& 2 f 8 S\ 

Multiply the numerator and denominator by the complementary surd 

V x + a — v *• 

4. Integration by Substitution. — The integration of many 
expressions is immediately reducible to the elementary forms 
in Art. 2, by the substitution of a new variable. 

For example, to integrate (a + bx) n dx y we substitute z for 
41 + bx ; then cfe = tdfo, and 

J [a ^ Ox)dx-j b - (||+I)6 - (W+1 ) 6 • 

Again, to find 

f x*dx 

we substitute 2 for a + &r, as before, when the integral be- 
comes 

1 f (z - a) 2 cfe 

ia a 2 

Or - tt<? r-r-. -7 r^r= + 



6 3 ( (n - 3) s n ~ 2 (n - 2)s n ~ 2 (n - 1 ) *" 1 ) * 



6 Elementary Forms of Integration. 

On replaoing z by a + bx the required integral can be ex- 
pressed in terms of x. 

The more general integral 



I 



aPdx 



(a + bx) 



n> 



where m is any positive integer, by a like substitution be- 
comes 



i f (s - a) m dz 



expanding by the binomial theorem and integrating each 
term separately the required integral can be immediately 
obtained. 

Again, to find 



1 



dx 



of* (a + bx) n ' 



we substitute 2 for - + 6, and it becomes 

x 



1 f (g - b) m ^ 2 dz 

- a m+n-iJ ^ » 



which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 

It may be observed that all fractional expressions in which 
the numerator is the differential of the denominator can be 
immediately integrated. 

For we obviously have, from (J), 



1 



•^ ■ %/(«>• W 



dx 

Integration of -. 

x 2 - a 2 

Examples. 

rin xdx log (o + b cos x) 



I sin xdx 
a + bcosx* 



2. 



5- 



6. 



IaPdx I . , /a?\* 
- ■ ■ r BUI* 1 I - I . 
v/as-se 4 W 

3. f log x -±. I (log *)*. 

J X 2 

* life" log flog*). 

I x 2 dx log (a + to) 3«» + 4*br 
JaTbxf' ^ + 2^(a +**)•-* 

I dx 2b a + bx a + 2&» 

x 2 (a + to) 2 * a* ° g ~x aH (a + bx)' 

I xdx 2(a + fcr)i 2a (« + J*)* 
(a + bx)k' ^2 *» ' 

_ f xdx 3 (a + &r)f 3a (a + bx)* 

' J (a + bxf ~jP 2** ' 

I£r 2 A . I ix - a 

— _ - tan" 1 */ • 

Assume 2az — a 2 = z 2 , then adx = «fe, and the transformed integral is 

!2dz 



dx 
5. Integration of —7 r. 

a? - a* 



Since 



a? - a 2 2a [x - a x + a) 
we get 

[ dx 1 - x - a /LX 

Jar— a 2a x + a 

This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 



8 Elementary Forms of Integration. 

In like manner we have 



i 



dx i x-a ,. 

lo e I—S. (6) 



(*-o)(*-/3) a-/3 e s-0" 

dx 



6. Integration of — ¥ 

a + 20SP+G&* 

This may be written in the form 

cdx 



{cx+b) 2 + ac-b 2 ' 

or, substituting z for or + 5, 

dz 
z 2 + ac- b 2 ' 

This is the form (/) or (A) according as ac - b 2 is posi- 
tive or negative. 

Hence, if ac> b 2 we have 



J: 



tan" 1 - (7) 



a + 260? + ex 2 ^/ac - b 2 ^/ac - b 2 

If arc < b 2 , 



I 



rf# I . CX + J - a/^ 2 - ^ /«v 

log , ,- (8) 



a + 26a? + or 2 2<s/b 2 - ac cx+ b + <fb 2 - ac 



This latter form can also be immediately obtained from (6). 
In the particular case when ac = J 2 , the value of the inte- 
gral is 

- 1 

ex + b' 

(p + qx)dx 

7. Integration. of • = r. 

a + zbx + car 

This can at once be written in the form 

q (b + c#) dfa? jdc + qb dx 

c ' a + zbx + cx 2 c ' a + zbx + cx 2 ' 



T j. a* - (*?CO8 0- i)dx 

Integration of ^ ^ — . 9 

ar — zx cos u + 1 

The integral of the first term is evidently 

— log (a + 2bx + car 8 ), 

2C 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(#cos0 - i)dx 

# 2 -24?COS0 + 1* 

The expression becomes in this case 

cos (x - cos 0) dx sin 2 Odx 



x % - zx cos 8 + 1 {x - cos0) 2 + sin 2 0' 
hence 



i 



(xcosO-i)dx cos0, /9 « x 

■■ log (ar - 2X cos + 1) 



a> 2 - 2a; cos + 1 



. A , - x - COS / v 

- sin tan" 1 — . „ . (9) 

Bint; 



When the roots of a + 2bx + ex 2 are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next chapter. 



Examples. 



f dx . 2 fix + i\ 

I. I ;• <An*. — 7= tan- 1 ( — -. — ) . 

f dX I . /2«-I4>v/T\ 

3. f * . -W— V 



i o Elementary Forms of Integration. 



a I __ . Jim, tan" 1 (a? +2). 

J **+ 4* + 5 

Idx 1 ,<i+j 

— 5 a* 7 to* — 2 — • 

5* a + 4*+8 6 6 

«■ IS- J-GH5- 

Ia^^r I /«* — 3\ 

** - ** - 6- 2^ log ii*nr 

=. tan _1 (2* — 1). 

I — 2J? + 2£ a x ' 



8. Exponential Value for sin and cos 0. — By comparing- 
the fundamental formulae (/) and (h) the well-known expo- 
nential forms for sin and cos can be immediately deduced,, 
as follows. 



Substitute z</- 1 for a? in both sides of the equation 



1 



dx 1 . (\ + x\ 

= - log! + const. ; 



w I - X 2 2 Vi - x 

and we get 



i 



dz 1 , (1* z*f^ 1 \ 

— 5 = — 7= lo S[ 7= ) + eon8t 'y 



1 + z 



*/ - 1 \i - z*y '- 



or, by (/), tan" 1 * = — -= log ( -==2. ) + const. 

z*y - 1 \i - z*/ - 1/ 

Now, let z = tan and this becomes 

a 1 , (\ + -v/- * tan 0\ 

= — -= log! — =— — j. + const. 

2*/- \ Vi - y- 1 tan0y 

"When = o, this reduces to o = omtf . 
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v^T 



cos0- v/^Tsinfl 
or W~* = cos0 + ^/- i sin 0, 

9. Integration of 



</x 2 ± a 2 

Assume* ^x^ + a 2 = s - x, 

then we get ± a 2 = s 2 - 2xz, 

hence (z-x)dz = sdk, or 



z - x z 9 



•'• J7lb = l? =logs=log( * +v ^ 8) ' <<> 

This is to be regarded as another fundamental form. 

By aid of this and of form (e) it is evident that all ex- 
pressions of the shape 

dx 



*/a + 2bx + ex 3 



can be immediately integrated ; a, i, c, being any constants,, 
positive or negative. 

The preceding integration evidently depends on formula 
(t), or {e) 9t according as the coefficient of x 2 is positive or 
negative. 



* The student will better understand the propriety of this assumption after 
leading a subsequent chapter, in which a general transformation, of which the- 
aboye is a particular case, will be given. 



1 2 Elementary Forms of Integration. 

Thus, we have 

I = ——Ing [/•*-!- ft Ar % /r. [tiAr 2kr + /*K»)Y (10) 

J */a + 26* + ex* ^/c \ / 

1 = —sin- 1 L (il) 

J ^/a + zbx-cx 1 «/c \y/ac + 6v 

c being regarded as positive in both integrals. 

When the factors in the quadratic a + ibx + ex 2 are real 
and given the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

dx 
10. Integration of 



Assume a? - a = s 2 , then dx = 2s<fe, 



= 2flfe, 



hence 



c&? 2</s 



</(*-a) (s-/3) </*'+« -p 

cfe 



f <fe = 2 f 



y/(*-a) (*-/3) JyWa-/3 

= 2 log (2 + v/s 2 +a-/3), by (t), 

or I // x / =^ = ^ogCV^^ + v^ 7 ^)- (12) 

6^r 



1 1 . Integration of 



As before, assume as - a = z*, and we get 

dx zdz 



</(*-«) (0 - *) </$-*-* 
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Hence, by (e), 



I- * = ,^p 

12. Again, as in Art. 7, the expression 

( p + qx) dx 
* */a + zbx + ca? 

can be transformed into 

q (b + cx)dx pc + qb dx 



a 

— »• 

a 



(13) 



y/a+ ibx + cx 2 ° *Sa + 2bx + ex 3 

and is, accordingly, immediately integrable by aid of the 
preceding formula*. 



Examples. 

1. I , Am. 2 log (yx + yx-a). 

J V* a — ax 



J a/ox — z* Sa 



dx . 
y ax — x* 

3. f - . 2 sin 1 */x- 1. 

J v/i + x +x* 

5- f ^ "~7~a *** = V^(* + «)(*+*) + (a - b) log (v/«+ a + i/x+b)^ 
Multiply the numerator and denominator by «/ x + a. 

- f <& . . ,w+i 

6. I , — . Ant. sin -1 — — — . 

J^/i-x-x* Vs 

7. f * -^-8in-> / *> + **) ' 
J y/{a + to) (a' - 4'*) " \/ W V «b' + te' * 



ix EfametUrj 
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ix - p v tf — 2&r - car* 
I«t *-/> = -, then 



dx ds , 1 — ns 

= , and x = 



-r-/* z s 



••• f * = f 

J te - P) <y& t ilx t ex? J 



/>; </a t ilx t ex> J v/os* -r 2fe ; i -?-/«) + e(i +!»)* 



f -* . 



where d = c 9 b' = b + q> 9 e = a + 2^p + <y\ 

The integral eonseqnentl y ig reducible to (10), or (11), ac- 
cording as / is positive or negative. 

Examples. 



1. 



2, 



t dx \ la\ 
, Ant. -eofl-i (-J . 



y/x*-a?° 
dx 



6. 



Wjftt- log ( '7* * )• 

dx \i - x 

(i+x)<ST^&' ."Vi + * - 

f , * — . -^logf ) 

( & . . -i^^-i ( »*-« ) m 

J * \Zc0 + tbx - a <S a \*y/ae + b*l' 

f ■£=- 4= -- 1 K*) . 

f, * ain-( I + 3 * V 



dx 

Integration of 7 -jr=. 15 

(a + cx 2 )* * 

14. The transformation adopted in the last Article is one 

of frequent application in Integration. It is, accordingly, 

worthy of the student's notice that when we change x into 

1 , dx dz , . . .„ ^ 1 dx dz 

- we have — = ; and, in general, if x* = -, — = . 

z x z z x nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral — 



i 



dx 



x(a-i-bx n Y 

Here, the substitution of - for x" gives 

z 

1 r dz 

n)az +b' 
The value of which is obviously 

log (az + b) 9 or — logf r— ). 

na av " na e \a + &*y 

dx 

15. Integration of -. rrr- 

u B (a + ex 2 )* 

Xjet x = -, and the expression becomes 

zdz 



■ (az* + c)* ' 
the integral of this is evidently 



1 x 

r, or 



a (az 2 + c) i a {a + cx 2 )^ 



C dx x • 

Hence -7 -^7 = — -. ^tt. (14) 

J (a + ex 2 )* a (a + cx 2 )* 



1 6 E&iugat&r} Tkrm* iflxa 



Tkb <an b& written in the form 



-£*- cr-* 1 ;** 



wicih is reduced to the preceding on mating «r - 6 = r. 
Hgnce, we get 



<£r 6- ex 



(a - zhz - cr*y* (oe -4*^ (a - 2&r -r er*)* 
Again, if we substitute - for x, 



(15) 



xdx , — <£s 

becomes 



(« -r 2&P -r €ST*)i (flZ 1 -r 2fc -r *)** 

and, accordingly, we have 

4W& a + &r 



■ 



(a -t- zbx + est?)* (ac - &*) (a + 2&r + er 8 )** 

Combining these two results, we get 

(p + qx)dx _ bp - aq + (<?p - fi#) * 
(a + ibx + or 2 )* (ac - b 2 ) (a + 2&r + ex*)*' 



(i6) 



I 



tf0 tf0 

17. Integration of . ^ and s . 

' ° 8in0 CO80 

It will be shown in a subsequent chapter that the Integra* 
tion of a numerous class of expressions is reducible either to 

that of -. -j- lf or of s ; we accordingly propose to inves- 

sin cos ° J r r 

tigate their values here. For this purpose we shall first find 

the integral of -r— a 5. 

Bin0oos0 



Integration of -r—^. 1 7 

sin0 



dO 



dB _ cos'fl _ rf(tanO) 
sin cob tanfl tan0 

C /Jf) 

Consequently rinTeos© = 1 ° g ^ an ^" ^ 7 ^ 

Next, to find the integral of 

dO 



sin0* 
This can be written in the form 

dO 



. ff 
2 sin- cos- 

2 2 



and by the preceding we have 

Again, to determine the integral of -^ we substitute 

^° ° CO8 

— <p for 0, and the expression becomes -r-^- ; the integral 
of this, by (18), is 

- logman?! or log(cot|\ or logjcotf^ - -Jj. 

Accordingly we have 

This integral can also be easily obtained otherwise, as 
follows : — 

f dO _ C cosOde _ C d(*m6) 

J cosfl " J cos 2 "J cos 2 * 

c 
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Let ain - x, and the integral becomes 

J I - X? 2 6 \I - X) 2 e \i - sin 0/ 

The student will find no difficulty in identifying this re- 
sult with that contained in (19). 

dO 

18. Integration of z *. 

a + b cos 

This can be immediately written in the form 

dO 

6 , n . J 



(a + b) cos 2 - + (a - b) sin 2 - 



Q 

sec 2 - dO 

2 
or — — — — — — 



09 

a + b + (a - 6) tan 2 - 





on substituting 2 for tan - this becomes 



idz 



a + b + (a- b) z 2 ' 



Consequently, by Ex. 6, Art. 2, we get 
(1) when a> b 9 



Ja + 6cos0 </a % -V \^a + b 2) 



Different Metlwds of Integration. 
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( 2) when a < b, by formula (A), 



d0 



*/b + a + -v/6 - a tan - 







+ 6cos0 yb 2 -a 3 



lo S < 



I 7^ 8 

v/o + a - y^ - a tan ~ 



>•(«) 



If we assume a = b cos a, the latter integral is easily 
•ansf ormed into 

a-0 

d0 



if dO 

b J cos a + 



cos 



cos b sin a 



kg < 



cos 



a + 



> 



The integral in (20) can be transformed into 



i 



d0 



cos 



>-l 



lb + a cos 0} 



a + b cos </(£ _ £2 (a + 6 cos 0j" 



In a subsequent chapter a more general class of integrals 
rhich depend on the preceding will be discussed. 

19. Methods of Integration. — The reduction of the inte- 
gration of functions to one or other of the fundamental 
ormulse is usually effected by one of the following methods. 

(1). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
rith advantage. It may also be observed that these different 
aethods are not essentially distinct; thus the method of 
ationalization is a case of the first method, as it is always 
tffected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
nentary examples, reserving their fuller treatment fox «vsJ&- 
equent consideration. 

c 2 
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20. Integration by Transformation. — Examples of this 
method have been already given in Arts. 4, 10, &c. One or 
two additional cases are here added. 

Ex. 1. To find the integral of sin 1 * cos 3 * dx. 

Let sin x = y, and the transformed integral is 

y 3 y 5 sin 8 * sin 5 d? 



Jy 2 (i-y 2 )^=Jy i ^-jy 4 ^ = y-^ = 



_, . e*dx 

Ex. 2. 



It 



+ f 

Let c* = y, and we get 



f-^- 2 = tan- 1 y = tan- 1 (^). 



1 + y 

21. Integration by Parts. — We have seen in Art. 15 
Dif . Cal. that 

d (uv) = udv + vdu ; 

hence we get 

uv = J ttefo + J vdUy 

or J weft? = uv - j vdu. [22) 

Consequently the integration of an expression of the form 
udv can be always made to depend on that of the expression 
vdu. 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases. 

I I xdx 

Ex. 1. sin" 1 xdx = x sin" 1 * - — - 

J J >/i - x 2 

= * sin- 1 x + yr^x 7 . 
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Ex. 2. 



J. log * *. 



Let w = log x, v = -r- , and we get 

m> 
% 

r *c^ lofir # 1 r fl^i? •U* / i\ 

j iC i ogiC<&= ^___j^_ = _^ ogiC __j. 
Ex.3. c"«fo. 

Let a? = w, — = 0, then 

a 

a?e"*<fc = — dx = — [x — ). 

J a J a a \ a J 

r 
Ex. 4. j e? x sin mx dx. 

Let sin mx = u, — = v> then 

a 

\ eP* sin mx ax = 1 ^ cos wo? <fo\ 

J a a] 

o- m i f ^ ^ &* cos mx tn C f . 

Similarly, it"* cos mxdx = + — e** sin w*# <fo. 

J a aj 

Substituting, and solving ior f el** sin mx dx, we obtain 

f _ . , 0** (a sin fw# - m cos ma?) . v 

\e^smmxdx= — - ; '-. (2$) 

J a 2 + m z x ' 



a* + w 
In like manner we get 



i 



0"* (a cos m# + m sin mx) , x 

e"* cos mxdx = — ; -. (24) 

a 2 + m 2 N ' 
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i. \flagxJr. Ant. ( 



kg«- 



U\ 



» + I / 



2. [ tan* l x dr. x tan-** - - log (i + *»). 

x tan* xir. x tan x + log (cos x) „ 

Jam" 1 x ^r x sin" 1 x I , v 
-3- — =r-+-log(l-x»> 

Let x = nn y, and the integral becomes 

J iy ca&y = J y^C** 11 y) = y tan y 4 log(cos y). 

2 2 . Integration by Rationalization. — By a proper assump- 
tion of a new variable we can, in many cases, change an ir- 
rational expression into a rational one, and thus integrate it. 
An instance of this method has been given in Art. 8. 

The simplest case is where the quantity under the radical 
sign is of the form a + bx ; such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

x" dx 

(a + bx)*' 

where n is a positive integer. Suppose a + bx = s 2 , then 

2zdz . z 2 -a 
ax = — — , and x = — =— ; 


making these substitutions, the expression becomes 



2 (s 8 - g)* d 

hn+l 
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Expanding by the Binomial Theorem and integrating the 

terms separately, the required integral can be immediately 

xPdx 
found. It is also evident that the expression — can 

(a + bx)q 
be integrated by a similar substitution. . 

a 21 "* 1 dx 
23. Integration of 



(a + cx*)V 
where m is a positive integer. 

Let a + ax? = s 2 ; then xdx = — , a? = : and the 

c c 

transformed expression is 

(s 2 - a) m dz 



+1 



This can be integrated as before. It can be easily seen 

that the expression is immediately integrable by 

{a + c<x?) r * 

the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form ; a few examples are given for illustra- 
tion. 

Examples. 

Ix*dx , (1 - x*)% , , N . 
- Am. - (1 - a?*)*. 

V 1 - ** 3 

rx& dx s 5 i£ , / r* 

— „ + z : where s = v * + * • 

5 3 



ar 3 ^ — (2flf + 3^ 2 ) 



I— 

J (a + . 



c«2)4 3<?» (a + cx % )% 

24. It is easily seen that the more general expression 

/(# 2 ) xdx 

*/ a + c& 

where /(#*) is a rational algebraic function, can be rational- 
ized by the same transformation. 
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Again, if we make x = -, the expression 

dx 



*»(« + <**)* 
transforms into 

£*~ x dz 

(«» + «jr ; 

and is reducible to the preceding form when n is an even posi- 
tive integer. 

Hence, in this ease, the expression can be easily integrated 
by the substitution (a + cx 2 )^ = xy. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar transformation. 

Examples. 

Jdx _ a/x? — i , . . 

____. AfU . _____ (I _* + . 

dx 
25. Integration of 



{A + Cx 2 ) (a + ex 2 )*' 



As in the preceding Art., let (a + ex 2 )* = xz, or a + c,» 2 
= «V : then, if we difEerentiate and divide by 2a?, we shall 
have 



dx dz 
cdx = z 2 dx + xzdz, or — = 



xz c - z* 
dx dz 



(a + ex 2 )* c -z 2 ' 

and the transformed expression evidently is 

dz 

(Ac - Ca) - Az 2 ' 



(25) 
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This is reducible to the fundamental formula (/), or (A), 

Ac - Ca . 

according as -^ — is positive or negative. 

Ac - Ca 
Hence, (1) if - — > o, the integral is easily seen to be 



1 , / ^/A(a + ex 2 ) -f Xy/Ac - C a\ 

>.y/A(Ac-Ca) ° e WA(a + cx>) - x^A^^J ^ ' 

(2). If -, — < o, the value of the integral is 



, . x^/Ca - Ac . . 

ten y „ ( 2 7) 



^/A(Ca - Ac) */A[a + ex 2 ) 



Examples. 



Idx 1 A J x \/% \ 

7 — ■ — 57- — . Ans. —tz tan- 1 — = I * 

f dx 1 A f / 5a? \ 

'" J ( 3 + ^ 2 ) (4 - 3*¥ 5 y^ fcan " l/irr^?/ 



dx I 2 y/ 



1 , 2 V^3 + 4* 2 + 5* 



3 4- 4s 2 - 5a? 

26. Rationalization by Trigonometrical Transformation. — 
It can be easily seen, as in Art. 6, that the irrational expression 

a/ a + 2 bx + car 8 can be always transformed into one or other 
of the following shapes. 

(i)(a J -**)*, (2) («« + **)», ( 3 )(* J -a*)»; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making 2 = a sin ; the second, by 
z = a tan ; and the third, by z = a sec 0. 
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For, (i) when z = a sin 0, we have (a 2 - z 2 )* = a cos 0, 
and fife = a cos WO. 

(2). When 2 = a tan 0, .... (a 2 + s 2 )* = a sec 0, and 

adO 
dz = — tq. 
cos 2 

(3). When 2 = a sec 0, .... (s 2 - a 2 )* = a tan 0, and 
dz = a tan sec 0tf0. 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent place thi& 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 



j. 



r dx 



2. 



J x % ( 1 + x*)l 
Let x — tan 0, and the integral becomes 

!cos Odd _Cd (sin 0) _ i _ */ i +z*^ 

sin- J sin* ~ sin ~ x 

r dx 
J (« 2 - x*)% 

Let & = a sin 0, and we get 

I f <?0 _ tan _ ar 

This Has been integrated by another transformation in Art. 15. 

f dx 

Let x - sec 0, and the integral becomes 



I cos 8 0^0, or, by (3) Art. 3, 



sin cos 

+ -: 

2 2 

accordingly, the value of the integral in question is 



^ — + -C0T 1 (-\ • 

ix* 2 \x/ 
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e* t"" 1 *^ 



4 



IgaXxa. 

Let x = tan 0, and we get 

e°0 (a cos 4- sin 0) 



f 



cos e^dO ; or, by (23), 



1 + «» 



Hence 



dxtP** X * (a + *)*» tatt ~ 



Jdxe*** * __ (a + 
( 1 + *«)* ~ C 1 + 

Idksin- 1 ! ) . 



a 2 ) (1 + **)* 



Let = sin 2 0, or x = a tan 2 0, and the integral becomes 

a + x 

ajdd (tan* 0), or a / <? (sec 2 0) : (since sec 2 0=1 + tan 2 0). 
Integrating by parts, we have 

J0<*(sec 2 0) = sec 8 - J*sec 2 d0 = sec 2 - tan : 
hence the value of the proposed integral is 



(a + x) tan -1 



g)'= (,*).. 



It may be observed that the fundamental formulae (e) and (/) can be at 
once obtained by aid of the transformations of this Article. 

27. The student must not, however, take for granted that 
whenever one or other of the preceding transformations is. 
applicable, it furnishes the simplest method of integration^ 
We have, in Arts. 8 and 13, already met with integrals of th& 
class here discussed, and have treated them by other substitu- 
tions ; all that can be stated is, that the method given in tha 
preceding Article will be often found the most simple and 
useful. The most suitable transformation in each case can 
only be arrived at after considerable practice and familiarity 
with the results introduced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On examination, however, it will always be found 
that they only differ by some constant ; otherwise, iWj wrolsL 
not have the same differential. 
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28. Higher Transcendental Functions. — Whenever the ex- 
pression under the radical sign contains powers of x beyond 
the second, the integral cannot, unless in exceptional cases, 
he reduced to any of the fundamental formulae ; and conse- 
quently cannot be represented in finite terms of #, or of the 
ordinary transcendental functions : i. e. logarithmic, expo- 
nential, trigonometrical, or circular functions. Accordingly, 
the investigation of such integrals necessitates the introduc- 
tion of higher classes of transcendental functions. 

Thus the integration of irrational functions of x y in which 
the expression under the square root is of the third or fourth 
degree in x, depends on a higher class of transcendentals 
•called Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

30. Observations on Fundamental Forms.^From what has 
been already stated, the sign of integration J may be regarded 
in the light of a question : i. e., the meaning of the expression 

J F (x) dx is the same as asking what function of x has F (x) 

for its first derived. The answer to this question can only 

be derived from our previous knowledge of the differential 

coefficients of the different classes of functions, as obtained by 

xiid of the Differential Calculus. The number of fundamental 

formulae of integration must therefore, ultimately, be the 

same as the number of independent kinds of functions in 

Algebra and Trigonometry. These may be briefly classed as 

follows : — 

p 

1). Ordinary powers and roots, such as x 9 ", of*, &c. 

2). Exponentials, a x , &c, and their inverse functions; 

viz., Logarithms. 
(3). Trigonometric functions, sin x, tan x, &c, and their 

inverse functions ; sin" 1 ^, tan" 1 ^, &c. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental ioim\&£& ^x«a in 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals* may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

3 1 . Definite Integrals. — We now proceed to a brief consi- 
deration of the process of integration regarded as a summa- 
tion, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, u, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value (i : its total increment is obviously . repre- 
sented by |3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we- 
consider each increment to be. 

This result is denoted in the case of finite increments, bjr 
the equation 


2 (Au) = j3 - a : 

a 

and in the case of infinitely small increments, by 
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in which (i and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 

Now, suppose « to be a function of another variable <r, 
represented by the equation 

u =/(*) : 

then, if when x = a 9 u becomes a, and when x = 6, u becomes 
/3, we have 

«=/(«), 0-/(6). 
Moreover, in the limit, we have 

du -f (x) dx, 

neglecting* infinitely small quantities of the second order 
(See Dif. Cal., Art. 7). 

Hence, formula (28) becomes 



i 



/(*) dx -f(b) -/(a) ; (29) 



re- 



in which b and a are styled the superior and the inferior limits 
•of x> respectively. 

It should be observed that the expression f'(x) dx 

a b 
presents here the limit of the sum denoted by 2 {f(x) Ax)> 

a 

when Ax is regarded as evanescent. 

In the preceding we assume that each element/' (a) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and b 9 are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever/ (#), i. e. the integral 
of f (x) dx, can be formed, the value of the definite integral 

f(x) dx is found by substituting each limit separately in- 
b 



i 



* In a subsequent chapter on Definite Integrals, a rigid demonstration will 
"be foun«l of the property here assumed, namely that the sum of these quantities 
of the second order becomes evanescent in the limit, and consequently may be 
neglected. Compare also Art. 39, Dif. Cal. 



Change of Limits. 3 1 

stead of x in/(#), and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



Examples. 



w 



1. i sin BdO. Am. 1. 





3. 



1 811 
J 

f g dx 

J off 2 + x r 



a dx ir 

4«' 



re 



3. I 4 sin 2 xdx. 



IT I 

8 "4 



f 1 dx I ( x 

5 ' Joi+* + * 2 ' 1/7 (" 



2 tan" 1 



J 



cos 5 xdx. 



2 .4 



3-5 

!* a«fo? 1 

2 1 + * 2 a 

32. Change of Limits. — It should be observed that it is not 
necessary that the increment dx should be regarded as positive, 
for we may regard x as decreasing by successive stages, as 
'well as increasing. 

Accordingly we have 

]"/(*) dx -/(a) -/(ft) = - JV (*) dx. (30) 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 



Co Cc rb 

<p [x] dx = <p (x) dx + <p (x) dx ; 



■and so on. 
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Again, if we assume a? to be any function of a new variable 
s, so that <p [x) dx becomes <// (s) dz, we obviously have 



J^(x)dx = \p (z) dz, 
Xq JZq 



where Z and z are the values which z assumes when X and 

x Q are substituted for x, respectively. 

dx 
For example, if x = a tan z, the expression -7— ^irbe- 

r r (a 2 + x 2 )t 

cos z dz 
comes - — ; and if the limits of x be o and a, those of 



a 2 



IT 

z are o and — . Consequently 



c a dx i i ■" i 

I -n ^"5 = ~n 4 cos z dz- 

J o (a 2 + rf)t a 2 J ^ a2v / : 



Also, if we substitute a - z for x, we have 

pa ro ra 

$(x) dx = - \ <£ (a - z) dz = (a - z) dz. 

Jo J a Jo 

Since neither x nor 2 occurs in the result, this equation 
may evidently be written in the form 

(x) dx = \ <p (a - x) dx. (31) 

33. Values of I sintt2#sinn2flte,and cos mx cos ixxdx. 

Since 2 sin #w? sin nx = cos (w - n) a? - cos (m + ti) *, 
and 2 cos w<r cos w# = cos (m - n) x + cos (m + w) #•» 

we have 

sin (m - n) x sin (m + ») or 



I 



sin *wa? sin ^^rc^r = 



2(m - n) 2(m + n) * 
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, f 7 sin (m - n) x sin (m + n) x 

and cos mx cos nxax = — ^ 7- + ) £—. 

J 2 (m - n) 2 (m + n) 

Hence, when m and n are unequal integers, we have 

sinfw^Binw^cfe=o, and I oosmx oosnxdx = o. (32) 
"When w = w, we haye 



- cos 2nx . # sin 2wa? 
ax = 



2 2 4fl ' 



j— -J- 

sin 2 na?d<r « — , when n is an integer. 

Jo 2 

In like manner, with the same condition, we have 



1 



tt w 



cos 2 nxdx = -. (33) 

2 
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Examples. 

J(i + cos*) dx I 
—. : r^-. Ant. 

(* + sin x) 3 2 



6. 



$. 



to. 



II, 



(* + sin x) 3 2 (* + sin *) a 

2. \x&'mxdx. sin a; — * cos x. 

ii — * 
dx* 2 log (i + *)—*. 
I + X ° x ' 

a. \ (a + J*")"**"" 1 dx. 2— ^— -. 

J «(w + i) 

!&dx 2 I 

(a 8 ** 3 )*' " 3 C« 3 + »»>' 



JO* 

(! + *') tan"* . log (ten-.*). 

i^ S + I— * asin-. > /f±l. 

J «• + »»- 2 # ; log \*n) • 

r"o~« — tan" 1 ( — tan x$] . 

a 2 cos 2 * + £ 2 sin 2 * ab \a / 

ftanxdx i , , _ ,•..%. 
r-r—*-' "71 \ lo S ( a cos * + * sin**), 
a + 6 tan 2 * 2 (0 - a) v ' 

f cos(log*>&; . 

J — I - sin (log*). 



dx- 

12. Show that the integral of — can he obtained from that ofx m dx. 

x 

x m+1 — a m+1 

"Write the integral of x m dx in the form ; and, by the method of 

m + 1 J 

indeterminate forms, Ex. 5, Ch. iv. DifF. Gal., it can easily he seen that the 
true value of the fraction when m + 1 = o is log I - J , or log x, omitting the 
Arbitrary constant. 

13. J** 1 * sin mx cos nxdx. 

This is immediately reducible to the integral given in formula (23). 

d 2 1 4 + S tan - 

Ant. - tan- 1 



f d 

I4> IsT7 



am * 3^3 
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16. f. (. + .)!& 3(« + «* (4- 3«). 

J 4.7 

a^dic aa + bx* 



f «" 



bx*f **(« + ***)*' 

Xet a + bx 2 = s 2 . 

(p+ q cos #) <*z 



.8. f<2±» 
J a + 



6 cos x 
This is equivalent to 

« 

Jy <£b pb — qa T dx 
b b J a + b cos «' 

and accordingly can be integrated by Art. 18. 

xtFdx . #* 



rr. ^i/M. 

(l+«) 2 I+* 

isr <£» 1 * 

«2<te ** 



20 



22 



f_t . 

J (a + 4*)* 3« (a + b&f 



Let s 3 + 1 = « 2 . 

dx 1 . /a/ 1 +«*- > 

*3- . - log I ■ ,._ 

*V*»+i* n \y/t + x*i> i 4 

24. Integrate — , , ^ a 

^ ° a + b cos 



b + a cos 
by aid of the assumption x = a ^ bco&e - 

D 2 
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25. Deduce Gregory's expansion for tan- 1 * from formula (/). 
When * < 1, we have 

= 1 -*• +X 4 -* 6 + &c 



1+** 



Jdx x* ar 5 x"t 
= x + + &c. 
1+* 2 3 5 7 

No constant is added since tan- 1 * vanishes with x. 
26. Deduce in a similar manner the expansions of log ( 1 + x) 9 and sin- 1 x- 

dd 



27. Find the integral of 



a + 6 cos fl + csinfl* 



This can be reduced to the form in Art. 18, by assuming - = cot <r, &c» 

c 

r dx 

J (a + bx^/i + x* 

I / a + bx \ 

Ant * >/* + ** log I* -«*+•(?+?) (1 + ^)r 

This can be integrated either by the method of Art. 1 3, or by that of Art 23. 



*9- 


f 7 sin xdx 
J cos * 


3°- 


fi dr 

J cos x' 


3*- 


f* dx 


J 0(4+ 3s 2 )* 




r * 



Ant. - log 2. 
2 



log (1 + v/2)* 



1 



ira 2 



4 

2« /*\ 5ir«* 



33. I * yersin- 1 f - j dx. 





[\ dx i, 

24- : — • -log2 # 

J 4+ fsina; 3 



35. 



J 5+4sin» 3 \3/ 



( 37 ) 



CHAPTER II. 

INTEGRATION OF RATIONAL FRACTIONS. 

34. Rational Fractions. — A fraction whose numerator and 
denominator are both rational algebraic functions of a 
variable is called a rational fraction. 

Let the expression in question be of the form 

ax m + baf^ 1 + cx m ~ 2 + &c. 
a'x n + b'x n ~ x + cV" 2 + &c. 

in which m and n are positive integers, and a> J, . . . a', 6', . . . 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by 
division we can obtain a quotient together with a new 
fraction in which the numerator is of a lower decree than 
the denominator ; the former part can be immediately in- 
tegrated by Art. 3. The integration of the latter part in 
general comes under the method of Partial Fractions. 

35. Before' proceeding to the general process of inte- 
gration of rational fractions, we propose to consider a few 
elementary examples, which will lead up to, and indicate in 
what the general method really consists. 

"We commence with the form already considered in Art. 7 ; 
in which, denoting by a x and o 2 the roots of the denominator, 
the expression to be integrated may be represented by 

( p + qx) dx 



(#-ai) (x-a 2 )' 

Assume 

p + qx A x 



+ 



(x - 01) (x - a 2 ) x - " oi x - « a 
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Multiplying by (x - a x ) (x- a 2 ), we get 

p + qx = - (Aia 2 + A 2 a x ) + (A x + A 2 ) x. 

Hence, we get for the determination of A x and A 2 the 
equations 

p = -Aia 2 -A 2 ai 9 q = A x + A 2 ; 
whence we obtain 

A - P + V" 1 A _ JP + ^2 

di — a> ai — a 2 

Consequently 

f {p + qx)dx _ p + qaiT dx p + qa 2 f dx 
J (#-«i) (a?-a 2 ) ai-fl2 J^-ai a x -a 2 )x-a 2 

{p + qai)Iog(x-ai)-(p + qa 2 )log(x-a 2 )L 



Ol — <*2 

In like manner 



jp 4- ^o? 2 A x A 2 

-f 



(a? 2 - <u) (a? 2 - a 2 ) x 2 - ai ' x 2 - a 2 

* 

where A x and -4 2 have the same values as above ; hence 

dx 



i 



(p + qx 2 ) dx __ . 



+ -4 2 



x 2 -ai 



xr-a 2 



But each of the latter integrals is of one or other of the* 
fundamental forms (/) and (h) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

(p + qx 4- rx 2 ) dx 

(x - rii) (a - a 2 ) (x - a 3 ) 
"We assume 

p + qx + rx 2 A\ A 2 A 3 



{x - ai) (x - a 2 ) (x - <t 3 ) x-Qx x-a 2 x-a 3 7 
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and, clearing from fractions, and identifying both sides by 
equating the coefficients of x 2 , of x, and the part independent 
of x y at both sides, we obtain three equations of the first 
degree in A l9 A 2y A 3 , which can be readily solved, by ordinary 
algebra ; thus determining the values of A ly A 2 , A 3 in terms 
of the given constants. 
By this means we get 

f (p + qx + rx 2 ) dx j [ ^ A [ ^ x A \ ^ x 

J (x - ai) (x - a 2 ) (x - a 3 ) l )x-<*\ *)x-a 2 3 J#-a a 

= Ai log (x - ai) + A 2 log (x - a 2 ) + Ai log (x - a 3 ). 
We shall illustrate these results by a few simple examples. 



Examples. 

3. I — ; . -log tan- 1 *. 

J x 4 -i 4 6 *+ i 2 

4- I -1 5 • -tan- 1 x - - tan- 1 -. 



Ia?<te 1, x 9 

1ST? i log ? 



# ? -i 



**+i 



6. ~ -^ — . *log(-i J+tan- 1 *. 

«H*-6«» glog. + 5 log(.-») + i Iog(. + 3). 

Here the denominator is equal to x(x - 2) (* + 3) ; and we have 

** + x — 1 A\ A 2 As 

= f- + 



* (* - 2) (» -h 3) X X—2 X+$' 
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hence ** + *- i = -4i(« i + *-6) + A 2 x(* + 3) +A*x(x-2) 9 
.*. the equations for determining A\, A* and A3 are 

A\ + A% + A% = 1, -4i + 3-^2 - 2-4s = 1, 6A1 = 1, 
whence we get 

A\ = ^, ^2 = -> Az = -. 
023 

8 - rt^Jl* Ani ' x + kg (*»+*+ 0- 

j «* + 4? + i 

We now proceed to the consideration of the general 
method ; and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fractions. — The method of decomposition of 
a fraction into its partial fractions is usually given in treatises 
on Algebra ; as, however, the process is intimately connected 
with tne integration of a large class of expressions, a short 
space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 
sideration by ^-7\ • 

Let a l9 a 2 , a 3 , . . . a„ denote the roots of <j> (x) ; then 

<j> (x) = [x - ai) (x - a 2 ) (x - a 3 ) . . . (x - a»). (1) 

There are four cases to be considered, according as we 
have roots, (1) real and unequal; (2) real and equal; (3) 
imaginary and unequal ; (4) imaginary and equal. 

We proceed to discuss each class separately. 

37. Real and Unequal Boots. — In this case we may 
assume 

=>M = ^L. + _^_ + _^L_ + ... + _^L ( 2 ) 
<P(x) x-ai x-a% x-a$ x-a n 

where A l9 A 2 , . . . . A n are independent of x. For, if the 
equation be cleared from fractions by multiplying by #(#), 
on equating the coefficients of like powers of x on both 
sides, we obtain n equations for the determination of the n 
constants A\ 9 A 2 , . . . A n . 
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Moreover, since these equations contain A Xf A 2 , &o., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious. 

The equation (2), when cleared from fractions, gives 

f{x) = A x {x — a 2 ) (x — a 3 ) . . . [x - a n ) + A 2 (x — ai) (x — a 3 ) . . . 

(x-a n ) + &c. + A n {x-ai)(x-a 2 ) . . . (#-a»_i) ; 

«,nd since, by hypothesis, both sides of this equation are 
identical for all values of x, we may substitute a x for x 
throughout ; this gives 

/(d) = Ai (ai - a 2 ) (ai - a 8 ) . . . (ai - a»), 
or 

In like manner, we have 

Hence, when all the roots are unequal, we have 

/M=/W_i_ + 4-j_L. + &0 . + /(-)_L_. (4) 

<p[x) i>[ai)x-ai ${a Z )X-a% $[*%)*-<** 

Accordingly, in this case 

+ ^| log (*-«„). (5) 

The preceding investigation shows that to any root (a), 
which is not a multiple root, corresponds a single term in the 
integral, viz. 

^flog(*-o); 

<p [a) 



] 
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one which can always be found, whether the remaining roots; 
are known or not ; and whether they are real or imaginary. 

38. It should also be observed that even when the degree 
of x in the numerator is greater than, or equal to, that in the 
denominator, the partial fraction corresponding to any root 
(a) in the denominator is still of the form found above. 

For let 



where Q and R denote the quotient and remainder, and let 

A R 

be the partial fraction of -jr corresponding to a single 

root a ; then, on multiplying by <p (x) and substituting a 
instead of #, it is easily seen, as before, that we get 

For example, let it be proposed to integrate the ex- 
pression 

ct?dx 

x 3 - 2x 2 - 5# + 6* 

Here the factors of the denominator are easily seen to be 

x - 1, x + 2, and x - 3 ; 

accordingly, we may assume 

x 5 A B C ' 

= x 2 + ax + p + + + 



&-2&-5X + 6 X-I X-2 x-$ 

To find a and j3, we equate the coefficients of x A and »r 3 to 
zero, after clearing from fractions : this gives immediately, 
a = 2 9 and j3 = 9. 

Again, since <j> (x) = x* - 2x* -5.0 + 6, we have 

tj>'(x) = 3tf 3 -4#-5- 
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Accordingly, substituting 1,-2, and 3, successively for x 
in the fraction 



a? 



3# 2 - 44? - 5' 



we get 

6 15 10 

and hence 

x 5 . 1 32 243 

= iT +22?+ 9-— -. r + 



«*-2«*-5J? + 6 v 6(0-1) 15(^ + 2) io(3-3) 

a?dx # 3 log(#-i) 



•'• J* 3 - 



= — + ar + 93 - 



2#* - 5# + 6 3 6 

72 243 

- f^log(a;+2)+— log(3- 3 ), 



39. If the numerator and denominator contain x in even 
powers only, the process can generally be simplified; for,, 
on substituting z for x 2 , the fraction becomes of the form 

* (*) ' 

Accordingly, whenever the roots of <f>(z) are real and 
unequal, the fraction can be decomposed into partial fractions > 
and to any root (a) corresponds a fraction of the form 



$'(<*) z - a 
The corresponding term in the integral of 

is obviously represented by 



f(a) f <fo 

/(a) J*" -a 
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This is of the form (/) or (h)> according as a is a positive 
or negative root. 

The case of imaginary roots in tj> (z) -will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple cases of the method of partial fractions discussed 
in this Article. 



Examples. 



1. 



f { 2x+$)dx 
J a? + x 2 — ix 



Here the factors of the denominator evidently are x, x — I, and x + i\ we 
-accordingly assume 

ax + 3 A B C 

■ — + + 



X*+ X 2 -2X X X-I X + 2 

Again, as <p (x) = x* + x 2 — ix t we have <p>'(x) = 3a? 2 + 24? — 2 ; 

... ZW . *r+ 3 

$'(x) 3a: 2 + 2X — 2* 

Hence, by (3) we have 

^ = -|, B = l C=- 1 , 
23 o 

consequently 



2. 

Here 



1 



<te 



{x 2 + a 2 ) (a: 2 + 4 2 )' 



--J-V-J I_\ 

(s 2 + a 2 ) (s 2 + b 2 ) a 2 -b 2 \x 2 + b 2 x 2 +a 2 )' 
hence the value of the required integral is 



! 



xtfx 



(x 2 + a) {x 2 -t») 
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Substitute z for x 2 , and the transformed integral is 

f 1 dz 

J 2 (« + a) (« + £)" 

Consequently the value of the required integral is 

1 . (x*+b\ 

2(a-*) 10g U 2 + «/' 

)(l% 2 -l)dx 
A ' - ^™- 3* + " log(s - a) - 2 log(s - I). 

I(x 2 — 'i)dx III 

Ji-ys+6 - -log(*-l) + -log(*-2)+^log(*+3)- 

f (i£+i)<£r 1, , . . 3, . 

'• \ ,fi+,)l+,) - s k«.+n<.+o-fio,e. t .> 



8. 



1 



x*+ l {a + bx»y 



Let *» = -. 

s 



40. Multiple Hoal Boots. — Suppose <f> (x) has r roots each, 
equal to a, then the fraction can be written in the shape 



(#-a) r uy(a?)' 
In this case we may assume 

/(*) M l M 2 M r P 

W - + ■: TTT + ... + !L + 



(a? - a) r \P{x) (x - a) r {x - a)*- 1 " " x - a 1// (a?)' 

where the last term arises from the remaining roots. 

For, when the expression is cleared from fractions, it is- 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one. 
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In order to determine the coefficients, M i9 M 2 > &c. . . . M ry 
clear from fractions, and we get 

f{x) = M ! x(j(x) + M 2 {x - a) \f,{x) + M& - a) 2 \^{x) + &c (6) 

This gives, when a is substituted for x, 

/(a) = M^ia), or if, = |g. (7) 

Next, differentiate with respect to x, and substitute a 
instead of x in the resulting equation, and we get 

/'(a) = Mrfia) + M 2 +(a) ; (8) 

which determines Jf 2 . 

By a second differentiation, M 3 can be determined ; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

f(a) = M 1 +' (a) + i.Jf,#a). 

/"(a) = M x $' (a) + 2 . Jf,^(a) + 1 . 2.M^{a). 

/%i) = Jfi**(a) + 4.Jfi^ 

+ 1 . 2.3.4. -^^(a), 

in which the law of formation is obvious, and the coefficients 
•can be obtained in succession. 

The corresponding part of the integral of 

f{x)dx 



(x-a) r \p(x) 
evidently is 

_ M r -1 I Jfr-t M i . x 

Jl r lOg[X-a) ? rz - ... - '. r-, — . (O) 

&v ' x-a 2{x-af [r-i)[x-a) r - 1 Kyj 

If (x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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41. Imaginary Boots. — The results arrived at in Art. 37 
apply to the case of imaginary, as well as to real, roots; 
however, as the corresponding partial fractions appear in 
this case under an imaginary form, it is desirable to give an 
investigation in which the coefficients are all real. 

Suppose a + b*/ - 1 and a - b*/ - 1 to be a pair of 
conjugate roots in the equation (x) = o ; then the cor- 
responding quadratic factor is 

(x-a) 2 + J 2 , or x 2 +px + q (suppose). 

We accordingly assume 

<p (x) = (x 2 + px + q) \p (x), 



and hence 



fix) _ Lx + M P 
(x) x 2 +px + q Q 9 



.here £ represent, the portion arising from the remaining 

Lx + Jlf . . 

roots, and — is the part arising from the roots 

x*+px + q r ° 

<i + b*/ - 1. 

Multiplying by ^ (x) we get 

p 

f(x) = (Lx + Jf) 1// (x) + (a?+px + q)-~\p (x). (10) 

If in this, - (px + q) be substituted for a? 2 , the last term 
disappears ; and by repeating the same substitution in the 
•equation 

f(x) =+(x)(Lx + M), 

it ultimately reduces to a simple equation in x ; on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

42. In many cases we can determine the coefficients L, M 9 
more expeditiously, either by equating coefficients directly, 
or else by determining the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 



Examples. 

(xdx 
(I + *)(! + **)* 

Assume 

x A Lx + M 

+ 



(i + «) (i+a?*) i+a? I + a?» 
clearing from fractions, this becomes 

x = A(i+z 2 ) + (Z« + Jf;(l+ar). 
Equate the coefficients, and we get 

Z + u* = o, Z + Jf = i, u* + Jf = o. 



Hence 



and accordingly 



Z mm -, Jf= I , u4=-i; 
a a a 



II I I +a? 



(i + *)(!+*») ai+x al + * 



2. 

Let 



I xdx I - 

f da? 
J i+* s " 



i +«* 
(i+*) a 



+ -tan- 1 *. 

a 



.4 Lx + M 

+ 



l + a* i + a; I - a; + * 8 ' 



consequently, A = -, by formula (3). Substituting and clearing from fractions, 

o 
we hare 

3 = i-a> + * 1 + 3(Z* + .af)(i+*); 
hence, dividing by 1 + z, we have 

a - » =s 3 (Za? + if). 
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Consequently, 

I dx 1 f dx 1 f (2 - x) dx 
i+s 8 3J1+S 3Ji-a? + «« 



3 

= -log(i + x) - glog(i - x + s 2 ) + — ^ztan'M ^L ] - 

This can be got from the last by changing the sign of x. 

In this case we have 

1 1/ 1 1 \ 

i-*» 2V1-3 3 " 1 " i+W* 

Let x 1 = 2, and the integral becomes 

1 f zdz 

f ***** 

JOp-OM^ + O' 

Assume 

s 2 ^ J? Js + Jf 

• (a?- 1 )»(«*+ 1) ~ (a?- i) 2 *-i 1+s 2 * 

To find Z and M, we clear from fractions, and by Art. 41, the values of L and 
M are found by making x % = — 1 in the following equation, 

; a*= (Ix + Jf ) (* - i) 2 . 
This gives immediately L ■ — , Jf = o. 

Again, by Art. 40, we get immediately, Ass-. 

To find J, make s = o in both sides of our identity, and we get 

o = A-B + Af y ,\ JB as A = -. 

' 2 

E 
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Finally 



x*dx ii II ix 



(a:- if(x* + I) *(*-l) 2 2ar-i 2l+*»" 

/' Jss + a?-**-* 2 ' 

Here the denominator is easily seen to be x*{x — 1) (x + i) 2 (a?« + 1), and the 
expression becomes 

dx 



dte 

*8(*-i)(*+i) 2 (*«+l)' 



Assume x «* -, and the transformed expression is evidently 
z 

sfidz 



I Feb 

(a- 1) (a + I) 2 («*+!)" 



The quotient is easily seen to be ,* - 1 ; and, by the method of Art. 38, we may 
assume 

* = _ ji_ 3 C Iz + M 

(*-i)05+i)2(«*+i) ~* 1 + «-I + («+l)« + 2 + I + 2«+I * 

Hence (Arts. 37, 40), we have 

A-\i * = -* 
8 4 

Next, Z and Jf are found by making z 2 = — 1, in the equation 

Z* = (Z2 + Jf)(2-l)(2+l) 2 , 

.-. 1 = 2(X« + Jf)(« + i) = a{Z« 2 +(Z + Jlf)* + Jf}, 

which gives 

Z + if = o, Z - If a - -. 

2 

,\ Jf = -, Z = . 

4 4 

In order to find the remaining coefficient C, we make * = o, when we get 
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hence ire have 



«• 1111 9 1 1 «- 1 






+ |log(«+0 -jlog^i- 1) - i tan" 1 r. 



JEIence, 

1<te 111a? i, i-a? 

*a+a*-iP*-.F> as* * 4*4-1 8 *i+*» 

+ |log(*+ 1) - log* - -tan' 1 -. 

o 4 •£ 

43. Multiple Imaginary Boots. — To complete the discus- 

flx) 
«ion of the decomposition of the fraction ; : , suppose the 

♦denominator <p (x) to contain r pairs of equal and imaginary 
Toots, i. e. y let the denominator contain a factor of the form 
,{ (x - a) 2 + b 2 } r ; and suppose <j> (x) = [ [x - a)* + b 2 } r ^i(#). 
In this case we assume 

f(x) Zi* + Jfi L& + -3f» 

4- 



{(#-a) 2 + J 2 } r tf>i(aO .{{x-a) 2 + b 2 \ r {(x-a) 2 +b 2 y- 1 

LrX + M r P 

+ . . . + Z T7 77 + 



(x-a) 2 +b 2 fa(x)' 

ihe remaining partial fractions being obtained from the other 
Toots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, L Xf M ly Za, M 2 > . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine L Xy M if L 2 > &c. ; let the factor (x - a) 2 + 6* 
be represented by X, and multiply up by X% when we get 

-^ = £,* + #!+(£,* + M 2 )X + . . . + (LrX + Mr) X" 1 

PX r . x 

£ 2 
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The coefficients I* and Jf L are determined as in Art. 41. 
To find In and M x ; differentiate with respect to x y and sub- 
stitute a + fty/ - 1 for x in the result, when it becomes 






In ""- (Ij/i + Jfj) 2(x % - tf), 



where #• - * + ftv/^i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of Ln and Jf 2 - By a second 
differentiation, L% and 2f , can be determined, and so on. 

It is unnecessary to go more into detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of <f»{x) = o are 
known* 

The practical application is often simplified by transfor- 
mation to a new variable. 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms : 

dx dx {A + Bx)dx (Lx + M)dx 

x-a 9 {x - af ' (x - a) 2 + b 2 ' {{x - af + b 2 } r ' 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 
with the last. 

45. In the first place it can be divided into two others, 

L (x - a) dx (La + M)dx 
{{x-a) 2 + b 2 \ r + {(*-«)•+£}•" 

The integral of the first part is evidently 

-L 



2(r- 1) {{x - a) 2 + b 2 }'- 1 ' 

To determine the integral of the other part, we substitute 
z for x - a, and, omitting the constant coefficient, it becomes 

d% 




1 
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Again 

r dz _ 1 f (* , + y-g , )& _ 1 r <fe r **<& 

J ~{z* + 6 2 ) r " 6 2 J (z 2 + 6 2 7 FJ (s 2 + h 2 )*- 1 J (s 2 +6 2 ) r * 
But we get by integration by parts 

f s'tfe ^ f zdz 1 f / 1 \ 

J (*»+6») r " J * " (s 2 + 6 2 ) r " " 2(r-i) J \(s 2 + 6 2 ) r "V 



+ 



1 C dz 
~)J (s 2 + fi»f 1 ' 



2(r- i)(s 2 + 6 2 ) r ~ 1 2(r- 
Substituting in the preceding, we obtain 

f dz = 2r-3 r <fe s , . 

J(s 2 +6 2 f 2(r- i)6 2 J(s 2 + 6 2 )'- 1+ 2(r-i)6 2 (2 2 + 6 2 ) r - 1# lI2j 

This formula reduces the integral to another of the same 

shape, in which the exponent r is replaced by r - 1. By 

successive repetitions of this formula the integral can be re- 

dz 
■duced to depend on that of -r — rr. 

r z 2 + b 2 

The preceding is a case of the method of integration by 
successive reduction, referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the following transformation. Substitute b tan 

dz 
for s, and the expression ^ — ^ becomes, obviously, 



b 



^ f cos 2 -W0. 



The discussion of this class of integrals will be found in 
the next Chapter. 

46. We shall next return to the integration of \t%\ > 

which has been already considered in Art. 39 in the case 
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where the roots of <p (s) are real. To a pair of imaginary 
roots, a ± b ^/ - i, corresponds a partial fraction of the form 

(Ar* + B)dx (Ax* + B)d* 

where C* = a* + b*. 

In order to integrate this, we assume a = c cos 2$, when 
the fraction becomes 

(Ax* + B)dx 



X* - 2£*C COS 2<f> + C** 

The quadratic f aotors of the denominator are easily seen 
to be 

x 2 - 2x<fc cos <f> + c, and x* + 2avc cos <j> + c. 
Accordingly we assume 

Ax* + B Lx±M L'x + 3t 



X* -2J?C COS 20 + C 8 iC*-2a?v/^COS0+C ar 2 + 2^^/0 0080 +c 

hence, it can be seen without difficulty, that 

8 tff COS 20 

and after a few easy transformations, we find 

f (.4a?* + B)dx Ac- B (x*- ix^/c cos <j> + A 

JaJ 4 -2a? 2 ccos20 + c a " 8oos0cf ° g \^ + 2 a?v/ccos + c/ 

+ — ^—7^1 tan — ^ — 1» 

4 sin ^ (Hi \ c % - or t 

dx 
47. Integration of 



(a? - a) m (a? - 6) n * 
This expression can be easily transformed into a shape 



■ Integration of {xa)m{x _ br 

which is immediately integrable, by the following substitu- 
tion: — 

Assume x - a = (x - b) z ; then 

a-bz (a-b) z 7 a - b T (a - b) dz 

x = , . . . x-a=- '— x -b= , dx-—. ~t-; 

1-2 i - z i -2 (i -*) a 

and the expression transforms into 

(i - z)"*"" 2 dz 
(a - 6) m+n " 1 z m ' 

Expand the numerator by the Binomial Theorem, and the 
integral can be immediately obtained. 
For example, take the integral 

dx 



(x - a) 2 (x - by ' 

Here the transformed expression is 

f (i -z)*dz 

J (a - by z 2 ' 
or 



7 Hi (-^ ~ ~ + 3-s ) cfe = 7 nr! — 3« +3 log 2 + -i. 

(a - J) 4 J \z 2 z ° J (a - 6) 4 (2 ° ° & 2) 

* 

Substituting r for 2, the integral can be expressed in 

x ~~ 

terms of x. 

48. Integration of {a + c ^ n , 

where w and n are integers. 

Let a + ex 2 = 2, and the expression becomes 

(2 - a) m dz 9 

2C m * 1 z n ' 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It is evident that the expression is made integrable by the 
.same transformation when n is either a fractional or a nega- 
tive mdex. 

It may be also observed that the more general expression 

- ( ^-^ can be integrated by the same transformation, where 

/(**) denotes an integral algebraic function of s*. 



I x*dx i m 

(i + «*)** "4^« + ««)* + d«*(« + «*)»* 

J***r i i I, , , . 



49. Integration of 



dx 



**-i 9 



where n is a positive integer. 

Suppose a an imaginary root of x* - 1 = o, and it is evi- 
dent that a' 1 is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 



fin*" 1 (x - a) 9 n(x-a) m 

If to this the fraction arising from the root d~ l be added, 
we get 

' j « ! <fl * Qr i j x(a + *r l )-2 ) 

n \x - a a?- a"" 1 )' n (x* - (a + aT l )x +1)" 

But, by the theory of equations, a is of the form 

2Jbr / . 2kw 

cos + k/ - 1 sin , 

n n 
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where k is any integer, 

2kw 
/. a + a" 1 = 2 COS . 

n 

Hence, if be substituted for the preceding fraction 

"becomes 

2 #cos 0-1 

n " a? 2 - 2#cos0+ i" 

The integral of this, by Art. 7, is 

cos , , ^ A> 2 sin 6 . Jx - cos 



n 



i / /i ^ 2 sin , /a? - cos 0\ 

log (1 - 2x cos + a; 2 ) tan H — : — jr- . 

' n \ sin J 



There are two cases to be considered, according as n is 
^even or odd. 

(1). Let n = 2r : in this case the equation a?* r - 1 - o has 
two real roots, viz., + 1 and - 1 ; and it is easily seen that 

dx 1,0-1 1 _ kit , , kw „. 

— = — log + — S cos — log (I - 2X cos — + x 4 -) 

x 2r -\ ir °x+i 2r r o\ r / 



issin^tan-M ^ |, (13) 



I 




where the summation represented by 2 extends to all inte- 
gral values of k from i to r -i. 

(2). Let tt = 2r + 1, and we obtain 

f dx log(#-i) 1 _ 2kir . / 2&?r A 

\-z—\ — = -^ - + 2 cos log I-2#00S +x 2 ) 

Jar* 1 - 1 2r + 1 2r+i 2r+i °\ 2r+i / 

' 2kir 

X -cos 



2 _ . 2kir , , f 2r+i 1 , N 

S sm — - - tan^ 1 -7—- L (14) 



2T+ I 2r + I \ . 2&7T 

sin 



2r + 1 



5 8 Integration of Rational Functions. 

where the summation represented by 2 extends to all integral 
values of k from i up to r. 

x m ~*dx 
50. Integration of — , where m is less than n. 

As before, let a be a root, and the corresponding partial 

fraction is — — r , r or —. T ; hence the partial fraction 

na n ~ l (x -a) n (x - a) 

arising from the complementary roots, a and a" 1 , is 

I / a m a™ \ I x(a m + a* 1 ) - (a^ 1 - a'^^) 

n\x -a x - a 1 ) n a? - (a + a" 1 ) x + 1 

2 x cos mO - cos (m - i)0 
» x* - 2X cos + 1 ' 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

- Joos wfllog (x 2 -2xcob0+i)-2 sin mB tan -1 — : — g— j. (15) 

n 
By giving to k all values from 1 to — 1, when n is even, and 

n — 1 
from 1 to when n is odd, the integral required can b& 

written down as in the preceding Article. 
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Examples. 



'" J g 2 ig-a * alog(*-a) + log(*+i). 

(A + Bz*)dx A , -Ba -Ab^ , . „ 

'• «« + **) • -k>g* + -^-10g (, + **>). 



a^ + »* — a 






f <fc 1 , «" + ar\/2 + i 1 . , /*\/*\ 

5. 1-7 • 7= log — - — + 7= tan" 1 [ r) 

J(*+3)(* + i) 2 z(x + i) 4 6 \* + 3/ 

f dx 1 J_ / a 3 \ 

7 ' J *(a + A**)» # , 2a (a + &r») + 2a* g U + **V * 

ft f_*L_ J_i / ^ \ L 

J *(« + bx*)*" nifl °* \a + bz») na{a + 

f dx 

)x(a + bx»Y 



bx) 9 



u _ bV- l dz 
Let a + &*• = *"z, and the transformed expression is - 



fJO r 2 r 



xdx ill 

10. . -iog(*«+i)--log(*+i) + -tan- 1 *. 

sP + x* + s + i 4 x 2 ov 2 

12. Apply the method of Art. 47 to the integration of >v> . 

(1 + *) 2n " 2 <& 
The transformed expression is — ' — . 



6o 
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14. By a similar transformation, prove that 



J *»(i -x) m J 



(1 + *)«*•»- 2 dz 



z» 



Idx 1 , . x 1 re 

- ; r -. AtlS. — log Sin lOg C08 - 

sin x(a+b cos x) a + £ ° 2 a-fl ° a 



a*-b 2 



log (0 + J cos x). 



Multiply by sin x, substitute u for cos x, and the integral becomes 



1 



— du 



.6. [_* 

J 3 sin* + i 



Sin 22 



(1 -tfl)(a + bu)' 

IX XT. 

- log sin — log cos - + - log (3+2 cos a). 
5 a 2 5 



('-*'>** . ^i te . /*+*\ _ 1 lo / +±*± 



' 7- J *(l +*»+**) 



-e^n-ps* 1 )- 



Let a? 2 = -, &c. 

z 

18. Prove that 



[ dx 1 (2*- i)ir / 

I 5- = 2 cos '— log 1 - 

J I + * 2 » 2* an 6 \ 



2X cos 



(2& — i)ir 



2ft 



+ X 



) 



I . (ik - iV , 

+ ~2sin- - tan-i 

n 2» 



a? — cos 



(2& - l)ir 



2 ft 



. (2*-I> 

sin - 



I 



2 ft 



-where h extends through all integral values from 1 to n, inclusive. 



* J I + x*** 1 2n + I 2» + I 2f» + I ° V 



2£ COS 



(2*- 1) 



2*1 + 



M 



2 . (2* - iW 

+ 2 sin ^ '— tan" 1 ^ 

2» + I 2n + I 



a; — cos 



(2* - i)ir "I 



2n+ I 



. (2*-I> 

sin 



2>t + I 



where £ assumes all integral values from 1 to n inclusive. 



( 01 ) 



CHAPTER ni. 



INTEGRATION BY SUCCESSIVE REDUCTION. 

5 1 . Cases in which sin m cos n dO is immediately Integrable. — 
"We shall commence this Chapter* with the discussion of the 
integral 

J sin m cos n dO ; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
n is an odd positive integer the expression sin m cos n dO can 
be immediately integrated. 

For, if n = 2r + i, the integral becomes 

J sin m cos 2r+ W0, or J sin"»0 (oos 2 0) r d (sin 0). 

If we assume x = sin 0, the integral transforms into 

» 

/^(i -tf) r dx, (i) 

and as, by hypothesis, r is a positive integer, (i -# 2 ) r can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
x = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this prinoiple. 



* It may be observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction : however, since 
other integrals of the same form require this method, it was not considered 
advisable to separate the discussion into distinct chapters. 
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Examples. 



:. I sinWfl. 



3. I coaPBdd. 



t . Jsi 



sin s cotfddd. 



f sin^dd0 
A ' J cos** * 



► i 



sin cosW0. 



cos 3 
^fw. cob 0. 



nn ein 3 + . 



CO8 1O 00880 



io 



8 



I A CO8 3 
+ 2 COS . 

cos0 3 



2 sin*0 2 sin^0 



€. 



i 



si n 8 0<f0 
V^cos0 



IcosW0 
sinl0 



2 cos*0 



- 2 cos*0. 



3 sin*0 - - sin^0. 
7 



52. Again, whenever tn + n is an even negative integer 
the expression sin m oos n QdQ can be readily integrated. 
For if we assume x = tan 0, we hdve 



cos 6 = 



*/\ + 



:, sin 6 = 



of 



V / i + 



x dx 

-, and tf0 = 



s 4 



1 + **' 



«ud the expression transforms into 

af"dx 



m-ri» 



(I + « 2 )"^ +1 

Hence, if m + w = - ir> this becomes 

rt" (1 + # 2 )^fo, 
a form which is immediately integrable. 
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Take, for example, ^-. 

Xiet x = tan 0, and we get 



f 



Next, to find — 

J 81] 



tan s tan 5 
a? 2 (1 + or) dx 9 or + 

v • 3 5 

d9 



sin oos 5 ^ " 
Making the same substitution, we obtain 

(1 + oPfdx 






X 

Hence, the value of the proposed integral is 

tan 4 

+ tan 2 + log (tan 0). 

4 

d9 



Again, to find -7 



sin*0 008*0* 

( 1 + x 1 ) dx 
Here the transformed expression is - — -j , and 

<H)rdingly the value of the proposed integral is 



. , ao- 



5. tan*0 - 



2 



2 tan*0" 

In many oases it is more convenient to assume x = cot 0. 

For example, to find -r-rx. 
r J sin 4 

Since tf (cot 0) = - . ,„ , if cot = x 9 the transformed 
integral is 

- I (1 + x 2 )dx } or- cot . 

The following examples are added for illustration. 
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Examples. 



f sin We 

J CO8 5 * 



Ant. 



tan 4 



2. 



f d$ 
J cos«0* 



„ a tan 8 tan*0 
tan + + . 



J Bl 



<*0 



sin co8 s 0* 

f8in*0rf0 
4 ' i~' 



• a 



<ft 



sin*0 cos 4 " 



J si 



dd 



8in*0COS*0 



w 



tan 2 



+ log (tan 0). 



~tan*0. 



8 



- 8 cot 20-- cot* 20. 
3 



x lA I tan 2 0\ 
tan*0 I i + J. 



When neither of the preceding methods is applicable, the 
integration of the expression sin^fl cos n 0tf0 can be obtained 
only by aid of successive reduction. 

We proceed to establish the formulae of reduction suitably 
to this case. 

53. Formulae of Seduction for sin m cos n 0^0. 
[sin m cos n 0tf0= | cos"" 1 © sin^tf (sin 0) : 

consequently, if we assume 

sin m+1 
u = cos* 1 " 1 ©, v = , 

m + 1 

the formula for integration by parts (Art. 21) gives 

cos*- 1 © sin m+1 n - 1 f . 

- sin m+2 cos*-W0. (2) 



J- 



sin m cos n 0rf0 



m + 1 



w+ 
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In like manner, if the integral be written in the form 

- sin*- 1 cos n d (00s 0), 

vre obtain 

f • «/» «njn m-i f . _.- n+tnja sin**- 1 cos** 1 , . 
J n + 1 J n + 1 WJ 

It may be observed that this latter formula can be de~ 
rived from (2) by substituting -- # for 0, and interchanging 

mi 

the letters m and n, in it. 

54. Case of one Positive and one Negative Index. — The 
results in (2) and (3) hold whether m or n be positive or ne- 
gative : accordingly, let one of them be negative (w suppose), 
and on changing n into - n> formula (3) becomes 

f Bin m fl sin m " 1 g m-i f sin**"^ fl 

J w&O {n - 1) cos^fl n - 1 J cos*- 2 ' ^ 

in which m and n are supposed to have positive* signs. 

sin m 
By this formula the integral of — -7. dO is made to de- 
J ° cos n 

pend on another in which the indices of sin and cos are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. If m be even, and n even and greater 
than m, the method of Art. 52 is applicable; if m = n> the 
expression becomes J tan m 0rf0 ; which will be treated subse- 
quently; if n < w, the integral reduces to that of sin m ~ w dQ % 

Again, if n be odd, and > m, the integral reduces to — ^tj- 



* The formula of reduction employed in practice are indicated by the capital 
letters, A, B, &c. : and in them the indices m and n are supposed to have always 
positive signs. By this means the formulae will be more easily apprehended 
and applied by the student. 

F 
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and if n < m, it reduces to ^ — . The mode of find- 

J cos 

ing these latter integrals will be considered subsequently. 

Again, if the index of sin be negative, we get, by 

changing the sign of in in (2), 

f oos"0 ^ cos^Q n-i f cos"- 2 R . 

Jritf^ (w-ijain- 1 © w-ijsin^e Mm [} 

We shall next oonsider the case where the indices are 
both positive. 

55. Indices both Positive.— If sin m (1 - cos 2 0) be written 
instead of sin m+2 in formula (2), it becomes 



J 



• «a naja cos"" 1 sin" +1 
sin m 0cos*0a0 = — 



m + 1 

cos*"* 1 sin m+1 



+ 
m 



+ 
tn 



!?— ifsin-0 (cos- 8 0- cos" 0)^0 = ° 0S " * m 

!i^i f sin m cos"" 2 0rf0 - ^— ^ f sin 1 "© cos"ff e*0 ; 
w+ij m+i] 



henoe, transposing the latter integral to the other side, and 



m + n 



dividing by ^-j-j, we get 

f . * /1 */» cos"" 1 sin m+1 n-i f . - -^n** ,™ 

sin m cos" dd + sm^Ocos"- 2 ©^. (C) 

J m + n w + nj v 

In like manner, from (3), we get 

f sin-0 oos"0rf0 = — f sin- 2 cos" OdO - n** 1 e <**" 1 9 m ( D) 
J m + n] m + n . ' 

By aid of these formulae the integral of sin m cos"0 dO is 
made to depend on another in whioh the index of either 
sin0, or of cos0, is reduced by two. By successive appli- 
cation of these formulae, the complete integral can always be 
found when the indices are integers. 
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56. Formulae of Reduction for sin" 0<?0 and oos n 0</0. 
These integrals are evidently cases of the general formulae 
(C) and (D) ; however, they are so frequently employed that 
we give the formulae of reduotion separately in their ease, 

f t/ur/i sin cos"- 1 n-if m ^ njn , A \ 

oos*0 rf0 = + oos^OdO. (4) 

J n n ] 

f • t/i^ cos sin"- 1 n-if . ^ aja /e ,v 

sin n dB = + sm^OdO. (5) 

J n n } 

The former gives, when n is even, 



i 



oos n dO = >[ cos"" 1 + cos*" 3 © 

n \ n - 2 

+ (^x)(n-. 3 ) 8 ^ e+&0 ; 

(/*-2)(n-4) 



w (w - 2) (tt - 4) ... 2 

A similar expression is readily obtained for the latter 
integral. 

Examples. 

{•~ . A~m~ sin cos 0/ sin 4 sin 2 i\ 
cos s 0sin 4 0<Z0. ( f)+-?« 

2 V 3 12 8/ 16 

{- , Bin cob 8 0/ « A 5\ 5 / . „ \ 

co&$d$. £ (cos 2 + ^J + -^f sin0 cos0 + 0]. 

57. Indices both negative. — It remains to consider the 
e&se where the indices of sin0 and cos0 are both negative. 

Writing - m and - n instead of m and n in formula (C), 
it becomes 



1 



dd - 1 n + 1 f dff 

+ 



sin m cos* (w + n) eos n + l sin m_1 m + n\ ein m tt whP* 1 ^ ' 
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or, transposing and multiplying by , 

dB i m + nf dB 



f dB i m + nf t 

J sin m oos n+2 "" (» + i) cos n+1 sin* 1 *"^ n + i J sin m cos n 0* 

Again, if we substitute n f or n + 2 in this, it becomes 
dB 1 



1 



sin m cos n B (n - 1 ) cos"" 1 sin m " 1 

m + n- 2 f dB 



+ n ~ 2 [ dd (m 

n-i J sin m B cos"" 2 0' 



Making a like transformation* in formula D, it becomes- 

dB -1 



I 



sin m 0cos n (m - 1) sin m ~ I cos**" 1 © ' 



j^-2(__rf0__ (2?7> 

w-i J sin"*" 2 cos" 0* v ' 



In each of these one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultimately to those of 

one or other of the forms — « or -: — „ : these have been 

cos sin 

already integrated in Art. 17. 

The formulae of reduction for . mn and ;, are so> 

sin n cos n 

important that they are added independently, as follows : — 



* It may be observed tbat formulae (2?), (D) and (F) can be immediately 
obtained from (-4), (C) and (-&), by interchanging the letters m and n, and 
if 

substituting - — </> instead of 0. For, in this case, sin 0, cos and d$ t transform 

2 

into cos <f>, -ain <£, and - d<p, respectively, &c. 
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f dff = sing n-2t dO , fi . 

J oos n (rc - 1) cos"- 1 0* n-i] cos"-* 8' 

f rf0 -eos0 n-2f dO , x 

J sin*0 " (n - 1) sin"" 1 6 + w^TJ sin"- 2 ©' * 7 ' 

It may be here observed that, since sin a + oos 2 = 1, we 
have immediately 

f d9 _ r dd [ dd m (8 v 

J sin m 00s* J sin m - 2 cos M tf + J sin m oos"- 2 ' 

and a similar prooess is applicable to the latter integrals. 
This method is often useful in elementary cases. 

Examples. 

f dO f ringe f dd i_ . 

J sin cos 2 J cos 2 J sin0 "" cos0 2' 

f dd r BmSde f d$ 

Jsin0cos 4 J cos 4 6 J sin cos 2 0* 

and is accordingly immediately integrated by the last. 

}<?0 cos a 1. . 
^~a^' ^"2^+ -log tan-. 

«n 8 isin 2 2 2 

Id$ 1 cos* 3, A 
-^T^ 77* 2 r— -+ -logtan-. 

8in*0CO6 v CO80 2 8in 2 2 2 

58. The formula of reduction given in the preceding 
Articles can also be readily arrived at by direct differen- 
tiation. 

Thus, for example, we have 

d /sin m 0\ m sin m " 1 n sin m+1 # 

dO \COS n O) ~ 008^0 + oos n+I ; 

and, consequently 

frin««0 _ i sin m m rrin^tf g 
J cos"* 1 © " ncos n w J cos"- 1 © ' 

This result is easily identified with formula (^ . 
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Again 

-a (sin* cos" 0) = m sin" 1 "" 1 © oos n+1 - n em** 1 00s"" 1 0. 

If we substitute for oos" +1 its equivalent oos n ~ 1 0(i -sin 2 ©), 
we get 

-rji (sin m 0oos"0) = m sin**- 1 cos"' 1 - (w + n)sin m+1 0oos"- 1 ; 

henoe we get 

f • «-i/i •.i/ua sin w 0cos*0 m f . .- -./i,* 

sin m - 1 0oos n - 1 0rf0 = + sin"*" 1 © cos"" 1 0^0,. 

J m + n m + nj 

a result easily identified with (D). 

The other formulae of reduction can be readily obtained 

in like manner. 

ja 

59. Integration of tan*0e/0 and - — 5^. 

xan v 

These integrals may be regarded as cases of the pre- 
ceding ; they can, however, be arrived at in a simpler 
manner, as follows : — 

Since tan 2 = sec 2 - 1, we have 

ftan"0tf0 = [tan*" 2 0(seo 2 0-i)d0 = ftan"- 2 0tf(tan0) 

- [tan"~*0tf0 = ^y~ " f tan ^ 2e <* e - (9> 

By aid of this formula we have, at once 

(\ naia tan"- 1 © tan^O tan"~ 5 p , . 

tan"0tf0 + &c. (10) 

J » - 1 » - 3 n ~5 

(1.) If n = 2r+ 1, the last term is easily seen to bfr 
(-i) r log(oos0). 

(2.) If n = 2r, the two last terms may be represented 
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In a similar manner we have 

Jtan"0"~J tan w J tan M »~ (fi-Otan^tf Jtan"- 2 0' ^*' 

Examples. 

Jtan 8 
t&ntedS. Ans. tan + 0. 

3 

2 - JfiSi- -^- log(8ina) - 

4. I cot*0 dO, - + cot0 + 0. 

60. Trigonometrical Transformations. — Many elementary 

integrations are immediately reducible to one or other of the 

preceding formulae of reduction by aid of the transformations 

given in Art. 23. For example, if we assume x = atan0, 

x™ dx 
the expression f a ... transforms into sin m cos n " m " a dd 

[tt "tX^j'S 

(neglecting a constant multiplier). 

In like manner, the substitution of a em 6 for x trans- 

. ,, . xPdx . . a m " n+1 sin m dO , ., 
forms the expression 7-r rrr into -—-5 — : and, if 

af^dx . cos* 1 " 11 *" 2 d9 

x = a sec0, the expression 7-r — rr- transforms into — . „ , ,, 

r (x*-a 2 )* sin w_1 

(neglecting the constant multiplier). 

A similar transformation may be applied in other cases ; 

x** dx 

for example to find the integral of 7 rr T . 

(lax-x 2 )* 

Let x = 2a sin 2 0, then dx = 4a sin cos 6 dO, 

and the transformed integral is 

2 n+I a n Jsin 2n 0tf0; 
accordingly £b* formula of reduction is the soma &&V!hJ&V&A**Vi 
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Examples. 

Jx*dx M 1.3., x\/i - x* , „ 



t [ ** i. 1--/ 



2* 1 



3 ' J (a 2 + * 2 )5* a*(a 2 + s 2 ;i~3«*(a 2 + * 2 )i* 

!£*«&? — iF 3 3 / . x\ 

(a 2 + a: 2 ) 2 ' 2(a 2 + * 2 ) + 2 \*"* ten " «J " 

}x*dx . ^ t fx 3«\ _ . . \x 

The Integrals considered in this Article admit also of 
a more direot treatment. We shall commenoe with the 
following : — 

61. Cases in which —. — is immediately integrable. 

(a + car 8 ); * * 

We have seen, in Art. 48, that the proposed expression is 
integrable immediately when m is an odd positive integer. 

Again, when m is an even integer, if we assume a + <x? 
= a?z\ the transformed expression is 





n- 


•m- 


-s 


-(«■ 


-c) 


2 


dz 


a 


-m-1 

2 z n 


-1 


1 



This is immediately integrable when n - m - 3 is even 
and positive, i. e., when m is either an e^en negative integer ', 
or an etteft positive integer less than n - 1 . 

n-3 

cfo? f «2^ "" c^ * dz 

For example -7 rrr- becomes - . . , and 

r (a + C& 2 )* — , 

accordingly is always integrable by this transformation, 
since n is an odd integer, by hypothesis. 



I. 



2. 



Binomial Differentials. , 73 

Examples. 

f dx x ( ex 2 } 

(a + «r*)r a\a + cx*)l [ l " 3(« + ** 8 )J' 

f x*dx x 9 (1 ex 9 1 

J (1 + *»)!' a*(a + or 2 )! (3 " 5(« + «* 2 ))' 

(a 2 + **)S' 

f d# 

J «* (a + e 



3(« 2 +s*)* ' 



(a + «r*)2* 



The differentials considered in this Article axe cases of a 
more general class called binomial differentials. 

62. Binomial Differentials. — Expressions of the form 

at* (a + baf'Y dx, 

in which m, w, p denote any numbers, positive, negative, or 
fractional, are called binomial differentials. 

Such expressions can be immediately integrated in two 
oases, which we proceed to determine by transformations 
analogous to those adopted in the preceding Article. 



z — a\ n 



(1). Let a + bo? = z ; then x = 
and 

*-a(T-f'*' 

hence 

m + l 

_ (z-a) n sPdz 



-1 
af n (a + baf i ydx w+1 

nb n 



Consequently, whenever is a positive integer, the 

n 

transformed expression is immediately integrable after ex- 
pansion bjr the Binomial Theorem. 
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(2). Again, if we substitute - for x 9 the differential 

becomes 

y-«i>-»- a (ay n + by dy. 
This is immediately integrable as in the preceding- 

case whenever — is a positive integer ; i. e., when 

+ jp is a negative integer. In this latter case the in- 



n 
tegration is effected by the substitution of z for ax~* + J. 

Examples. 

f sfidx . 2(1 + s 8 )* (a? - 2) 

I. \-z rr. AM. ■— 

J (1 + x*)i 

Idx x 

(1 +«*)i' (i + *»>' 

f <to _ (1 + s 4 )* 

3 ' J *»(i + **)*' * 

*»(i + *»)f (I + **)* ' 

When neither of the preceding processes is applicable, the 
expression, if p be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 

63. Reduction of €"* of 1 dx, 

where n is an integer. 

Integrating by parts we have 

{af'e^dx = — '■ \&- l 4 m *dx. (12) 

J m m) 

By successive applications of this formula the integral 



is made to depend on e^ x dx, i.e., on 



gnz 



m 
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Again, to find j-<fc. 



Assuming u = e™*, v = , and integrating by 

( 71 ~ I ) X* 

parts, we have 

By means of this the integral is reduced to depend on 

tf^dx 



\ 



x 



The value of this integral cannot be obtained in a finite 
form : it however may be exhibited in the shape of an 
infinite series ; for, expanding &** and integrating eaoh term 
separately, we have 



1 



e^dx . mx m 2 x* m z x* * ,. v 
= log x + — + r + + &c. (14) 



x w 1 1 . 2 2 1 . 2 . 3 2 



The integral of aFx"dx is immediately reducible to the 
preceding, since <f = e* l0 * a . Consequently, by the substitu- 
tion of log a for m in (12) and (13), we obtain the formulas 
of reduction for 

cfaTdx and — dx. 

In like manner we have immediately 

J e^aPdx = - «r*«" + n / e" z x nrml dx. (15) 

64. Reduction of J a? TO (log #)"<&% 

Let y = log a?, and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 



i 



*»aog*)"^=-* m+,(log * )n " 



m + 1 m + 1 



x m (log x) n ' 1 dx. (1 6} 
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Examples. 

J a ( a a* <r ) 

2. J *• (log .)» <&. £ { ao g .)» - ^ + |J. 

65. Reduction of /#" 008 a# dx. 

Jit?* Sin flf*B W I • 
# n cosaxdx = a?"" 1 sin axdx ; 



again 



f ,1-1 • ^ X "~ l C0S ** W ~ l f * 2 J 

a?**" 1 sin axdx = + x H% cos o#a#, 

J a a J 



hence 

f ^ , a^" 1 (0 sin ax + n cos «#) n(n-i)\ ^_ 9 , 

<x? 00s axdx = : , ' — - — - af*~ 2 cos axdx. 

J a* a 2 J 

The formula of reduction for of 1 sin axdx can be obtained 
in like manner. 

Again, if we substitute y for sin" 1 ^, the integral 

/ (sur 1 ^^ 
transforms into 

StfooBydy, 

and accordingly its value can be found by the preceding 
formula. 

Examples. 

1. xx^cosxdx. Ans. xZsinx + ixtcosz-z .2 . xbw.z-3 . 2 .1 .cobx. 

2. \x* sin xdx. 



Integration of co&*x sin nxdx. tj 



66. Reduction of / «°* QOB n xdx. 
Integrating by parts, we get 



&** oos n xdx = + - k" cos* -1 **? Bin xdx ; 

J a a) 



again 

^cos^irsiniPdk 



I 



^COS*" 



1_ "l/*» p in /J» J I 

eP* {cos n #- (n - i) 00s"" 2 a? sin 2 ;*;} dx 

a a J * v ' ' 

e^cos^arsin x (n — i) f „, nC 

= + ^ «"■ cos*- 2 a;da> - - K* ooB n xdx : 

a a J aj 

substituting, and solving for / ef** oosPxdx, we get 

' _•■«■* cos* 1 " 1 ^ (0 cosa? -h n sina?) 
0°* cos n #<fc = -„ r - 



[ 



a 2 + n % 



n(n- i) 



^ — ^\ef Ht <wr*xdx. (17} 

The form of reduotion for eP* sin n <rdk can be obtained in 
like manner. 

67. Reduction of J cos m #sin nxdx. 
Integrating by parts, we get 

f - • t cos m a? cos nx m f _ . 

I cos m # sin nxdx- cos" 1 " 1 a? cos nx sin a?a.r ; 

J n n) 

replacing cos nx sin x by sin wa? cos x - sin (w - . 1) x, after one 
or two simple transformations we get 



I 



_ cos m x cos nx 

ooa m x sin w#oa? = 

m + n 

m 



+ 



m + 



- cos m " 1 ir sin (n - i)xdx. (18) 



The formulae of reduction for cos m a? cos nx dx 9 and 
sin m ic sin nxdx can be easily found in like maimst. 
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Examples. 



c—ansxdx. Aim. -(asinir-aco8a?) + 

4 + « 2 



2««* 



4 + a 3 x ~ ~ * ' ' 0(4 + a % ) * 

cos 1 a? cos 4* cos * . cos 32 cos 2* 



2. I cos 2 x sin 4*<fc. 

J ^ 6 12 24 

I. . e~* cos * (2 sin « — cos a) 2e~ x 

5 3 



68. We shall now return to the discussion of the integrals 
already considered in Arts. 60 and 61 ; and commence with 

the reduction of the expression -. -^-, . This, as well as 

l Ct> t C3/ )■ 

other formula of reduction of the same type, is best investi- 
gated by aid of a previous differentiation. 
Thus we have 

caf" 



— J af" 1 (a + *&*)*! = [m - i)af**(a + cs 2 )* + j— 



ex*)* 

[m - i)xf nr ' 2 {a + ex*) + cot* 
(a + or 2 )* 

(m - Ora^" 2 meat* 



hence, transposing and integrating, we obtain 

f af»^ _ of 1 - 1 (a + or 2 )* (m-i)flf af^dfc , . 

J (a + c# 2 ) * wc mc ](a + car 8 )** 

By this formula the integral is reduced to one of lower 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when m is a positive 
integer. 

The formula (19) evidently holds whether m be positive 
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(a + ex 1 )" 

or negative ; accordingly, if we change m into - (m - 2), we 
obtain, after transposing and dividing, 

f dx _ (g + ca 2 )* (w - 2) c f efo; 

J x*{a + cs 2 )* " (//»- i)^" 1 " («i- i)aj af-^a + ca 8 )*' ^ 20 ' 

69. More generally, we have 

— [af^ 1 (a + cx*) n ) = (m - i)a? m - 2 [a + or 2 )* + incx m {a + ar 2 )**" 1 

= (a + ex 2 )"' 1 {(m-i)aaf a *+(m+2n-i)af 1 }. 
Hence 

f~»/ jwu af**(a + c*)* 

Ix" (a + carT l dx^ , — - f- 

J v [m+2n-i)c 

{m + 2n-i)c) v y v ' 

Hence, when m is positive the integral can be reduced to 
one lower by two degrees. If m be negative, the formula 
•can be transformed as in the preceding Article, and the inte- 
gration reduced two degrees. 

We next proceed to consider the case where n is negative. 

f x™dx 

70. Reduction of 7 rrr, 

' J [a + cx*) n 

m and n being both positive. 

Here f ^ = f *«-« xdx 

r x dx 

Let « m ^ 1 = w, and 7 rr- = 0, 

J (a + ex 2 )* 

- 1 

2 (n - i)c (a+ cas 2 )*"" 1 "~ ' 
and we get 

x™dx - a?™" 1 m - i f x m ~ 2 dx , v 

+ ZtJ u,^ ' ( 22 ) 



i 



(a+caf)* 2[n-i)c (a + cx 2 )** 1 2(11 -i)c J (a -vcx 1 ^' 
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By successive applications of this form the integral admits 
of being reduoed to another of a simpler shape. As ob- 
served already, the complete integral cannot be determined 
in general unless when n is either an integer, or is of the 

form -, where r is an integer. 

mm 



f af*dx 

71. BedUCtion Of 7 r rrr. 

' J (a + 2bx + cz 2 )* 

By differentiation, we have 



— {x mr ' 1 (a + 2bx+cx 2 )^) = (m-i)x mr - 2 (a + 2bx+cx 2 )* 

x mr ~ l (b + cx) _ [m-i)ox mr ' 2 -¥{2m-i)bx mrml + mcx m 
a+2bx + cx 2 )k • (a + 2bx + cx 2 )k 

, f x m dx x 1 "- 1 (a + 2bx + ex 2 )* 

hence , r -ttt = - v - 

j[a + 2bx + cx 2 )* mc 

(2m-i)if x m ~ l dx (m-i)a 



* 



mc 



f x mr ' l dx (m-i)aC x mr ~ 2 dx 

J (a + 2bx + cx 2 )* mc J [a + 2bx + cx 2 )k m * *' 



This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx , dx 

and 



{a + 2bx + ex 2 )* (a + 2bx + cx 2 )^' 

These have been determined already in Arts. 9 and 12. 

dx 
Again, the integral of -^ 7 -v can be reduced to 

X \(l ~r 2 OX t CX~) * 

the preceding form by making x = -. 

z 

72. The more general integral 

a^dx 
(a+ 2bx + cx 2 ) n 

admits oi being treated in like manner. 



Reduction of -. =■ — . 

(a + ibx + ca?) n 

For if a + ibx + or* be represented by T, we have, by 
differentiation, 

af**\ (m-i)*"*"* 2(n- ijaf 1 " 1 ^ + ex) 



d (*r- l \ 
dx\T^ l J" 



»»-i 



*JPn 



(m- i)^ 2 ^ + 2&T + OC 8 ) - 2(n- i)a? m ~ 1 (6 + ra) 

7*n 



(w-i)fla^" 8 2J(m-n)a? m ~ 1 (2n-m-i)ftr m 
Hence, we get the formula of reduction 

J T* " (2n-m-i)cT w - 1 + (2n-m-i]cJ T n 

+ / —T —™-* 2 4) 

(2n-m- ijcj T n 

By aid of this, the integral of Tn , when m is a positive 

sedx dos 
integers made to depend on tiiose of ^ and w Again, 

it is easily seen that the integral of -=^- is reduced to that 
of Y* for 






- 1 



o 



-±f£ (^) 
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73. In order to reduce -=^> we have 

d /b + cx\ _ c 2n(b+cx)* 
dx\ T n / 



l» fw+l 



c 2n(fl^-6*) 2nc_ 2n[ac-V) [in - i)g 

Hence' f-*L = * + ** + ifizilf f *L. ( a6 ) 

By aid of this formula of reduction the integral of -=^ can 
be found whenever n is an integer, or when it is of the form 

T 

- [r being an integer). 

f dx 

74. Reduction of -. = — * — - , 

](a + bcoBx) n 

when n is a positive integer, . 

Let Z7"= a + b cos a?, then-r- = - b sin#, cosa? = — 7 — . 

dx 

Again, by differentiation, we have 

d ( sin x ) cos a? (n - 1)6 sin 2 # 
dx\U^] "TP^ + W 

_ cos x (n-i)b (n-i)bcoQ 2 x 

U- a 

substitute — 7 — for cos x in the numerators of these fractions, 

and we get 

^(sura?) = _i a_ (n - 1)6 n - 1 2(n - i)a 

dx\ U n ' 1 ) b U 1 ^ b U*- 1 + U n bU^ 2 + bU"- 1 

_ (n - i)a» = - (a - 2) ( 2 n - 3)0 _ (»-i)(a»-y) 
6ET» JET*- 2 + bU 91 " 1 bU* • 



Reduction of - - — . 

(a+6 cos x) n 

Hence, transposing and integrating, we get 

r dx _ - b sin x (in - 3)0 f dx 

J U~» = (n- i){p-V)U*- 1 + (n- i)(a 2 -b 2 )] U^ 

_ n ~ 2 f J*L (2-) 

(n-i)(a 2 -6 2 )J U^ 2% v /; 

By this formula the proposed integral can be reduoed to 
depend on 



1 



dx 



a +b cos £ 



the valne of which has been found in Art. 18. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, as follows : 

dx dx 



{a + b cos x) n 



{a + b) cos 2 - + (a - b) sin 2 -| 



ar n 



, . 1 + tan 2 - j dx 

9 



(^oos 2 | + 5sin 2 |y (A + Bten?fj l 



(where A = a + J, B = a - b). 

x (A 
Next, assume tan - = /— tan #, then 

( 1 + tan 2 -W#= 2 /-=- (1 + tan 2 ^)rf0: 



2) a/jB 

G 2 
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and we get 

(B cos** + ^1 ain't)"- 1 ty 



(^1B)»^ 
Henoe, replacing -4 and 5 by a + 6 and a - J, we get 

f <fe f (g-ft00B2»)»S» 

J (a + 6 cos *f J (a* - J*)~i # l j 

When n is a positive integer, the integral at the right- 
hand side can be found by expanding (a - b cos 2<p) n -\ and 
integrating each term separately by formula (4). 

fix) dx 

76. Integration of 



♦(*) */a + 2bx+ctf 

We shall conclude this chapter with the discussion of the 
above form, where f(x) and (x) are supposed rational alge- 
braic functions of x. 

If f(x) be of higher dimensions than <p (x), the fraction 
may be written in tne form 



(*) * w 

Again, since Q is of the form p + ## + rx 1 + &c, the inte- 

gration of can be found by the method of 

*/ a + 2&r + ex 2 

Art. 71. 

The fraction — 7-. can be decomposed by the method of 
partial fractions (Chap. II.) To any root a, which is not a 
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Integration of * v ; ° 

(x)i/a + 2bx + cx % 

multiple root, corresponds a term of the form , and the 

corresponding tenn in the expression under dis^rion is 

Adx 

- • 

(x - a) ^/a + zbx + ex 2 

the method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

JBdx 



(x - a) r ^/a + 2bx + ex 2 

This is reducible to the form of Art. 71 on making 

a? - a= -. Again, to a pair of imaginary roots corresponds 

z 

an expression of the form 

(Ix + m) dx 
{(x - a) 2 + j3 2 } y/a + zbx + ex* 

If z be substituted for x - a the transformed expression 
may be written 

(Lz + M)dz 



(z' + p 1 )^ A + zBz + cz 2 ' 

where Z, M, A, B, C, are constants. 

^ To integrate this form ; assume* z = /3 tan (0 + 7), where 
is a new variable, and 7 an arbitrary constant, and the 
transformed expression is 

{Zj3 sin (0 + 7) + M cos (0 + 7)) dB # 

0^-4 cos a (0 + 7 ) + iB$ cos(fl + 7)sin(fl+7)+ Cj3 2 sin 2 (0 + 7)* 



* For this simple method of determining the integral in question, I am in- 
debted to Mr. Cathcart, 
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Again, the expression under the square root is easily 
transformed into 

i [A + Cj3 a + (A - Cp) cos 2 (0 + 7) +2^3 sin 2 (0 + 7 )} 

- i ["-4 + C)3 a + oos 20 {(.4 - C/3 2 ) cos 27 + 2jB/3 sin 27} 

+ sin 20 {2P/3 oos 27 - (-4- C/3 2 ) sin 27) L 

Moreover, since 7 is perfectly arbitrary it may be assumed 
so as to satisfy the equation 

zBfi cos 27 - (A - (7/3 2 ) sin 27 = o, or tan 27 = _ *~ : 

and consequently the proposed expression is reducible to the 
form 

(J7 cos + JT sin 0) rffl 
yP+Q cos 20 . ' 

(in which L\ M\ P and Q are constants), or 

L'd (sin 0) Jf'tf(cos 0) 



yP + Q-zQ sin*0 v /P-Q+2Qcos 2 
each of which is immediately integrable. 
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Examples. 



1. I co8>0 sin 20 de. Ant. - - cos 5 a. 



i- 



8111*0 CO8 3 0<?0. 



sin 3 sin 4 



3. 1 sin 5 cos 6 0dd. - — { oos 2d — cos 3 20 + - cos 5 20 { . 

fcoe 4 0if0 cos 3 ^ , / 0\ 

4» I — : — r-. + 008 + log [ tan - J . 

J sin0 3 ° V 2/ 

(cos 3 - - cos0 ] -r— ■ - - log tan ( - ] . 
2 /sin 2 a ° \2/ 



Jcoetedd 



6. [_* (t^ + l^N* 
'(H-*) 1 V5.3 3 /(i+s»)* 

7. [ **-> (a + M fr + fc^Mfr+O^-*}, 
7- J v.i-«k^«*. n^+OCp + a)^ 

8. I €*w&xdx. — <6 (sin £- cos #)+ 008*2(3 sin # - cos ?) | . 

If f dd - A B f d6 

9 ' ' J sin* co8»0 "" sin"*' 1 cos"" 1 J sin**-* cos" ' 

determine the values of A and B by differentiation, 
f (as 3 - o»)<fo 

tm*ede 

II. ; --. 2 tan — 0. 

(i + CO80)* 2 

Ian m 6d0 „ . f sin m d> <fy 

r -r- transforms into 2*-" 41 I — 5^—- 
(l + CO80) n J C08 a » n,t ^ 

where = 2$. 



88 Integration by Successive Seduction. 

f ** 

,3 ' ) (• + ****? 

f cos*A . s «n» S^-il* 11 *) 

J (5 + 4 cos *)* 9 5 + 4 coe • 37 \ 3 ' 

• 

15. f (shr**)*** = s {(«m-»*)«-4.3.(rin-^)» + 4 . 3 • * • 1} 

+ 4V^i — «* sin- 1 * {(sin* 1 *)* —3.1). 

16. Prove by Ait. 74, that any expression of the form , . — ^— r is 
capable of being integrated when /(cos *) consists of integral powers of cos *. 

^ 17. Show, in like manner, that the expression 

/(cos *, sin *) dx 
(« + 6 cos *)» 

can be integrated when /(cos 2, sin x) consists only of integral powers of cos x 
and sin x, 

jg f U + **±fl*}*^ pl og (a + ito ) + Qi g(a + ** + «**) 
J (a + #p) (a «* te-r <a*) 

J a + 6* + <*«• 
find the values of P, Q, and 22. 

, Q f * ._, (' + *)» . («-»)>ini<) 

9 ' J (a cos** + * sin**)** (a*)* * a(a*)l ' 

where tan ^ = .1- tan 0. 

20. The formula of redaction in (24 fails when m = 2n — 1 ; show bow to 
perform the integration in this case. 
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CHAPTER IV. 

INTEGRATION BY RATIONALIZATION. 

'7. Integration of Monomials. — If an algebraic expression 
ontain fractional powers of the variable x it can evidently 
>e rendered rational by assuming x = s n , where n is the 
east common multiple of the denominators of the several 
ractional powers. JBy this means the integration of such 
expressions is reduced to that of rational functions. 
For example, to find 

(i +<r*)dk 






I +a£ 

Let x = s 4 , and the transformed expression is 

2 3 (i + z)dz 



| V(i + 
J i + 



z 2 



Consequently the value of the integral is 

— + 2#*-40* + 4tair 1 (a*) -2log(i + #*). 

Again, any algebraic expression containing integral 
K)wers of x along with irrational powers of an expression 
►f the form a + bx is immediately reduced to the preceding, 
>y the substitution of z for a + bx. 



Examples. 
x*dx iy« - 



!X*dX 2\S X — I 

— . Am, — [5«3 + 6x* + %x + 1 61 

v/.r-l 5-7 

!xdx 2 (ia + bx) 

(« + &*)*' b2 y/a + bx 

( dx , . / . 2 A ./lyir-i + A 

I- 7=. log(*+ v / *-') ^rtwi-M-i — 1. 



go Integration by Rationalization. 



78. Rationalization of F(x, <fa + ibx + ex 2 ) dx. It has 
been observed (Art. 28) that the integration, in a finite 
form, of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function containing 

a single radical of the form */a + 2bx + cx 2 9 where a, J, <?, are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Reduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

/ iiBl uX 

The expression* J ) ' — — oan be made ra- 

* W </a + 2bx + ca 2 
tional in several ways; which we propose to consider in 
order. 



(1). Assume */a + 2bx + cx % = z-x*/c. (1) 

1 

Then a + ibx = z 2 - 2xz< s /c, /. bdx = zdz - ^/c (xdz + zdx), 

or dx(b + Zy/c) = dz(z-x^/c) = dz^/a* 2bx + cx 2 . 

dx dz / \ 

( 2 ) 



Also x = 



^/fl-H 2bx + cx 2 b + z<^/c 
z 2 - a 



4 

2(b + z */c) 



This substitution obviously renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter II. 



* It will be shown subsequently that the integration of all expressions of 
the form 

F(x, */ a + 2bx + ex 2 ) dx 

is reducible to that of the above when F is a rational algebraic function. 

It may also be observed that, in general, the most expeditious method of in* 
tegration in practice is that of successive Reduction (^xta. *\\, taV 



nationalization ofF(x, «/a + 26a? + ex 2 ) dx. 9* 

"When b = o, we get 

dx dz , z 2 - a , . , x 

, and x = — (see Art. 9). 



<s/ a + ex* z^/c 2z<fc 

By aid of the preceding substitution the expression 

dx 



transforms into 



(x -p) a/ a + zbx + ex* 

dz 



(Art. 13) 



s* - 2zp ^/c - a - 2pb 



For example, to find 

J (i> + #r) <v/i + a? 

T, s a - 1 , da? 2flfe 

Here, x = — : — , and 



22 (ji + ga?) v / T+P qz 2 +2pz-q 

qz+p- */p 2 + <7 2 



... f <** = I \og( qz + P ~ ^ P * + 

J (p + qx) */i +x* ^/p 2 + q 2 \qz + p + y'jp 8 + 



"When the coefficient c is negative the preceding method 
roduces imaginaries ; we prooeed to 
to which this objection does not apply. 

(2). Assume* ^/a + 2bx + cx 2 = </a + xz. (4) 

Squaring both sides, we get immediately 

26 + ex = 2z*/a + ;rs 2 , 



.\ dx(c-z 2 ) = 2dz{ fs /a^xz) = 2*fev/a + 2&c + Gz 3 . 

Uil/ 2u2 / \ 

Hence =. = -. (5) 

«/a + 2&e + as 8 c ~ z 



* This is reducible to the preceding, by changing x into -, and then em* 
•piojing the former transformation. 



<) 2 Integration by Rationalization. 

And , = 2(*ya-b) (6) 

c — sr 

This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 



I; 



dx 



x*/\ - x* 
Assume */i - x 2 « i + xz 9 and we get 



f dx f dz . . (i -</i - a*\ 

J^7^"J^ = log2 = log i— — } 

(3). Again, when the roots of a + ihx + ex* are real, there 
is another method of transformation. 

For, let a and be the roots, and the Radical becomes 
either of the form 



*/c {x -a)[x- /3), or */c {x - a) (/3 - x), 

according as the coefficient of x* is po sitive or neg ative. 

In the former case, assume */x- a = z^/x-(5 9 and 
we get 

a-Bz 2 , ~ a-B dr 2zdz 
x = — i-r-; hence x-B = — -# .*. 5 = 1 . 

I - Z % ^ 1-Z 2 X-fi 1-Z 2 

Accordingly 

dx dx 2 dz , v 



</*(*-«) (*-£) 2(ar-j3)v/c v/c" 1 -* 2 * 



In the latter case, let */x - a = z v//3-#, and we get 

a + /3* a 



a? = 



1 +s a ' 



, dx 2 dz /q\ 

and - « — t=-t— V W 



Rationalization o/F(x, */a + zbx + ex 2 ) dx. 95 

For example, the integral 

dx 



J(p + 



{p+qtft/i-x* 
transforms into 

idz 



f 2di 



+p-q 



s 3 -i 



on making x = -z — 



The student oan compare this method of integrating the- 
preceding example with that of Art/ 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the forego- 
ing methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive : and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, tho 
roots must be real ; for the expression 



^/-a + zbx-cx 2 , or «fb 2 - ac- (ex- b) 2 

is imaginary for all real values of x unless b 2 - ac is positive r 
i. e., unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that tho 
expression 

F(x, <fa + zbx + ex 2 ) dx 

can be always rational ized ; F den oting a rational algebraio 
function of x and of ^/a + zbx + ex 2 . 



<)4 Rationalization by Integration. 

Examples. 

dx i v4 + 2«- v 2 ~ 



fax i 

-. v y Ans. -log 

(* + 1*Wa.-x* 4 



# 



r <ftc 

Assume z = (« 2 + a? 2 )* + x, and we get for the value of the proposed integral 

-** «• 

3 5** 

!. A / / , 2 x 2 + x*S 2 + a; 2 -2 
<fcV s + ya + *». «4n*. -. . 

3 V * + -V/2TS 2 

4. [ a*» {(a 2 + a? 2 )* + *}»<*#. 

Making the same assumption as in Ex. 2, the transformed expression is 

(s 2 - a 2 )™ (a 2 + z 2 ) dz 

-which is immediately integrable when m is & positive integer. 

f dx [(r + g^ + a;]^ [(1 + s 2 )* + s]"- 1 

5 * J{(i+* 2 )*-*}»' ^ W ' 2(* + l) + 2( W -I) " 

>V/a + 2&r + ac 2 (v» + 2&r + ex 2 ± x ye) n 

Let y a + 2&e + ex 2 ±x*/c = z, then, as in Art. 78, we get 

dx dz 

V« + 2bx + ae* i + zy^c 

Tience the proposed expression transforms into 

dz ^ 

8 n (^i zy e) 
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. 79. General Investigation. — The following more general 
investigation of the preceding may be worthy of the notice 
of the student. 

Let R denote the quadratio expression a + 2 bx + ca? ; 

then, since the even powers of */R are rational, and the 

odd contain */R as a factor, any rational algebraic fdnotion 

of x and of </R can evidently be reduced to the form 

P+Q./R 

where P, Q, P', Qf are rational algebraic functions of x. 

On multiplying the numerator and denominator of this 

ifir action by the complementary surd P' - (£*/R the de- 
nominator becomes rational, and the resulting expression 
may be written in the form 

M+N</R, 

^where M and iV are rational functions. 

The integration of Mdx is effected by the method of 
Chapter II. 

Also Jj^*.J£*|!; 

which is of the form 

f{x)dx 



\ 



<j> [x) */a + ibx + ex* 



Let as before ^/a + zbx + ex 1 = ^/c (x -a) (x- jtf), and 

A -f- 2.11Z "4- vZ 

substitute C7 — —, j-z instead of x, when the radical becomes 

A + 2JJ.Z + VZ' 
■Ve \\- a\' + 2 (fi - a/i) z + (v - ay') **} {\-j8\' + 2 (ji-$fi')z+ {y-fr')**} 

— ■■■■■■ . . . _, _ ^ 

X' + 2fl'z + V'Z % 

(9) 

Again, if the quadratio factors under this radical be 
made each a perfect square the expression obviously 
becomes rational. 



96 nationalization by Integration. 

The simplest method of fulfilling these conditions is by 
reducing one factor to a constant, and the other to the term 
containing z 2 . 

Accordingly, let 

X - aX' = 0, /i - afi =0, fi - (Sft =0, v - |3i/ = o ; 

or /i = o, // = o, X = aX', v = /3i/. 

On making these substitutions the expression (9) becomes 



A + V2 A + V2 

In order that v'-cXv should be real, X' and v' must 
have opposite signs when c is positive ; and the same sign 
when c is negative. 

It is also easily seen that without loss* of generality we 
may assume X' = 1, and v = ± 1. 

a — fls 2 

Hence, when c is positive, we get x = -, and when 

1 ~~ s 

. . a + Bz 2 

c is negative, x = — -• 

1 + s 2 

These agree with the third transformation in the pre* 
ceding Article. 

More generally, when the factors in (9) are each squares, 
we must have 

(ji - afi) 2 - (X - a\') (v - av) - O, 

or /u 8 -Xv + (Xv , + i;X , -2 / u/x , )a+(iu ,2 -XV)a 2 = o, (10) 

and a similar equation with j3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2ba + ca 2 = o. 



y ' g 2 



* For the substitution of y 2 for —7 transforms 

o\' + j8v'«a . a + jfy* 

— ; — 7-5- into t", .\ &c. 

A' + 1/* 8 1 + y* ' 
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Accordingly (10) is satisfied if we assume the constants A, 
fij &c, so as to satisfy the equations 

/i a -Av = 0, \'v + \v-2fi[i = 2b 9 /i ,2 -AV = c. (11) 

Again, solving for z from the equation 

X (A' + 2f/z + vV) = A + 2/X2 + 1/2 3 , (i 2) 

we obtain 

(v -xv)z + /x - V = vV" Av + (Av'+ A'v - 2 i u/i> + (/*'*- AV)* 3 



= v/a + 262: + «e*. (13) 

Also, by differentiation, we get from (12), 
(A' + 2f/z + vV) dx = 2{n+ vz-x(n' + v'z) }dz 

= 2 ^/a + 26a? + ex 2 dz. 



dx idz 



yaTzbxTcx 2 X + 2 V Z + »'* 2# 



(14) 



Now, since we have but three equations (11) connecting 
A, fiy &c, they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real 
transformations. 

(1). Let a be positive, and we may assume v = o, and 
fi = o ; this gives 

H = \fa 9 ^ v ' = 2 ^9 Xv' = - c. 

Again, without loss of generality, we may assume 1/ = - 1, 
which gives 

A = -26, A' = c; whence x = _ ^ — -, 



and 



dx 2dz 



<fa + 2bx + cx 2 c ~ z 
These agree with the results in (5) and (6). 



H 



98 Integration by Rationalization. 

(2). In like manner if c be positive, we may assume 

v - o, ji = o, and v - 1, 
which gives 

fi = v/c, X = - a, and ' A' = 26. 



x = —-, and 



2(b + z^/c) 7 */a + 2bx + cx 2 b + z^/c 

as in (2) and (3). 

It may be observed that since these results do not 
contain the roots a and j3, they hold whether these roots be 
real or imaginary ; as already shown in Art. 78. 

It is easily seen that if we make /u = o, and \i = o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

fix) fa 



m 



^/a + ibx + ex 2 

where f(x) is a rational algebraic function of x, it is often 
more convenient to proceed as follows : — 

The substitution of z — for # transforms the proposed 
into 'HK tee «' - ^. . 



*/d + cz 2 



If the even and odd powers be separated in the expan- 
sion of f(z - *\ it can plainly be written in the form 

4>{z 2 )+z+(z 2 ), 
and the proposed integral becomes 



1 



(z 2 ) dz z\f, (z 2 ) dz 
*/d + cz 2 </a' + cz 2 



The former of these is rationalized (Art. 25), by making 



yV + cz 2 = yz } and the latter by making */d + cz 2 = y. 



Case of a Recurring Biquadratic under the Radical Sign. 99 
It may be observed that in general the expression 

/(* 2 ) dx 
^(ic 2 ) </a + cx* 

is also evidently made rational by the transformation 

^/a + ex 1 = xy. 

81. Case of a Recurring Biquadratic under the Radical 
. Sign. — As the solution of a recurring equation of the fourth 
degree is immediately reducible to that of a quadratic, it 
is natural to consider in what case an Elliptic Integral 
(Art. 28), in which the biquadratic under the radical sign is 
recurring, is reducible by the corresponding substitution. 

Writing the expression in the form 

<b(x)dx d> (x) dx 
T -^- L , or T } ^ j 



+/a + 2bx + cx 2 + 2bx 3 + ax i //, i\ ,/ 1. 

w x a [x 2 + — ) + 2b[x + -) + e 



x 2 J \ x. 



and, assuming x + - = s, the radical becomes ^/az 2 + 26s + c - ia : 

x 

and also — ( x — ) = dz. 

x \ x] 

Consequently, in order that the transformed equation 
should be of the required type, it ta obvious that <p (x) must 
be reducible to the form 



'K)K> 



In this case 



transforms into 



<\/a+ 2bx+cx*+ 2bx z +ax A 

f(z) dz 
^/az 2 + 2bz + c- 2a 

H 2 



ioo Integration by Rationalization. 

In like manner, the expression 

< s /a+2bx+cx?-2bx* + ax A 

ft z \ j s 
transforms into , by the assumption 

^/az*- 2bz + 2a -c 

i 

#-- = z. 

X 

When b = o the expression can in some cases be reduced 
by assuming 

^2 l 2 l 

x 2 + — , or x 2 = z. 



Examples. 
t(x*-i)dx 

*• I -4w*. log 



7" 



# 



!(a£ + l)<fo? , # 2 — I + a/i + # 4 

/— ^ log * 
*/l + X* x 

Ji-z* dx I . x ix*/z\ 



'y/i + ar 4 v^ 

I -fa; 2 <to i . v^'+^ + aJ'v/ 



I -»3 



This and the preceding were given by Euler (Cal. Int., torn. 4) : the 
connexion, however, of their solution with the method of recurring equations 
does not appear to have been pointed out by him. 

Iiat-iSdx A v^jt* + x 2 + 1 

— \ — ■ Am. 

* 2 \A* + x % + 1 

Let *» + — = 5, &c. 

a? 2 

, , (x*-i)dx 

6 



a; 



m 



x<</(x 2 + ax+i)(x 2 +0x+i) 

. , <\/ x % + ax + 1 + */x 2 + £# + 1 
.dw*. 2 log 1 1 



f (l-* 2 )«*r . / * \ 
7. 1 7===.' Am. sin -1 [ ] . 

J (t + x*)«/i + *'tx*> \ l + x2 ' 



Examples. 
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Examples. 



(xdx 
(a + bx$ ' 

C f -fa?* rf# 

J '-«• y'l +** + **' 

f <ftr 

3 * J (i + «*) {(i +«*>rr^)i- 

Assume a; «= (i + ar*)Uin0, &c. 

f dx 
4- I ! . 

J (i + a*»){(i+**»)*-* , } i 

Iar<fcr 
(1 + x)i + (I + s)i* 



-4*M. 



3(ite-3<0 



(«+&r)i. 



— logV^ I + *■+ **+ *\/3 



•j 



*»-I 



sinV— • Y 



Assume 



1 + a; = sfi. 
z*dx 






(I -«*)(!+ X*)i ' 



Ans. — log* ' v + — taii-i^— ^L 



r. fiLU 



(1 +x*)dx 



(I-* 4 ) 



i 



Ans. 



(i - *«)»• 






')» 



1 -a* 



<fa? 



2ax + x* < s /i + 2 axi- 2bx*+2ax*+x i 
1 - «a* <fo 



C 1 - ax* 

to. - 

J l + ax * \/T+ 



2cx* + a 2 * 1 



Ana. 



, x\/2(c-a) + */i + 2cx*+a*x i , 

log ■ t , wnen * > a. 



1 + a#» 



y^ (0 — a) 

>» . sin -1 [ — — - — z-^ I , when 

*/2(a-e) \ i+«* / 



a>e. 
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CHAPTER V. 

MISCELLANEOUS EXAMPLES OP INTEGRATION. 

8? !»*»««««« «f Uooax + Ban z+C)dx 
02. integration 01 ; — r • 

a cos x + b sin x + c 

Let a cos a? + b sin a? + c = u 9 then - # sin x + J cos a? = — . 
Now assume 

A cos a? + B sin a? + (7 = Aw + ii -7- h v, 

and equating coefficients we have 

A = \a + fiby B = \b - fia 7 C = \c + v. 
Solving for A, p, v, we get 

. Aa + Bb Ab - B a n (Aa + Bb)c 



a 8 + 6 2 ' ** a 2 + 6 2 ' a 2 + 6 2 



Hence 



f(-4 cosa?+i?sina: + C)dx 
J a cos a? + b sin a? + c 



(Aa + JBJ) # <4& - 2ta . , , . . 

a 2 + 6 2 + a 2 + y lo S (« cosa? + Jsm/r + c) 

(a» + J 2 ) C-(Aa+Bb)c f <fo 



: 



a 2 + 6 2 J a cos a? + 6 sin # +c* 

The latter integral can be readily found ; for, if we make 
a = r cos a, b = r sin a, we get 

^ aa? ^ * £ <sin # = r (00s or cos a + sin a? sin a) = r cos (a? - a). 



T . .. « f (cos x> mi x) dx 103 

Integration of -^~ 1 — r- ^ . 

a cos x + sin x + c 

On making x - a = 0, the integral reduces to the form con- 
sidered in Art. 18. 

As a simple example, let us take 



i 



(A + B tan x) dx 



Here 



a + b tan x 
A +B tan x A cos x + B sin x 



a + b tan x a cos x + 6 sin # ' 
and we evidently have 
(A + Btanx) dx (Aa + Bb) Ab-Ba. . , . x 

83. Integration of /( °° 8 * 'j° t '> * ; 

a cos x+ osm x + c 



I 



where/is a rational algebraic function, not involving frac- 
tions. 

As in the preoeding Article, assume x = + a, and the 
expression becomes of the form 

(cos 0, sin 0) d9 
-4 cos + 2? 

Again, since sin 2 = 1 - cos 2 0, any integral function of sin 
and cos 9 can be transformed into another of the shape 

0i (cos 9) + sin 9 02 (cos 0). 

Accordingly, the proposed expression is reducible to 

0i (cos 0) d9 02 (cos 0) sin 9d9 
A cos + B A 00s + B 

The latter is immediately integrable, by assuming 

A cos + B = 2. 

To integrate the former, we divide by A cos + 2?, and 
integrate each term separately. 




104 Miscellaneous Examples of Integration. 

84. Integration of 

/(cos x) dx 
(a L + bi cos x) («2 + b 2 cos x) . . . . (a n + b n cos x) 9 

where/, as before, denotes a rational algebraic function. 
Substitute z for cos x and decompose 

/w 



(«i + 6iS) («2 + b&) . . . . (a» + J n s) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



A + B 00s x 9 
each of which can be immediately integrated. 

Examples. 



x y 
tan - 



1 



. f ^ ~ A..i-logfi±^*\-i.tan-'l— ij. 

J cos x (5 + 3 cos a;) 10 \ 1 — sin #/ 10 \ 2 ' 



Idx 
. a , 1 r, *nen a > b. 
sure (a + b cos 2) 

6 — acosx & 

(a*-* 2 ) sin* (a*-* 8 ) 1 



. » — acosx , /£ + flC08*\ 

Ans. - cos" 1 I J 



f dx tana: b /x x\ b 2 r dx 

J co&x(a+ b cosx)' a a 2 ° \4 2/ « 2 j0 + £cos#* 

85. Integration of {/(x) +/(x)} e?dx. 

The expression e* P(^ is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P =/(*)+/», 

then fe*Pdx = JV/ (x) dx + J ff {x) dx. 
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Again, integrating by parts, we Hare 

5 e*f{x) dx=f(z)e*-Se*f («) da. 

Accordingly 

/{/(«) +f\x))e*dx = e*f{x). 

For instance, to find 



Here 



x 1 



tfo. 



(i+x) 2 i+x (i+#) a ' 



and consequently the value of the proposed is 



x 



Examples. 



1 . \e* (cos * + sin *) dx. Ant. <P sin x, 

f 1 + x log x , , 

2. I e* - — dx. e? log x. 

f * 2 + 1 , x - 1 

4 - J- (rr^)**** 



1 +* 



86. Differentiation under the Sign of Integration. — The in- 
tegral of any expression of the form <p (x, a) dx, where a is 
independent of x, is obviously a function of a as well as of x. 
Suppose the integral to be denoted by F(x, a), i. e. let 

F(x, a) =J> (x, a)dx, 
then — {F(z, a)} - f (*, a). 
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Again, differentiating both sides with respect to a, we 
have, since x and a are independent, 

(P.F(x 9 a) _ rf .0 (x, a) 
da dx da 

or (Art. 119, Dif. Cal.), 

d fd . F(x, a)\ _ d . <j>(x, a) 
dx\ da J da 

Consequently, integrating with respect to #, we get 



d.F(x, a) Cd. (x, a) 



■[■ 



da da 



dx y 



In other words, if 

U = J <f> (#, a) d>, 



then 3- = -^ dx, 

da J aa 



provided a be independent of a? ; in which case, accordingly, it 
is permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 

where w = / <j> (x, a) dx, a being independent of #. 
For example, if the equation 



\ 



e?*dx = 

a 
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be differentiated n times with respect to a, we get 



1 



x n e?*dx = [—\ I — 



-<~m 



(See Arts. 49, 50, Dif. Cal.). 

Again, in Art. 2 1 we have seen that 

f , . y e?* ( a sin mx - m cos mx) 

xe** sin mx ax = — - '. 

J nr + a* 

Accordingly 

f M _. . 7 / rf V /*** (a sin w# - m cos *na?Y 

j^^ 6mwj ^=y ( «»■+. * — . 

We now proceed to consider the inverse process, namely, 
the method of integration under the sign of integration. 

87. Integration under the Sign of Integration. — If in the 
last Article we suppose <p (a?, a) to be the derived with respect 
to a of another function v, i.e. if 

♦ (*,«)=£, 

then v = J (x, a) da. 

Also by the preceding Article we have 

— f vdx ] = — dx = \<p (x y a) dx = F(x, a). 

Hence vdx = \F(x, a) da. 

In other words, if 

F(x,a) = L (.r,a)dr, 
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then F[x 9 a) da= [ / <p (x, a) da] dx. * (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of such 
application will be given in the next chapter. 

%&. Integration by Infinite Series. — It has been already 
observed that in most cases we fail in exhibiting the integral 
of any proposed expression in finite terms. In such cases we 
oan often represent the integral in the form of an infinite 
series. 

An example of an integral exhibited in such a form has 

. been given in Art. 63. 

The simplest mode of seeking the integral of f(x) dxiiithe 
form of an infinite series consists in expanding f(x) in a 
series of ascending powers of x, and integrating each term 
separately : then 2 the series be convergent, it represents the 
integral proposed. 

It can be easily seen that if the expansion of f(x) be a 
convergent series, that of J f(x) dx is also convergent. 

For let 

f[x) = Oo + aiX + cw? + . . . #„#* + &c, 
then 



1 



*, n , «i^ (*<#? tin*"* 1 

f[x) dx= a& + + + . . . + + . . . 

v J 2 x n + 1 



Now (Dif. CaL, Art. 73), the expansion for f{x) is 

a*x 
convergent whenever — is less than unity for all values 

a*i-i 

of n beyond a certain number ; and the latter series is con- 

ft ax 
vergent provided — be less than unity, under the same 

ft + I #n_i 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Examples. 



t. | , =~+"T + T7+ 1 7Z + &c - 

J^/l _ #5 1 20 2.4 II 2.4.6 IO 

!dx /- — f i sv&x 1.3 sin 4 a; \ 

, =2^8111/ I + + - + ...]. 

V^sin x \ 2 5 a. 4 9 y 

j. f (I + c&)* 



jn q m + n 1 . 2 . q J m + m 



89. Expansion of J log (1 + 2m cos a? + m 2 ) da\ 

We shall conclude by showing that the integral 

J log (1 + 2m cos x + w 2 ) dx 

can be exhibited in the form of an infinite series. 
For, we have 

1 + 2m cos x + w 2 = (i + me? -1 ) (1 +mer x - 1 ). 
Hence 

log (1 + 2m cos a? + w 2 ) = log (1 + me* _1 ) + log (i + me~* _1 ) 

> 2 

2 



_ 4»l2 

= m [f^ + e-^" 1 ) - — {e^' x + a" 2 *'- 1 ) + &c. 



( m 2 rn z \ 

= 2 w cos a? cos 2x + — 00s $x - &c. . 

\ 2 3 J 

Accordingly 

ft / ox 7 / , sin 2a? _ sin 3a? \ 

log(i + 2wcosa? + m 2 )aa;=2 ( msina?- m 2 — — +m* — j 1 -... L 

This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can b& 
easily obtained. 
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( ^~ x \ ( er x<1 *\ 
For i + 2m cos x + m 2 = m 2 [ i + ) i + , 

V m J\ ™ J 
and accordingly 

cos a? cos 2X cos \x , 

f -&c. . 



m 2m 2 3m 3 



log (1 + 2m cos x -f m 2 ) = 2 log m + 2! 

Consequently, 'when m > 1, we have 

, ox 7 t /sin # sin 20? sin 3a? 
log(i +2moo8x+m 2 )dx= 2xlogm+ 2I — - -t 



I 



2^3 •• 



\ m 2-mr ym A 

From the above it is easily seen that the integral 

/log (1 + a cos x) dx 

can be exhibited in the form of an infinite series when a is 

2m 
less than unity : for, making a = - 9 we have 

log (1 + acos x) =log(i + 2m oosx + m, 2 ) - log (1 + m 2 ). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan -. 
Making this substitution in (4) we get 



log (1 + sina cos<r) dx = 2x log f cos - j 



+ 2 ( tan - sin x - tan 2 — + &c. ). (5) 



Examples. 1 1 1 



Examples. 



f (2 cos x + 3 sin x)dx nx 5 , 

i. I ; — . Am, — log (3 cos x + 2 sin a:). 

.1 1 cos a; + 2 sin * n 1 * ° v J ' 



3 cos a; + 2 sin * 13 13 

f d$ 11 — 

3 ' J^TEi? -tand+— tan-i(tandv^). 

r **(a; 3 + a: + 1)^ ar 

■4- " * r-r= Z l0g(l + 008 0) --log(l-COSa)4--log(l-2COS^ 

J sin 20 - sin 6 ° x ' 2 ° x 3 

.00 / . 0\ 

sin - tan - dd / 1 - sin - \ 

'«l/ =l0g ( H) + 

6. When a; 2 < 1, prove that 

!dx x I x s 1 . 3 x 9 1.3.5a? 13 

^/iT~a? * "" * 5 2.4*9 2.4.6 T] •" , 




dx __ 1 1 1 1.3 1 ,1.3.5 



and when a* > I 

J \/Wx K " *^ * S& 2-4 9*» ^2.4.6 13a; 13 

7. Prove that 

•and determine when the series is convergent, and when divergent. 

8. Prove that 



i 



e^+e-*" ...... „ sin** 1 * X 2 + 1 2 sin** 3 * 

/i + 1 1.2 ' /i + 3 



sin^a rfiw = 



*+5 



(X 2 + 1 2 ) (X 2 4- 3 2 ) sin* a> 

4- 1- • . . 

1.2.3.4 fi + s 



Suhstitute a for sin _1 x in the expansion of c Awn * (Dif. Cal. Art. 87), &c. 

r e ^^ e - Xb> . „ X sin^ 2 « X(X 2 + 2«) sin' 1 * 4 . 

«. I sinPw da = - . 4- 

7 J 2 1 ft+a 1.2.3/1 + 4 

X(X 2 ± 2 2 )(X« + 4 1 ) 8in^ +6 «> ' 

+ —£- 4 «C. 

I • 2 • 3-4-5 M+ 6 
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CHAPTER VI. 



DEFINITE INTEGRALS. 



90. Integration regarded as Summation. — We have in the 
commencement observed that the process of integration may- 
be regarded as that of finding the limit of the sum of the 
series of values of a differential/ (x) dx, when x varies by in- 
definitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a prooess of integration. Applications of finding 
areas by this method will be given in the next chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from whioh we have hitherto 
considered it. 

Suppose <p (x) to represent a function of x which is finite 
and continuous for all values of x between the limits X and x ; 
suppose also that X - x is divided into n intervals x x - x i)y 
x % - x l9 a 9 - x 2 > ... X - Xn-x ; then by definition (Dif. Cal., 
Art. 6), we have 

= (#0) 

Xx-Xo T 

in the limit when x x = x ; accordingly we have 

<p (JTi) - fj> fa) = (#i ~ 2q) (#' (#0) + Co) r 
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where e becomes infinitely small along with Xi - x . Hence, 
we may write 

<t> (#1) - (x ) = (#1 - x ) {#'(#<>) + 60) , 
* (#2) - ^ (#1) = (#2 - #i) (0'(#i) +«i|, 
0r 3 ) - ^ (# 2 ) = (#3 - #2) {#'(#2) + « 2 } , 



^ (X) - (av-i) = (X - #«-i) {^'(^«-i) + €«-i) , 

where £ , *i . . . €n-i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

(X) - (x ) = (#1 - #0) 4>'(Xo) + (x 2 - Xj tffa) + . . . 
+ (X-Xn-i) (//(Xn-i) + (#! - X ) €0+ (#2-#i) «i + • • .+ (X-aV.!) e^. 

Now if t| denote the greatest of the quantities c , £i, . . . e«-i, 
the latter portion of the right hand side is evidently less 
than (X - x ) if ; and accordingly becomes evanescent ulti- 
mately (compare Dif. Cal., Art. 39). 

Henoe 

<t> (X) - <p (x ) = limit of [(#1 - #0) #'(#<>) + (#2-#i) $\xi) + . . . 

+ (X-a^0*'(#»-i)] (1) 

when n is increased indefinitely. 

This result can also be written in the form 

<p (X) - (x ) = 2 ^'(a?) dx, 

where the sign of summation 2 is supposed to extend through 
all values of x between the limits x and X. 

91. Definite Integrals, Limits of Integration. — The'result 
just arrived at, as already stated in Art. 3 1 , is written in the 
form 

/(x)v(*o)=r /(*)<&, (2) 

where X is called the superior 9 and x the inferior limit of the 
integral. 

1 ^ 
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Again, the expression 



! 



A" 

${x)dx 



*u 



is called the definite integral of $ (x) dx between the limits x« 
and X, and represents the limit of the sum of the infinitely 
small elements $ (x) dx> taken between the proposed limits. 
From equation (i) we see that the limit of 

(fi - *o)f(*o) + (Xz - Xi)f(*i) + . . . + (^ - Xm^f(Fm*l* 

when Xi - ar , x 2 - #i, . . . X - aw beoome evanescent, is got 
by finding the integral o£f(x) dx (Le., the function of which 
f'(x) is the derived), and substituting the limits 2b, Xfor x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 



/(*) -/(*.) -fV(*)&, (3) 



in which the upper limit* x may be regarded as variable. 
Again, as the lower limit x may be assumed arbitrarily, jf(x ) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at onoe found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should observe that in (3) the letter x which stands for the 
superior limit and the x in the element f'(x) dx must be considered as being 
entirely distinct. Tbe want of attention to this distinction often causes much 
confusion in the mind of the beginner. 



s 
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Examples. 



x»dx. *" Ana. 



a 

IT 



sin dO 



(■ ax 

oYX + a + 

f" dx 

■■■ r 



^ 



•6. 1 «~«* die, (a positive). 
Jo 

7 - £— 



ix cos f tj; 1 



r 

Jo I + 2X C08 <p + X* 

■9. I e~°* sin m* dr. 
Jo 



.00 



» + I 



f 4" sm 9 06 
■' Jo "^"' \A-I. 

<£* 4 



\/« (v/2 - I), 



das ir 



V^a 2 - * 2 2 



I 
a 



*. 


2sin^>* 




m 


«» + m* 


a 



*o. I a" 1 *" cos *»a? dx. -«- — «• 

Jo «* + m* 

r* dx * 
= , ■- , when ae - fl 2 is positive. 



92. To prove that 



J v ' Jo n(n+ 1) . . (n + m- 1) 

trAew w awrf n flr<? positive, and m is an integer. 

12 
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The first relation is evident from (31) Art. 32. 
Again, integrating by parts, we have 

P of* in — 1 f 

aT l {\ -x^dx = - (1 -x) m - 1 + — *»(i - x) m ' 2 dx. 

Moreover, sinoe n and m - 1 are positive, the term 
x(i - #) m ~ 1 vanishes for both limits, 



,\ &**(! -x) m ' l dx = 

Jo n 



af(i -x) m - 2 dx. 



The repeated application of this formula reduces the in- 
tegral to depend on a m+fl ~ 2 dk,thefalueof whiohis . 

° r Jo f/i+fl-I 



Henoe we have 



r^(i-^&- — '-*-3 ■...(* 1) () 

Jo n . (■/* + 1) . . . . (n + m - 1) K J 

This result shows that when either m or n is an integer 
the definite integral 



^(i -xY+dx 



can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the chapter to give 
an investigation of some of its simplest properties. 



Examples. 



f 1 4 2 5 
s 3 (1 - x)* dx. Ana. — = . 

3 . 7 . 11 . 13 



5.7.9. 13. 17 
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V ft 



f2 . # f2" 

93. Values of sm w a? dx and coePxdx. 



One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter HI. 

We begin with the simple case of 



1 

i: 



sm n xdx. 





If in the equation, (Art. 56), 



1 



»«n-i 



. . 7 cos^sm 71 "^ n-i f . „_ , 

sm n xdx = + 1 am tlHi xdx 

n n ) 



mm cos x sin***"* X 

we take o and - for limits, the term vanishes 

2 n 



for both limits, and we have 



rr ir 



f 2 ft — I f * 

sin*#dfc = sin n ~ 2 #dk. 

Jo » Jo 

Now if n be an integer the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(1). Suppose the index even, and represented by zm y 
then 



V 



sm 2m x dx = sin 2TO " 2 iP dx. 

Jo 2m Jo 

Similarly 

W IT 

f'sin 8 "-'* dx = 2OT ~ 3 P'sin* m - 4 g<fe; 

Jo 2»J-2j 

and by successive applications of the formula, we get 



1 



a*..* = 1.3.3. ...(*»-') .> (5) 

2 . 4 . 6 . . . . 2ft* 2 
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(2). Suppose the index odd, and represented by 2m + i, 
then 



ir 



I mi %m¥l xdx = \ Binr" 1 " 1 x dx. 

Jo 2m + 1 Jo 



Hence, it is easily seen that 






\m-«. dx = l^- 6 '"' 2m x . (6) 

3.5.7 (2m + 1) 



Again, it is evident from (31) Art. 32, that 



I ooePxdx = BUL n xdx 9 



and consequently (5) and (6) hold equally when cos # is 
substituted for sin#. 



igation of I si 



94. Investigation of sin m #cos n a?efo\ 

From Art. 55, when m and n are positive we have 



V 



sin m xQO& n xdx = &m m xQOS n ~ 2 xdx 9 

Jo m+nj 



V 



and sin m #cos*a?<& «= sin m ~ 2 #cos n #d<r. 

Jo m + n)o 

Hence, when one of the indices is an odd integer, tlio 
value of the definite* integral is easily found. 



* The result in this case follows also immediately from Art. 92, by making 
€08*2 = z ; for this substitution transforms the integral into 



Jj n-l 

(l-zYz^dz. 
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For, writing 2m + 1 instead of m, we have 

- * 

&ia 2mn xoo& n xdx = \ sia 2nhml xcoB n xdx. 

Jo 2/tt + tt+lJo 

Hence 

r 9. 

i 2m+1 #(H)8 n #da? 

2w . hm - 2) ... . 2 f» . _ y 

- f T-r — ; 7 7 1 sinscofi ,> #<fc 

{2m + n+i){2m + n- 1) ....(» + 3) J 



[ 2 sin 2m+ 



2.4.6 ... (2m) 
" (w+ 1) (w + 3) . . . (n + 2i» + 'i)' 
In like manner 



(7) 



w 



Tg 2fh — I T2 

sin 2m # eos 2n a? dk = — • r sin 2m # cos 2n "* 2 # dx. 

Jo 2 {m + n) Jo 



Hence 

^n 2m x cos 2n # dx = , * , ' * " / ^r sin 2 * a? efo 

Jo (2m + 2) . . . \2m-v2n) Jo 

_ I .3.5.. .(2»-l). I. 3. 5. ..(2fll-l) IT 

2.4.6 (2m + 2n) 2 y 

in whioh m and are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0, we get 



(8) 



w 



r * , Foo^g* . 1 . 3 . 3 . . . (»»-3) .> () 

Jo(l+« 8 ) tt Jo 2.4.6 . . . (2/i-2) 2 w 

Similarly, by x = a sin 0, I af (a 2 - a?) 2 dx transforms into 

IT 

a n+m+i f 2 B in»0ooa w+l 6dfl. 
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In like manner (iax - a? 2 ) 2 dx, 



i 



m 



on making x = a (i - cob 0), becomes 



a m+1 | sin. m+I 



0<f0. 



Jo 

The expressions for these integrals, when m and n are 
fractional in form, will be given in a subsequent Article. 



Examples. 



• i!* 



sin's cob 4 a; dx. 



Ann. 



\. I sin 9 £C08*<£r. 



3. I * sin' 1 * 1 " 1 

4. I ( 1 — ««)•» <fe. 

Jo 



i 1 #*»«&? 
J ^A _ x* 



-ixco&^zdz. 



3- 


J-' 


7. if 






5- 


10 


. 20 . 30 . 40 




9- 


»9 


. 29 . 39 . 49 




1 


. 2 . 


3. • • 


(m-i) 


1 


it. 


(»+i) . . 


. (n + m- 





2 


.4. 


6. . . 


(2n) 




3 


•5. 


7 • • • 


(2» + I)* 




1 


•3- 


5. • 


. (2f» - I) 


* 


2 


.4. 


6 . . 


2* 


2 


2 


. 4. . 


. 6 . . 


2» 





3.5- 7. - 



(2» + i)' 



7. Deduce Wallis's value for * by aid of the two preceding definite integrals. 

2.4.6 .. . (n-i) 1 
3.5.7.... n y'oflin+T 



f * x»dx 



bx*j* +1 



where it is an odd integer. 
p. J a? (2ax - x*)* dx. 
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»0D 



95. Value of e*& dx, when n is a positive integer. 



In Art. 63 we have seen that 

\e~ x a? dx = - e* a? + n\ e^^- 1 dx. 

Again, the expression -— vanishes when x = o, and also 
when x = 00, (Dif. Cal., Art. 94, Ex. 2). 

Hence e x & dx = n e^&^dx. (10) 

Consequently e - '^ <& = 1 . 2 . 3 . . . ». (1 1) 

Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make x = azwe get 



Jo a 

in which a is supposed to be positive. 

Again, to find af 1 (log x) n dx; let x = r a , and the in- 
tegral becomes 

(- i)» fr (m+1)2 s w <fe = (- i) nI ' 2 ' 3 '" n 
v ' Jo V ; (m+i) w+l 

Since logo; = -log(-), this result is often written in 



the form 
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The definite integral e~* of 1 ' 1 dx is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 
of n it is denoted by the symbol r (n) ; and is styled the 
Gamma-Function. 

It follows from (10) that 

r(n+ i) = nT(n). (14) 

Also, when n is an integer we have 

r(w+ 1) = 1.2.3...;/. (15) 

Again, when x is less than unity, we have 

= l + X + Z 2 + X? + &c. 



I -X 



n fa c\ 

log a? « logx (1 +x + x 2 + . . .)dx 

Jo 1 — X Jo 






= " I « + T% + T* + • • • I = " ^ t 



(by a well known result in Trigonometry) 
In like manner we get 



I 



1 logxdx 7T 8 

1 +x 8 



An account of the more elementary properties of Gamma- 
Functions will be given at the end of this ohapter. 



* The integral I x™- 1 (1 — x) nA dx, considered in Art. 92, is also sometimes 

called the First Eulerian Integral ; we shall show subsequently how it can be 
expressed in terms of Gamma-functions. 
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Examples. 

j£tM. I . 2 . 3 • • • W. 

1 . 2 ... n 



(log a) n * l ' 



2. I a~*xfidx. 

3. f-^-fc. 

Jo I - *» 

4 ' J. i-x = -'- 2 -3---('"-')[' + i 5; + ^ + ---J- 

96. 2/^ u and v be both functions of x 9 and if v preserve the 
same sign while x varies from x to X, then we shall have 



uvdx = TJ vdx 9 

J*o J*o 



where U is some quantity comprised between the greatest and the- 
least values ofu 9 between the assigned limits. 

For, let A and B be the greatest and the least values of 
u 9 and we shall have, when v is positive, 

Av > uv > Bv; 
when v is negative, 

Av < uv < Br. 

Consequently, for all values of * between x and X the 
expression uvdx lies between Avdx and Bvdx, and accord- 
ingly, since the sign of v does not change between the limits, 



uvdx lies between A 



x o 



vdx and B vdx : 



x J X 



t 



which establishes the theorem proposed. 
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Cor. If f(x) be /m'te and continuous for all values of x 
between the finite limits x and X, then the integral 



f. 



X 

f(x)dx 



•will also have a finite value. 

For, let A be the greatest value of f(x), and B the least, 

then f(x) dx evidently lies between the quantities 



A dx and B dx, 

J*o J*o 

.-. 1 f(x)dx>B(X-x ) *xidL<A(X-Xo). 

J*o 

97. Taylor's Theorem. — The method of definite integra- 
tion combined with that of integration by parts furnishes a 
simple proof of Taylor's series. 

JFor, if in the equation 



-we assume x = X + A-s, we get dx = -dz, and also 

rX+h rh 

f(x)dx = f(X + h-z)dz, 

/. /(X + A) -/(*) = [V(X + A -*)«&. 
Again, integrating by parts, we have 
[f(X+h-z)dz = s/(X+A-s) + [zf'(X+h-z)dz. 

Hence, substituting the limits, we have 

f /(X+A-s) dz = A/(X) + f s/'(X+ A-s) dz. 

Jo Jo 



Taylor's Theorem. 125 

In like manner 

[zf'{X+h-z)dz = *f(X+h-s) + [jf"(X+h-z)dz, 

which gives 

\ h zf'(X+h-z)dz = -/'(X) + f*-/"(X+A-s)&; 

Jo 2 J 2 

and so on. 

Accordingly, we have finally 

/(X+ A) =/(X) + £/(X) + ^/(J) + . . . + r^/M (X) 



J.^( x+ *-)|5rr ( i6 ) 



This is Taylor's well-known expansion.* 

98. Remainder in Taylor's Theorem expressed as a. 
Definite Integral. — Let R n represent the remainder after 
n terms in Taylor's series, then by the preceding Article- 
we have 



B n = /W(X+ *-•)?— -. (17) 

Jo \JLlL 



There is no difficulty in deducing Lagrange's form for 
the remainder from this result. 
For, by Art. 96, we have 

Jo 1 .2 . 3...(»-i) 1 . 2 . . . n 

where XT lies between the greatest and least values which 
/(*) (X + h - z) assumes while z varies between o and h. 

* The student will observe that it is essential for the validity of this proof 
(Art. 90) that the successive derived functions, /'(*)> /"(*)» &<*•> should be- 
finite and continuous for all values of x between the limits X and X+ h~ 
Compare Articles 54 and 75, Dif. Cal. ^^ 
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Hence, as in Art. 75, Dif. Cal. (since any value of z between 
o and h maybe represented by (1 - 6) A, where > o and < 1) ; 
we have 

2?„ = — -*-— ; /W(X+0A), 

1 • £• • • • IV 

where is some quantity between the limits zero and unity. 

99. Bernoulli's Series. — If we apply the method of in- 
tegration by parts to the expression f(x) dx, we get 



\f(x) dx = xf(x) - \xf{x) dx ; 
.-. f /(*)<& = X/(X) - \^f{x)xdx. 



In like manner 



f* X 2 C x a?dx 

J,' * ' 1.2 \.Z.l J X ' J,* 7 W I .2.3' 

and so on. 

Hence, we get finally 

%)^ = |AX)-^l/(X) + 7: ^/'(Z)-&c.... (18) 

Compare Art. 66, Dif. Cal., where the result was obtained 
directly from Taylor's expansion. 

100. Exceptional Cases in Definite Integrals. — In the 
foregoing discussion of definite integrals we have supposed 
that the function f(x) 9 under the sign of integration, has a 
finite value for all values of x between the limits. We have 
also supposed that the limits are finite. We purpose now to 
give a short discussion of the exceptional cases.* They may 



1 



* The complete inyestigation of definite integrals in these exceptional cases 
is due to Cauchv. For a more general discussion the student is referred to M. 
Moigno's Calcul Integral, as also to those of M. Serret and M. Bertrand. 
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be classed as follows: — (1). When/(#) becomes infinite at 
one of the limits of integration. (2). When f(x) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral f{x) dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function f(x) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

101. Case in which. f(x) becomes infinite at one of the 
Ijimits. — Suppose that f(x) is finite for all values of x 
between x and X, but that it becomes infinite when x = X. 

The case that most commonly arises is where f(x) is of 

the form /\L > n , in which \p(x) is finite for all values 

between the limits, and n is a positive index. 

Let a be assumed so that ${x) preserves the same sign 
between the limits a and X, then 

f x \p (x) dx _ f a \p (x) dx C x \f, (x) dx 

The former of the integrals at the right-hand side is 
^finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(1). Let n < 1, and also let A and B be the greatest 
xind least values of \p (x) between the limits a and X : then, 
by Art. 96, the integral 

r \lt (x\ dor P dx r dx 

I 71} — r- lies between A ~r= r- and JB I -r=. r- . 

J. (X - *)» J. (X - «)• J a (X - «)• 

Moreover, since n < i, we have evidently 

dx (X- a) 1 "* 



i; 



(X -x) n 1 - h 



end consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let n > 1, and, as before, suppose A and B the 
greatest and least values of \p (x) between a and X ; then 



t(z^ UeB Letween A twhr and B l 



dx 



Again, we have 

dx - 1 



f 



{X-x) n (n- 1) (X-x)"- 1 ' 



Now j= r^ becomes infinite when x = X, but has a 

finite value when x = a ; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When n = 1, _ _ = - log (X - x). This becomes 

infinite when x = X ; and consequently in this case also the 
integral proposed becomes infinite. 

The investigation when f(x) becomes infinite for x = x 9 
follows from the preceding by interchanging the limits. 

102. Case where /(#) becomes infinite between the lamits. 
— Suppose f(x) becomes infinite when x = a 9 where a lies 
between the limits x and X ; then, since 

J*/(*) dx = £/(*) dx + £/(*) &?, 

the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if we suppose / (x) = * . it follows, as in 

(a? - a) 

the last Article, that f(x) dx has a finite or an infinite 

value according as n is less or not less than unity. 

The case in whioh f(x) becomes infinite for two or more 
values between the limits is treated in a similar manner. 
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For example, if 

f(fli) = 00, /(««) = 00, . . . /(a n ) = 00, 
where a ly <h . . . a n lie between the limits X and x ; then 

f(x) dx = \* l f{x) dx + f "/(*) dx + &c. + f /(a?) <fc, 

p J* J^ Ja n 

each of which can be treated separately. 

103. Case of Infinite Limits. — Suppose the superior limit 

X to be infinite, and, as in the preceding discussion, let f[x) 

\L(x) 
be of the form - ( — L -^, where \p(x) is finite for all values of x. 

\X — CL\ 

As before we have 



X f[x)dx = [/(*) 



dx + 



f(x) dx. 



The integral between the finite limits x and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(1). Let n > 1, and let A be the greatest value of \^{x) 
between the limits a and 00, then 



r , , , is less than A 
(x-a) n } a 



dx 



[x - a) n ' 



■r f [ x dx = i r r L_i 

Ja [x -a) n n - 1 L (a - «) M (X - a)"- 1 ]' 

The latter term becomes evanescent when X = 00 ; accord- 
ingly in this oase the proposed integral has a finite value. 

In like manner it is easily seen that if n be not greater than 
unity, the definite integral 



f 



dx 



[x - a) 11 

K 
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has an infinite value ; and consequently 

;// (x) dx 



r 



a (*-a)" 

is also infinite, provided \f> (x) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 

r* <t>{%) dx 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity: \b(x) being supposed finite* 
and Xo being greater than a. 

If X become - 00, a similar investigation is applicable, for 
on changing x into - x, we have 






C-X 



f(x)dx = - f(-x)dx, 



x o *> -^0 



in which the superior limit becomes 00. 

104. Principal and General Values of a Definite Integral. — 
We shall conclude this discussion with a short account of 
Cauohy's* method of investigation. 

Suppose f(x) to be infinite when x = a, where a lies be- 
tween the limits x and X, then the integral f{x) dx is re- 

garded as the limit towards which the sum 

x 



ra-fi€ ex 

f{x)dx + ] f[x)dx 

Jx t J a + ™ 



approaches when c becomes evanescent : fi and v being any 
arbitrary constants. 



* This and the four following Articles haye heen taken, with some modifica- 
tions, from Moigno's Calcul Integral. 
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This value depends on the nature of /(#), and maybe 
finite and determinate, or infinite, or indeterminate. 

If we suppose fi = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral : 
while that given above is called its general value. 

For example, let us consider the integral — . 



Here 



But 



: *. limit rf x * + p*i. 



Also, making x = - s, 



J*x fl x t /X\ 
— is log ( — ); while 
-*o * \ X °J 



(X 



AM. 



its general value is log f — j + log ( - r The latter expres- 
sion is perfectly arbitrary and indeterminate^ 

[ x dx 
Again, let us take — . 

J-x or 

As before £§- limit [J*f + £f_. 



But 



C x (hi 1 , £-**dx 1 1 






— = limit 



" 1 1 1 il 

_/Ufc Vt X iToJ" 



Consequently, both the principal and the general value of the 
integral are infinite in this case. 



k 2 
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In like manner 

Hence the general value of the integral is infinite, while 
its principal value is J \± - -^ J. 

It may be observed that the principal value of 



x dx . . . [ x dx 

— is equal to 



f 



X* 



x o 



X*' 



This holds also whenever f{x) is a function of an odd 
order : i.e., when/( - x) .= -/(#). 
For, we have 

f °f(x)dx = \°f(x)dx + f° f{x)dx. 
/(#)<&=- /(-*)<& = f(-x)dx. 

-x Jx Jo 

.-. f ° /(*)*=[ ° {/(*) +/(- *)}<** (19) 

J^r Jo 

Accordingly if /(- x) = -/(#) we get 



f(x)dx = o. 



J.'o 
-*o 

Again, if f(x) be of an even order, i.e., if/(- a?) =/(#), wo 

have f{x) dx=z\ f{x) dx. 

105. Singular Definite Integral. — The difference between 
the general and the principal value of the integral considered 
at the commencement of the preceding Article is represented 

fa + M* 

f(x)dx, 

J a + ve 

in which/ (a) = 00, and £ is evanescent. 
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Such an integral is called by Cauchy a singular definite 
integral, in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

106. Infinite Limits. — If the superior limit be infinite, we 



X 

* GO 



regard 



*0 



fie 



f(x)dx as the limit of f[x) dx, when e becomes 
evanescent. 



x o 



Also f(x) dx = limit of I f(x)dx when c is evanescent. 

J-oo J- 5_ 

/Lie 

In the latter case the value of the definite integral when 
ft = v is, as before, called the principal value of 



f* CD 



f{x) dx. 

In this we assume that/(#) does not become infinite for 

any real value of x. 

fix) 
107. Example. — Suppose —^ to be a rational algebraic 

fraction, in which f(x) is at least two degrees lower in x than 
F(x), and suppose all the roots of F[x) = o to be imaginary, 
it is required to find the value of 



00 



— CD 



F{x) 



fix) 
From the foregoing conditions it follows that ^Q-— cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



{ 



"•^ 



.m 



when c vanishes. 



/*« 
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fix) 
To find this value, suppose -^-^ decomposed by the me- 
thod of partial fractions, and let 



A-B</- i , A + By^i 

and 



x-a-byf-i x-a + by/-i 

be the fractions corresponding to the pair of conjugate roots 

a + b*/ - i and a - b</ - i, of F[x) = o : 

then the corresponding quadratic fraction is the sum of 



A -By- i A + B^ - i 



or- a- by ' - i x - a + 6y^- i 

2 A (x - a) + 2^^ 
1 - e '> (a- _ of + 6 2 ' 

A . f iBbdx Jx-a' 

Again t t^ — jt = 2B tan" 1 

J (# - a ) + A" 



i 



r w 2^i 



if + 6 s 



= 2irB when € vanishes. 



Also 



2A{x-a)dx . 

7 —rr- L -r-=AlOS \(x - a) 2 + 0") 

(x - a) 2 + b* 5 l v ' ) 



f ™ 2A{x-a)dx _ Iff (i - avi) 2 + fry*? ) 

*'• )_ L [x - of + b* ~ g (? (i + a^.) 1 + iy*4 



M« 



= 2A log -, when e = o. 



-CD 



Investigation of 



-00 



F(x) 



dx. 






[iA (x - a) + zBb) dx . , fu\ ^ , v 

7 ~— T^ = 2A log ^ + 27I-J?. (20) 

i_ (x - a) 2 + fr 5 ° \v/ 



fte 



Now, suppose F(x) to be of the degree m in a?, and let the 
values of A and JB, corresponding to the n pairs of imaginary 
roots, be denoted by A X9 A 2 , . . . A n , and B l9 B i9 . . . 2?«, re- 
spectively ; then we have 



1 



ri^F)^ =2M,+ ^ + --- + ^ )iog (v) 

+ 27T (JBx + JB 2 + . . . + ^Bn). 

Again, since/(#) is of the degree in - 2 at most, we have 

-4i + -4 2 + • • • + -4n = o. 

For, if we clear the equation 

f(x) lA x (x-tti) + zBfix 2 A n [x - a n ) + 2Bnf>n 

+ • • . + 



F{x) {x-CkY + b? (x-OnY + bn 2 

from fractions, the coefficient of # 2n-1 at the right-hand side is 
evidently 

2(Ax + A. 4 +...+A n ); 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 



i 



CD 



^ X ' dx = 2v{B l + B t + ...+ B n ). (21) 



-. F(x) 



* It may be observed that when/ (2) is but one degree lower than F($\^ 
the principal value of ~. [ dx is still oi fhe ioxm raea.Va>V?AV * M 
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We proceed to apply this result to an important example. 
108. Value of 



poo 



x im dx 

— , whentn and ft are positive integers, 



i+# 
and n > m. 

Let a be a root of <r n + 1 =0, and, by Art. 37, we have 

2tta 2n * 2)1 

Again, by the theory of equations, a is of the form 

(2k+i) % ir , — . (2A+1W 
cos — + */ - 1 sin — , 

2ft 2ft 

in which A is a positive integer and less than n ; 

.-. a 2 " 1 * 1 = COS (2k + l)0 + v // --~l" S" 1 ( 2 ^ + ^> 

vhere = (^Lti^. 

2ft 

Hence jB = — ; and accordingly we have 

J?i + B 2 + . . . + B n = — {sin + sin 30 + . .. +sin(2»- i)0). 

2ft l 

To find this sum, let 

S = sin + sin 38 + . . . + sin (2ft - 1) 0, 
then 

2/Ssin0=2 sin 2 + 2sin0sin30 + .. . + 2 sin0sin(2ft- i)0 

= I - COS 20+ COS 20 - COS 40 + ... + COS (2ft - 2)0 - COS 2ft0 

= i - cos 2W0 = 2 sin 2 ft0 = 2 sin 2 (2m + i) - = 2. 

v ' 2 



sin . (2m + iW 
sin- — 

2ft 



Jx 2m 
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Accordingly, we have 

" x**dx 



J-flD 



7T 



i +# 2n . (2m+i)w 
n sin - — 



Hence, by (19), 
x* m dx 



2n 



i 



1 +#** 



= 1 



r x 2m dx w 



-co 



1 +# 2n 2W . (2m + i)ir" 
Bin- — 



(22) 



2n 



We now proceed to consider the analogous integral 

x 2tn dx 

-, where m and n, as before, are positive integers, 



I 1-x 2 
and n > m. 



*2t» 



■a? 



2n 



r ** 

109. Investigation of — 

Jo I — 

We commence by showing that 

dx 



dx. 



f 



= o. 



fo 1 -as 1 
This is easily seen as follows, 



/♦CD 



dx 



1 -x* 



1 <& r rfi? 

— z + 



I - XT 



l I - X 2 



Now, transform the latter integral, by making x = -, and 

2 



we get 



f ^ f° & f 1 *fe _ f 1 & 

Ji 1 -.r ~ Ji 1 -s 2 ~ Joi-s 2 "" Joi-^ 2 " 



/** 



dx 



= o. 



1 -«* 
Again, proceeding to the integral 



o I 



x 



2n 9 
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we observe that 1 + x and 1 - x are the only real factors of 
1 - a 2 *, and that the corresponding partial quadratic fraction 
in the decomposition of 



ar m 



is 



i-# 2n n[i-x % y 

M 

Consequently, the part of the definite integral which corres- 
ponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - 1 pairs 
of imaginary roots, and accordingly 



i 



x 2m dx 

j-^^ = 27r(B l + B 2 + . . . + Bn.x), 



where J?i, B 2 , • • • B^i have the same signification as before. 
Again, since the roots of x* n - 1 = o are of the form 

kir / . kir 

cos — ± a/ - 1 sin — , 
n n 

it follows, as in Art. 108, that 

B x +B 2 + . . . + i? n -i = — [sin 20 + sin40 + . .. + sin2(«- i)0], 

in 

where ■» — , as before. 

2tt 

Proceeding as in the former case, it is easily seen that 
sin 20 + sin 40 + . . . + sin i{n - 1) 

COS0-COS(27fc- i)0 , (2m+ iW 
= r^Tj — = COt - — . 

2 sin & in 



f " x 2m dx tt , 2m + 1 
Henoe — ~ ~~ c °t tt, 



1 -x zn n 2n 



f 



x^dx ir . 2m +1 . x 

T*= — cot *"• ( 2 3> 

i-x 2 " in 2n v ' 
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Again, if we transform (22) and (23) by making x 2n = s 



, 2m + 1 

and a = , we get 

211 ° 



= — , = w cot aw. 

Jo 1 + z sin an- J 1 - s 



(24) 



The conditions imposed on m and n require thatjz should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided n > m, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding* 
Articles admit of several important transformations, of which 
we proceed to add a few. 

For example, on making u = z a in (24), we get 



/»•» 



du 



aw 



/»» 



i + u 



a 



sir aw 



du 



= aw cot aw. 



1 -u 



a 



On making— = r. these become 
a 



du w f du w . w 

= , = - oot -, 

1 + u r . w Jo 1 -u r r r 

rsin- J 



r 



where r is positive and greater than unity. 
Again 



/»■» 



x"dx 



f 1 x»dx r x»dx 

; + 

I + XT 



I + X s 



I + X 2 

Now, if in the latter integral we make x =-, we get 

z~*dz 



z 



'" x»dx _ f° z~*dz _ f 1 ar»dx 
i 1 +x* J x 1 + s 2 J 1 + a 2 ' 



(*5) 



,aD x»dx _ p^ + 
Jo 1 +^"J 1 + 



x 

~x* 



,-n 



dx. 



(26) 
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Moreover, from (22), when n is less than unity, we have 



/,x x"dx ir 



Accordingly 



f 



n I +X 2 Mr 

2 COS — 
2 



1 #* + ST* dx 7T 



(27) 



x + x~ l x mr 

2 cos 

2 



(28) 



In like manner, it is easily seen that 



1 



1 X* - X~™ dx 7T . Mr , x 

= tan — . (29) 

X - X~ l X 2 2 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x = e~** and 
nit = a, and we get 



a . a 

sec- .„ „ __ tan 



[<"* + *«*, 2 r ^ z -e az , 2 , x 
as = . dz = — . no) 

Jo e n + r 2 2 J ^ 2 - e^ 2 2 w y 

We add a few additional examples for illustration. 



Examples. 



,fl rfa: 



IT 



1. I — — :. Am. 

JO .- .IT 



2. 



Jo (* a +a 2 X** + ^)' 
Jo I -**' 



lab (a + fy 

IT 

4 



ir 

■2 



4. I tan"0<ft, where n lies between + 1 and - r. 



2 cos — 

2 



Differentiation under the Sign of Integration. 141 

I 1 x m + sr m dx , 
— , where n > m. Ans. 
#» + *"* x 



mw 
2» cos — 

271 



a b 



f • (eaz + e -ax) (<Jb* + e ~bx) 2 COS - COS - 

Jo e ** + <r*» TZTTTTTh 



cos a + cos 6 



! 



CO 



(jfi* + **») (e**-r te ) , sin b 

dx. 



1 #rz _ g-Tr* coa a _|_ cos ^ 

It should be observed, that in these we must have a + b < ir. 
8. Hence, when b <ir prove that 



od i_ . _*_ v * + « I COS - 

^+ r»* tf»+2 cos £ + e~ a 



(bx + e-bz 

cos «#«# = 



CO 



cos a#a.e = 



e* K — em x e a +2 cos b + <f " 

f " efi* + r 6 * . , 1 e" - *r« 

I sin <m?«# = - ; 

J &** — £"** 2 e a + 2 cos £ + a 

f 1 ««-; 
Jo 1 - 



1 z a _ gj-a j 

— <fc. ir cot air . 

2 a 



in. Differentiation of Definite Integrals. — It is plain from 
Art. 86 that the method of differentiation under the sign of 
integration applies to definite, as well as to indefinite inte- 
grals, provided the limits of integration are independent of 
the quantity with respect to which we differentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e.,. 
let 

rb 



u = 



<j> (x 9 a) dx, 



where a and b are independent of a. 

du 

To find — let Aw denote the change in u arising from the 
da 

change Aa in a ; then, since the limits are unaltered, 
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Aw = {<l>{x, a + Aa) - <p(x, a)} dx y 

6 <f> fa?, a 4- Act) - (x, a) 



Aw f* 
' * Act J a 



Aa 

Hence, on passing to the limit,* we have 

du C h d<f>(x 9 a) 



dx. 



-J 



da \ a da 



dx. 



Also, if we differentiate n times in succession, we ob- 
viously have 



d?u 
~dd? 



a da n 



The importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by Differentiation. — If the equa- 
tion 



I 



CD 

e - ax dx= - 
a a 



be differentiated n times with respect to a, we get 

i . 2 . 3 . . . n 



i 



x n e~ ar dx = - , 

a n+1 



as in Art. 95. 

Again, from the equation 



r 

Jo 



dx 7T I 



x 2 + a 2 afr* 
we get, after n differentiations with respect to a y 

dx __ 7T 1 . 3 . 5 . . . (2n- 1) 1 
(x 2 + a) n+1 "" 7 2.4.6... 2n ^ ' 

which agrees with Art. 94. 

* For exceptions to this general result the student is referred to Bertrand's 
« Calcul Integral," p. 181. 



i 
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Again, if we take o and 00 for limits in the integrals (23) 
and (24) of Art. 21, we get 

e~ ar cos mxdx = — _, e~ as Bmmxdx=-- -. (32) 

^ a* + m* 9 Jo a 2 + m 2 ^ } 

Now, differentiate each of these n times with respect to #, 
and we get 



1, 



e -ax ^n cog flfcr; d# = (_ j) ( _ j f _ 



■» + w 2 



1; 



_ [n . cos(n + i)0 

~~ ~ w»i m > 

(a 2 + m 2 ) 2 

e" *^ sin ma? ax = k= v / 

(a 2 + w 2 ) 2 



where t» = a tan 0. (See Ex. 17, 18, Dif. Cal., pp. 55, 56.) 
Next, from (24) we have 



f. 



CO 



x^dx 

= 7r cot air. 

1 - x 



Accordingly, if we differentiate with respect to a, we have 

f " X*- 1 \0gxdx 7T S 



j 



1 - x surW* 



Again, if the equation 

y n - l dy = l 

ox 
Toe transformed by leaking y = r-, it evidently gives 

a ~r ox 
f" x*~ x dx 1 



JO 



(a + bx)"* 1 nab"' 
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Now, differentiating with respect to a, we have 

a"' 1 dx i 



1 



o (a + bx) n+2 n(«+ i)a 2 6 w " . 

If we proceed to differentiate m - i times with regard to 
a we have 



f. 



CO 



af l ~ l dx 



1.2.3... [m - 1 ) 



(a+bx)"** n.(n + 1) (m + 2) . . . (n + m - 1) ' a m b n ' 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral ; 
we shall illustrate this statement by one or two examples. 
Ex. 1. To find 



f 



* log (1 + sin a cos a?) 



cos X 



dx. 



Denote the definite integral by u, and differentiate with 
respect to a ; then 



dx 



du f* cos aflw n l i ov 

-7- = : = 7r, (by Art. 18). 

da j 1 + sin a cos x J ' 



Hence, we get 



r dx log (1 + sin a cos x) 



cos x 



= 7ra. 



No constant is added since the integral evidently vanishes 
along with a. 



Ex. 2. u 


* 


0"** sin mx , 

: dx. 

# 


In this case 


du 

dm % 


* 00 

6T°* cos mxdx= — - 

a + nv 


.\u-a 


a 2 


ofrra . , fm\ 

= tan" 1 — . 

+ m 2 V « J 



No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 



Here 



•-' !s <w^ 



du _ f" 2ao?dx 

da = Jo (1 + aV) (1 + 6V) 

1 r r* 2«efo r* 2flefo 1 

= a^^LJo 1 + 6V J 1 + aV J 



I /0 \ IT 

si- 1 * = 



a*-b l \b J 6(a + 6)' 

.-. w = t" 7 = T-l°g (a + J) + const. 

6 Ja + b b ° v ' 

To determine the constant ; let a = o, and we obviously 
have u = o. 

Consequently, the constant is - -^ log 6. 

The method adopted in this article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall oonsider the case 
of differentiation when the limits a and 6 are functions of 
the quantity with respect to which we differentiate. 

114. Differentiation where the Limits are variable. — Let 
the indefinite integral of the expression <j>(x, a)dxhe> denoted 
by F(x, a) ; then, by Art. 9 1 , we have 

u = <j>(x,a)dx = F(b, a) - F(a, a), 

. *» _ d • F(b 9 a) 
•• «- db~ = *(*> a )> 
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and 

du dF(a,a) , v 

s- — ir --♦<*«>• 

Again, taking the total differential coefficient of u re- 
garding a and b as functions of a, we have 

du f* dd> (x, a) , e?w d& cfa d# 



- 



</a la (/a db da da da 



-I 



6 dd> (a?, a) . ,, x db . K da , N 



(PuL d?t£ 

By repeating this process, the values of -r-> -7-3, &c, can 
be obtained, if required. 

115. Integration under the Sign of Integration. — Re- 
turning to the equation 

u = \ <j> (#, a) dx, 

where the limits are independent of a ; it is obvious, as in 
Art. 85, that 

•6 



uda = \ \<j> (x y a) da dx, 

provided a be taken between the same limits in both cases. 
If we denote the limits of a by a and a x , we get 

J uda =111 <t>(x,a)da\ dx. 
a J a L Ja-o J 

(x, a) dx \da = U(«,a)rfaL&. (34) 



or 



This result is usually written in the form 
•6 rb 



<l>(x, a)dxda = <t>(x,a)dadx. (35) 

Ja J a J o J«o 
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These expressions are called double definite integrals, as in- 
volving successive integrations with respect to two variables, 
taken between limits. 

It may be observed that the expression 



Ja J 



b 

(x, a) dx da 

O J« 



is here taken as an abbreviation of 



<p (x, a) dx\ da, 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits a and m* 

The principle* established above may be otherwise stated 
thus, In the determination of the integral of the expression 

<f> (x, a) dx da 

•between the respective limits x 09 x x ; and a , a x ; we may effect the 
•integrations in either order, provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

116. Applications of Integration under the Sign /. 
Ex. 1. From the elementary equation 



1: 



x*~ l dx = - 
a 



we get 

Jojo e Ja a \a J 



* It should be noted that this principle fails whenever <p(z, a), or either of 
its integrals with respect to a, or to a:, becomes infinite for any values of* and a 
contained between the limits of integration. The student will find that the 
examples here given are exempt from such failure. 

Is 2 
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Hence 



r^-^ = log M 

Jo log a? W 



Again, if we make x = e"* in this equation, we get 



r =^* - *©■ 



Ex. 2. We have already seen that 



Hence 



[ 



QD 

e~** cos mx dx = 



a 2 + m 2 ' 



er°* da cos mx dx = — — ?—- 

Jo LJ.a J J. « 2 +™ a 






OP 



I 



oosiwjrdk = iloffl .. 

# * B W + m 21 



Ex. 3. Again, from the equation 

m 



e^Bxnmxdx = o , 
a 2 +w 2 ' 

we get 



1. 

e" ax sinma?rfaefo = -- — ^— ; 
Jo Ja J« a 2 + m 2 ' 

sm *wa? a# = tan * — - tan" 1 — ). 

Jo x \mj \mj 

Compare Ex. 2, Art. 113. 

If we make a = o and ai = 00 in the latter result, we 
obtain 



1 



dx = 

x 2 



Value of e* dx. 
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Ex. 4. To find the value of 

e* % dx. 



i 



Denoting the proposed integral by k, and substituting 
ax for x, we obviously have 



Hence 



J e-* 8 ** a dx » A, 



dk = k<T**. 



But 



Hence 



*»•("«•) a rfa dx = A <r** rfa = A 2 . 

J» Jo Jo 

1 f * ^ |J * _ U 

Jo i + # 3 4 

e~*' dk = A; = I y^. 



(36) 



This definite integral is of considerable importance, and 
several others are readily deduced from it. 
117. For example, to find 



Here 



(A) u = j o 






da 






Again, let z = -, and we get 
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I — 2 1 — — I — 2 a — — 

x% adx = s " dz = u. 

Jo -^r Jo 

/. — = - 2u y hence w = Ce^ a . 
da 

To determine C, let a = o, and, by the preceding example, 

n becomes , 

2 

Consequently 



.<» ( * 



e+fdj, = y^e-**. (37) 



Jo 2 

Again, to find 

(B) u = e^ 8 * 8 cos zbx dx. 

Jo 

Here 

— = - 2 ^■'"sin ibxxdx. 
db Jo 

But, integrating by parts, we have 



. _ _ . _ , c-"'** sin 2bx 2b 
2\e* x sm 2oxxdx = + 



1 



a s a 2 



c""* x 'oos2J.rrf>. 



tr" 8 * 8 sin zbxxdx = — r* 8 * 8 cos 2bx dx. 
v o a 2 Jo 



Hence 

du 2bu du 2b db 

ao a 2 t* a w 

Hence u = Ce " a . 

/~~ 

Also, when i = o, 1* becomes — — 

2a 



<r° 8 * 8 cos 26a; dx = ~ — i^- (38) 

Jo m 



Examples. 



i5i 



Again, if we differentiate n times with respect to a the 
equation 

Jo 



er** 8 dx = 



i-v/a 



and afterwards make a = 1, we get 



<°> r 



e*ot*fa = 



1 .3 .5 ... (211- 1) 



,n+i 



-y/ir. 



Next, to find 

/-pvv f* cos*w#dk 

1 ' Jo I+* 2 • 

We obviously have 



/»CP 



o^C 14a8l )c?o = 



I + X* 



/»• 



.". 2 



/•CD 



./0 „ 



a e^C 1 ***) cos mx dx da 



f* cos*w 

~~ Jo 1 + 



cos mx dx 



But, by (38), we have 



/»ao 



o-a 9 *» 



oosmxdx 



</•* *£ 



/•CO 






_ [ 008 
"Jo ~ 



trz*- 



oosmxdx 



+ X* 



Hence, by (37), we have 



i 



cos mx dx w 



= — e 



,-tn 



I +X' 



(39) 



Again, differentiating with respect to m, we obtain 



x sin mx dx ir 



f #8infl 
Jo 1 + 



= — e 



rm 



<#A 



« a 
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Examples. 

i. 1 xdx. Ant. -see*-. 

J o **» - r»* 4 2 

2. I , logltan — J. 

Jo i+* * V */ 

when a > o and < I. 

J Jo I-* log* °\8inoir/ 

4. f a log(i+co80cos«) . J[ 0'). 

Jo 'coss \ 4 / 

_ sm — 

** log* <fe ir* 2 



x p ** log* < 

6 ' JoTT? 



4 nr 
COS 2 — 

2 



1 1 8. The values of some important definite integrals can 
be easily deduced from formula (31), Art. 32. 
For example,* to find 



i 



Iog(sin0)tf0. 



IT IT 

Here f " log (sin0) d0 = f * log (cos0) dO. 
Hence, denoting either integral by w, we have 

IT 

2u = {log (sin 0) + log (cos 0) } dQ 



* These examples are taken from a paper, signed H. G., in the " Cambridge 
Mathematical Journal," Vol. 3. 
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TT 

f 2 IT 

log (sin 20) dO log 2. 

Jo 2 

Again, if s = 20, we have 

IT 

log (sin 26) dO = ^ log (sins) is 

IT 

= -J- log (sin z) dz + -J- log (sin z) dz ; 

"2 
Tmt, since sin (tt - z) = sin s, 

IT 

log (sin z) dz = log (sin 2) efe. 



Consequently 



Here 



v it 

T log (sin 20) dd = f 2 log (sin 0) «J0, 

IT 

.-. P log (sin 0) d9 = - - log (2). (41) 

Jo 2 

Again, to find 

r01og(sin0)<*0. 



f ' log (sin 0) d9 = [* (n- - 0) log (sin 0) dB, 



.'. f"01og(sin0)rf0 = - flog (sin 0)rf0 = --log (2). 

Jo 2Jo 2 

119. Theorem of Frullani. — To prove that 

C" A (ax) - 4 (bx) . . . , fb\ 
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Let u = ^-^ — 2±-L a*s ; substitute ax for s, and we get 

Jo Z 



»t 



h 

a < p (ax) - ft (o) ^ 



If we substitute' J for «, we get 

= .i»(b)-»(o) 



■j: 



a? 

Henoe 

h 



f« (or) dx (V ( Ja?) da? _ ( \[* d* 
Jo a? Jo a? J* a? 



= #(o)log(-l. 



Qr pW^(M^|4y^ (o) ^j t (42) 

a 

If we suppose A = oo, we get 

£!tebiM *.,(.,*,(!), (43) 



* 



provided — — - da? = o when A = oo. 

For example, let ft (x) = eos a?, and, since the integral 



I 



* eos bx _ 



a 



evidently vanishes when h = », we have 



f cos oo? - cos 6a? _ ,6 
da? - log-. 

1 a? a 
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As an exceptional case to the theorem of Frullani let us 
consider the integral 



/»0B 



tan" 1 *?;*? - tan -1 fa? 7 
ax. 

x 

Since <j> (o) = o in this case, equation (40) gives 

h 



1 



tan" 1 ax - tan" 1 bx _ 
c(x = 



*6 tan*" 1 bx dx 



x 



x 



where h = 00. To find the latter integral, we observe that b* 

is infiidte for all values between the limits, and consequently 

Ti- 
tan -1 bx = — for all values of x in the definite integral. 

Accordingly we have 

h_ 
f " tan"" 1 ax - tan" 1 bx 7r f * dx it . /r/\ 

Jo x 2)1 1 x " 2 ®\6/ 

a 

120. Gamma-Functions. — It may be observed that there 
is no branch of analysis which has occupied the attention 
of mathematicians more than that which treats of Definite 
Integrals, both single and multiple ; nor in which the results 
arrived at are of greater elegance and interest. It would 
be manifestly impossible in the limits of an elementary 
treatise to give more than a sketch of the results arrived at. 
At the same time the Gamma or Eulerian Integrals hold so 
fundamental a place, that no treatise, however elementary, 
would be complete without giving at least an outline of their 
properties. With such an outline we propose to conclude 
this chapter. 

The definitions of the Eulerian Integrals, both Eirst and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz. : 



i: 



x m ~ l (1 -x)"" 1 dx, 



is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation, £(m } w). 
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Thus, we have by definition 

[ x m ~ l (1 -x)«- l dx = B(m,n). 

(44) 
[ e-*x*~ x dx = r(p). 

The constants m, n y are supposed positive in all cases. 
It is eyident that the result in equation (14), Art. 95, still 
holds when^ is of fractional form. 
Hence, we have in all cases 

p(p+i) =pr(p). 

This may be regarded as the fundamental property of 
Gamma-Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter p is comprised between any two consecutive integers. 
For this purpose the values of r(p), or rather of log r(p), 
have been tabulated by Legeudre* to 1 2 decimal places, for 
all values of p (between 1 and 2) to 3 decimal places. The 
student will find tables to 6 decimal places at the end of this 
chapter. By aid of such tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma-Functions. 

It may be remarked that we have 

r(i) = 1, r(o) =*>, r(-,) =00, 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of <r, where z is a con- 
stant with respect to x> we obviously have 



j: 



<r*» x m " 1 dx = ^^. (45) 



z m 



* See Traite des Fonctions Elliptiques, Tome 2, Int. Euler. chap. 16. 



v ' ; r{m + n) 

With respect to the First Eulerian Integral, we havo 
already seen (Art. 92) that 

J ^(i -x) n ~ l dx = J &" l {i - x^dx, 

.'. B(m, n) - B (/*, m). 

Hence, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute for x, we get 



I of*- 1 (1 -x) n ~ l dx = f t-^- 

Jo v ' Jo (1 +t 



dy^ 
V) 



m+w 



Hence [ /^L = B(m, n). (46) 

Jo (1 +y) M+n v ' 

We now proceed to express B (m, n) in terms of Gumma* 
Functions. 

121. To prove that 

From equation (45) we have 

r OB 

V(m) = €r sx z m x m - 1 dx. 
Hence 

T [m) e-* z n ' 1 = I e~ z ( 1+ *) z m *»~ l x^^dx. 

Jo 
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But, if s(i + x) = y, we get 

Jo (l+^^Jo 



(«+*) 



■•+» 



f " of*" 1 dx 

•\ r(m) r (») = r (m + w) - r- 

Jo (I +*) 

Accordingly, by (46), we have 

jik.)-^. (47) 

r [m + n) 
Again, if m = 1 - m, we get, by (24), 

I» T(i -n)=f ?-^ = -^-. (48) 

w v ' Jo 1 +s sin »ir 

If in this n = i, we get 

This agrees with (36), for if we make v? = s, we get 

1 2 2." By aid of the relation in (47) a number of definite 
integrals are reducible to gamma- functions. 
For instance, we have 

r y^ 1 dy f 1 y m ' 1 dy C y^dy 

Jo (i+y) m+n "Jo (i+y) m+ * + Ji (i+yr^ 



now, substituting - for y in the last integral, we get 
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Hence 



i 



1 of 11 - 1 + a*- 1 7 r (m) r (n) , x 

/ ^r ^ = -^M — V- (49) 



Next, if we make x = ~, we get 



J„ (1 + *)""• J. {ay + «)""*' 

. r- y-'rfy _ r(m)r(») f . 

' 'Jo {ay 1 &) mt * a"*i» r(m + n)" v ; 

Again,* let x = sin 2 0, and we get 

IT 

\ a" 1 ' 1 (1 - a?)*- 1 dx = 2 I sin 2 "^ cos 2f> -W0. 

.-. ["sin'-fl oo^ft» = I^)J>) (51) 

Jo 2 r(w + ») 

This result may also be written as follows : 



i 



r (-W- 



_ ,'p + ff 



If we make q = i, we get 



•v/t 



2 

r 



^) 



(52) 



(53) 



* These results may be regarded as generalizations of those given in Arts. 
$3> 94» to which the student can readily see that they are reducible when the 
indices are integers. 
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Again, if p = q in (52) it becomes 






Let 26 - c, and we have 



» » 

f ' sin*" 1 20dfl - £ | sin*" 1 ** = [* sin*- 1 zdz 

Jo Jo Jo 

h- K') r ( £ r 1 )^ r «- 

If we substitute im for/?, this becomes 

rwr(«4)=^r(24 ( 54 ) 



Again, make y - tan'0 in (50), and we get 
£ sin*"- 1 9 oos 2 *-^ rf0 T (m) T (n) 



1 



(55) 



(a sin'fl + b oos 8 0) m+fl za m b n T (m + w)' 
123. To find the Value* of 

n being any integer. 

Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 



* This important theorem is due to Euler, by whom, as already noticed, the 
Gamma-functions were first investigated. 
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Value of r - r - r - )...r 



ft/ vny vwy \ n 



'(H'-HH^hi^W-"-^) 



that is by (48), 



*»- 1 



. ? . 27T . 37T . (n - I )w 

sin — sin — sin — ... sin — 

n n n n 

To calculate this expression, we have by the theory of 
equations 

1 - a? n 
1 -x* 

1 * *\f 2ir i\ /" (w-i)tt . 

= [ i-2#cos-+ar i-2#cos — +ar ... i-2#oos- — +ar\. 

n J\ n J \ n 

Making successively in this, x = 1, and a? = - 1, and re- 
placing the first member by its true value n, we get 

. . 7r\V . 27rV / . (n - iy 

n = [ 2 sin — 2 sin — ... 2 sin - 

in) \ 2nJ \ zn 



9 



ttV/ 2irV ( (n-i)ir^ 
n = l 2 cos — 2 cos — ... 2 cos — 

2UJ \ 2YIJ \ 211 

whence, multiplying and extracting the square root, 

_ . . IT . 27T . (tt-lW 

n = 2 n_1 sin - sin — ... sin — . 

n n n 

Hence, it follows that 

r(l)r(i)...r(^).<#. C*> 
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124. To find the values of 
e~ ar cos bxx 1 ^ 



I, 



1 dx 9 and 



er^sin bx&^dx. 



If in (45) a - 6-v/" - * t° substituted* for z the equation 
becomes 



1; 



grflx c 6*V-i jr-lfo^ 



r(m) 



_ r(m) (a + 6 y^T)* 

(a - 6v/~i) m (a 2 + J 2 )"* 

i ft 

Let a = (a 2 + J 2 ) cos 6, then i = (a 2 + J 2 ) sin 0, and the 
preceding result becomes 



1 



OB 



e~ ax (cos bx + y^- 1 sin Jo?) •a?™" 1 efc 



T(m) 



« (cos + y/- i sin 0) 



m 



(a 2 + b 2 ) 

r(m) — 
« (cos mB + y/- 1 sin mO). 

(a 2 + 6 2 ) 2 
Hence, equating real and imaginary parts, we have 

r(m) 



i 
1 



tf-^cos bxx™~ x dx = 

(a 2 + J 2 ) 



- cos m0 



*** sin Jiraf 1 " 1 efo = V (m) . n 

— ^-zsin mO 



>' 



(57) 



(a 2 + J 2 ) 2 



in which = tan^ 1 [ - ]. 



IT 



If we make a = o, become -, and these f ormul© become 

2 



* For a rigid proof of the validity of this transformation the student is 
referred to Serrett'a CaL Int., p. 194. 



i 





ao 



Examples. 
cos bx of"' 1 dx = — . — ^ cos 



sin ox # m 1 ax = — _ — - sin 

b m 2 



l( >3 



(58) 



It may be observed that these latter integrals can be ar- 
rived at in another manner, as follows. 
From (45) we have 



, x COS bz C 



e~ zx af^ 1 cos bz dx. 



/•OD 



,-. r (») 



cos Sscfe 

z 



bz dz P" 



/•« 



e' 3 * cos 62 a"" 1 <fo rf; 



J8ut, by (32), we have 



1: 



a? 



&** cos fetfe = . 



•OD 



bzdz _ 1 P x a* efa? 
" = r(fi) Jo 6 a + «* 



cos bzdz 

5 



fln-1 



IT 



r (ft) wtt 

v 2 cos — 



>*>y(27)> 



in which n must be positive and < 1. 
In like manner we find 



. 2 



sin bzdz b n ' 1 



*n 



T[n) . mr 
v ' 2 sm — 

2 



The results in (58) follow from these by aid of the relation 
contained in equation (48). 



m 2 
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Examples. 



I. I *"• (1 - x*>dx. Am. ' 

nr [ P+1+ —n-) 



2. 



fi zm-i( t _ x )n-\ <j# r(m)r(»o 

Jo (« + *) mT " ' « M ( 1 + «) m r(m + w)~ 

3. Prove that 

Jo (i~^)* X Jo(i + **)*'* + 

{• i r(» + 1) co8(£-) 
cos (**"; dz. V x l 

b n 

125. Numerical Calculation of Gamma-Functions. — The* 
following Table gives the values of log Y (p) to six decimal 
places, for all values of p between 1 and 2, (taken to three- 
decimal places). 

It may be observed that we have T (1) = 1, r (2) = 1, and 
that for all values of p between 1 and 2, T(p) is positive and 
less than unity ; and hence the values of log r (p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of calcu- 
lating these Tables is too complicated for insertion in an 
elementary Treatise. 
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Jo */a-x 
a. If f(x) =f[a + x) for all values of a?, prove that 
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9334 


9375 
9806 


9417 
9851 


9458 


9500 


9543 


9586 


U5 l 


9629 


9672 


9716 


9761 


9896 


9942 


9989 


0035 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 


0422 


0472 


0522 


1.59 


0573 


0624 


0676 


0728 


0780 


0833 


0886 


o939 


0993 


1047 


1.60 


1 102 


"57 


1212 


1268 


1324 


1380 


H37 


1494 


1552 


1610 


1.61 


1668 


1727 


1786 


1845 


1905 


1965 


2025 


2086 


2147 


2209 


1.62 


2271 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


2780 


2845 


1.63 


291 1 


2977 


3043 


3110 


3177 


3244 
3938 


33i2 


338o 


3449 


35i7 


1.64 


3587 


3656 


3726 


3797 


3867 


4010 


4081 


4154 


4226 


1.65 


4299 


4372 


4446 


4519 


4594 


4668 


4743 


4819 


4894 


4970 


1.66 


5047 


5124 


5201 


5278 


5356 


5434 


5513 


5592 


5671 


5750 


1.67 


5830 


591 1 


5991 


6072 


6154 


6235 


6317 


6400 


6482 


6566 


1.68 


6649 


6733 


6817 


6901 


6986 


7072 


7157 


7243 


7322 


7416 


1.69 


7503 


7590 


7678 


7766 


7854 


7943 


8032 


8122 


8211 


8301 


1.70 


8391 


8482 


8573 


8664 
9598 


8756 


8848 


8941 


9034 


9127 


9220 


1. 71 


93H 


9409 


9502 


9693 


9788 


9884 


9980 


0077 


0174 


1.72 


9.960271 


0369 


0467 


0565 


0664 
1668 


0763 


0862 


0961 


1 06 1 


1 162 


1.73 


1262 


1363 


1464 
2496 


1566 


1770 


1873 


1976 


2079 


2183 


'•74 


2287 


2391 


2601 


2706 


2812 


2918 


3024 


3i3i 


3238 


"•75 


3345 


3453 


356i 


3669 


3778 


3887 


3996 


4105 


4215 


4326 


1.76 


4436 


4547 


4659 


477o 


4882 


4994 


5 r <>7 


5220 


5333 


5447 : 


i-77 


§ s6 £ 


5675 


57»9 


5904 


6019 


6135 
7308 


6251 


6367 


6484 


6600 


1.78 


6718 


6835 


6953 


7071 


7189 


7427 


7547 


7666 


7787 


i.79 


7907 


8023 


8149 


8270 


8392 


8514 


8636 


8759 


8882 


9005 


1.80 


9129 


9253 


9377 


950I 


9626 


975i 


9877 


6008 


0129 


0255 


1.81 


9.970383 


0509 


0637 


0765 


0893 


102 1 


1 150 


1279 


1408 


1538 


1.82 


1668 


1798 


1929 


2060 


2191 


2322 


2454 


2586 


2719 


2852 


1.83 


2985 


3118 


3252 


3386 


3520 


3655 


3790 


3925 


4061 


4197 


1.84 


4333 


4470 
5852 


4606 


4744 


4881 


5oi9 


5157 


5295 


5434 


5573 


1.85 


57" 


5992 


6132 


6273 


6414 
7840 


6555 


6697 


6838 


6980 


1.86 


7"3 


7266 


74° 8 
8856 


7552 


7696 


7984 


8128 


8273 


8419 
9887 


1.87 


8564 


8710 


9002 


9149 


9296 


9443 


9591 


9739 


1.88 


9.980036 


0184 


0333 


0483 


0633 


0783 


0933 


1084 


1234 


1386 


1.89 


1537 


1689 


1841 


1994 


2147 


2299 


2453 


2607 


2761 


2915 


1.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


43i6 


6062 


1.91 


4631 


4789 


4947 


5105 


5264 


5423 


5582 


5742 


5902 


1.92 


6223 


6383 


6544 


6706 


6867 


7029 


7192 


7354 


7517 


7680 


i-93 


7844 


8007 


8171 


8336 


8500 


8665 


8830 


8996 


9161 


9327 


1.94 


9494 


9660 


9827 


9995 


0162 


0330 


0498 


0666 


0835 


1004 


i-95 


9-99" 73 


1343 


1512 


1683 


1853 


2024 
3746 


2195 


2366 


2537 


2709 


1.96 


2881 


3054 


3227 


3399 


3573 


3920 


4094 


4269 


4443 
6206 


i-97 


4618 


4794 


4969 


5145 


5321 


5498 


5674 


5851 


6029 


1.98 


6 3 8a 
8178 


6562 


6740 


6919 


7098 


7277 


7457 


7637 


78i7 


7997 
9816 


1.99 


8359 


8540 


8722 


8903 


9085 


9268 


9450 


9633 
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Examples. 

1. I . Am. 2\/fl. 

Jo *y a -x 

a. If f[x) =f{a + x) for all values of x, prove that 

fna ra 

f(x) dx = n\ f(x) dx, 
Jo 

where n is an integer. 

f° dx 
J0 */ax-x* 

f 2 dx L 



l xdx. 1. 



>. I sin* 
Jo 

'■ f 7 * • 



2 



(1 +x) *S I + 2X — x* 4v J 

7. I -. ae - b 2 being positive. ■ 

J-. a+ lbx + cx* 1 otr y/ae-P 

8. Prove that 

dx 



I r-3 7 = — -t=» where A = i(yac + fl). 

Jo a + 2&P 2 + ex* 2 ^ah 



•• Ctt 



«fo ir 



10. x 

Jo 1 + 



cos $ cos x sin $ 

dx e 

cos cos x ' sin 



11. 



ir 
(2" <&? w 



)o a 2 sin 2 a; + £ 8 cos* x' *&b 



-I 



dx *{a* + lfi) 



(a 3 sin* a? + * 2 cos* x)*' 4« 3 ^ 
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13. T y/^^x 2 cos- 1 - dx. An9 - 



x«a 2 a 2 



. dx , x 

14. I , , a > b. 



bx)i/i-x* </a 2 -P 



J-i (a - 

-7= 

V (^ - «) 03 - *) 

•Lvj^WyMyH 



X. 



xa 2 . 



6 2 , 2 
sin as cos bx 



-, x , x f smarcos&r , x ,. . , 

17. Show that I dx = -, or o, according as > or < b ; and 

Jo x 2 



x 



that when a = £ the value of the integral is -. 

4 



i+\/ fl *\ 



i3. I ,fl&<:i. ^>w. — -^= log ( — J 



19. I tan 5 #<£r. J (log 2- 1). 

8x 

. _ sinar dx x , , 1 

20. I z- . — + tan* 1 — 



). I — 

Jo 1 + 



cos 2 * 4 y'; 



si. If every infinitesimal element of the side e of any triangle be divided 
by its distance from the opposite angle C, and the sum taken, show that its 
value is 



(J "D \ 

cot — cot — J . 



22. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the locus of the vertex is an ellipse. 

IF 

("2 co8*0sin0<f0 . 1 tan -1 * 

23. I = — =— . Am, — = — . 

Jo i+^cob 2 ^ e 2 & 



^ fS" cos 2 6sin6^ V^Lti 1 hg(' +*/*+*) 

Jo y' 1 + e* cos 2 & 2* 2e? . 
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25. Deduce the expansions for sin x and cos 2 from Bernoulli's series. 

26. Show that the integral 

!x* (log x) m dx 


can be immediately evaluated by the method of Art. in, when m is an integer. 

1* tan" 1 (ax) dx . ir , , . 

28. Find the value of 

I 1°8 (1 - 2a cos a? + a 2 ) dx, 

distinguishing between the cases where a is >, or < 1. 

An*. a< 1, its value is o. 
„ a > i , its value is 2 log <r. 

29. If /(«) can be expanded in a series of the form 

OO + 01 C08 £ + 02 C08 2£ + . . . + a n COS flX + , , . , 

show that any coefficient after a can be exhibited in the form of a definite 
integral. 

Ans. a n = — I /(*) cos nx dx. 

* Jo 

30. Find the analogous theorem when f(x) can be expanded in a series of 
sines of multiples of x ; and apply the method to prove the relation 

(sin 22 sin ix a \ 
sin x 1 &c. J , 
* 3 / 

when x lies between + ir. 

3 1 . Prove the identical relation 

IT W 

(2 dO 



Jo V^sin 
32. Express the definite integral 



I \/sin6 



xi a/ sin dO = -w. 



1 



2 <# 



'• </ 1 - « 2 sin 2 
in the form of a series, k being < 1. 

^(■♦©'♦(HMrH)'"**) 
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w 



Jo COSX 2\4 / 



.3/- 


Jo "°\a-bame/ 


38- 


f 1 dx 


Jo (1 -*«)*" 


4A 


f 1 dx 


39* 


JO (x-ir*)* 




pr cos ra? «f# 



f . ff z - ft 3 

34. I xr^sm bxdx, where «>o. . 

Jo (a 2 + fl 2 / 

f " tan" 1 ox tan" 1 to » , ( (a + /3)* + /3 ) 

35 ' Jo ? *' T^hsH' 



71 

36. F log (a 2 cos 2 * + /3 2 sin*0) A. ir log 



a + /3 



> b. w sin 



-(-3- 



IT 

3 



IT 

« sin — 
n 



•wa r 
ar J 1 - a- 



41. Find the sum of the series 

n n n n 

* 2 + 1* + wM^ 2 + n 2 + 32 + * " - + il? 

when ft is increased indefinitely. 

This is evidently represented by the definite integral 



1 



1 dx T 

lo i+s* 4 

42. Find the limit of the sum 

i,i 1 

+ + , 4-. . .+ 



<s/» 2 - 1 2 a/w 2 - *" V^* 2 "^ 2 " \/n* - (n- 1/ 

when ft « 00. ^ w , # j^ 

2 
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43. Prove that 



TT IT 

f2" _ m •. m (» - 1) p" 



!2 , mlm-i) (2 _ 

cos m a; cos nx dx = — \ ^- \ cos"" 3 cos nx ax ; 
»r — n* Jo 

and hence, deduce the values of the integrals 

IT IF 

I cos 2m a? cos (in + 1) x dx f and 1 cos 2 "** 1 x cos inx dx, 
when m and n are integers. 

44. I log ( 1 - 2a cos + a % ) cos nO d$, when a 2 < 1. ' Ant. 

Jo 

!* ITS 2 

cos — <£r. 
-x 2 



2 »' 



( «7* ) 
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AREAS OF PLANE CURVES. 



126. Area* of Carves. — The simplest method of regarding 
the area of a curve is to suppose it referred to rectangular 
exes of co-ordinates; then, the area included between the 
*' curve, the axis of x, the two ordinates corresponding to the 
values ft and x x of x, is represented by the definite integral 



ydz. 



For, let the area in question be represented by the space 
AB VT, and suppose B V divided into « equal intervals, and 

the corresponding ordinates drawn, , 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq. 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented by pMNQ, and greater 
than the sum of the rectangles-^ 
PMNq ; but the difference between 
these ktter Bums is the sum of the rectangles Pp Qq, or (since 
the rectangles have equal bases) the rectangle under MN and 
the difference between TV and AB. Now, by supposing 
the number n increased indefinitely, MJV can be made in- 
definitely small, and hence the rectangle MN(TV-AB) 
also becomes infinitely small. Consequently the difference 
between the area ABVT and the Bum of the rectangles 
PMNq becomes evanescent at the same time. 
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If now the co-ordinates of P be denoted by x and y, and 
MN by &x y it follows that the area ABVT is the limiting 
value* of 2 (y Ax) when the increment Ax becomes infinitely 
small. 

Or area ABVT = ydx; where x x = OV 9 x = OB. 

It should be observed that this result requires that y 
continues finite, and of the same sign, between the limits. 
of integration. 

If y change its sign between the limits, i.e., if the curve- 
cut the axis of x 9 the preceding definite integral represents- 
the difference of the areas at opposite sides of the axis of x. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to» 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 



sin & 



ydx, 



where w represents the angle between the axes. 

In applying these formul® the value of y is found in 
terms of x by means of the equation of the curve : thus,, 
if y =f{x) be this equation, the area is represented by 



1 



f[x) dx 



taken between suitable limits. 

Conversely the value of any definite integral, such as 

f(x) dx 



1 



* This demonstration is substantially that given by Newton ; (see Principia,. 
Lib. 1., Sect, i., Lemma 1) ; and is the geometrical representation of the result 
established in Art. 90. 

The modification in the proof when the elements of BV are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the- 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Dif. Cal. 
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may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y = /(*)• 

Again, it is plain that the area between the curve, the 
axis oi y, and two ordinates to that axis, is represented by 



i 



xdy, 



taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
-examples. 

127. The Circle. — Taking the equation of a circle in the 
form 



x 2 + y 2 = a 2 , we get y = */a 2 -x\ 
and the area is represented by 

«/a 2 - x 2 dx. 



i 




taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let x = a cos 0, then the area 
in question is plainly represented by 

J* a 2 . 

sia 2 0d0 = — (a - sino cosa) ; where a = L DC A. 
2 

This result is also evident from geometry ; for, the area 
DPAE is the difference between DCAP and JDCJS, or is 

a 2 a a 2 8inacosa 



The area of the quadrant ACB is got by making a = - ; 

2 



ira A 



and accordingly is — : hence, the entire area of the circle 
is 7ra'. 
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128. The Ellipse. — From the equation of the ellipse 
x 2 y 2 b 



+ ^ = 1, we get y = - -/d'-x 2 , 



a 2 0* ' w " a 
and the element of area is 

— «Sa 2 - x 2 dx, 
a 

Tmt this is - times the area of the corresponding element 
of the circle whose radius is a : consequently the area of any 
portion of the ellipse is - times that of the corresponding 

part of the circle. This is also evident from geometry. 

The area of the entire ellipse is wab. 

Again, if the equation of an ellipse be given in the form 
Ax 2 + By 2 = C, its area is evidently 



7T 



C 



</AB 

As an application of the case of oblique axes, let it be 
proposed to find the area of the 
segment of an ellipse cut off by 
any chord D-D'. ^ 

Draw the diameter AA! con- 
jugate to the chord, and BS 
parallel to it. Then, C being 
the centre, let $ 

CA'=J, CR-V, ACS'***, 

x % y 2 
smd the equation of the ellipse is -^ + ^ = 1 ; hence the 

area DA'IX is represented by 




V . ** 
2 -7 sin w 
a 



"where cos a = 



<yd l - x 2 dx = aT sin cu (a -sin a cos a), 

CE 

CE 



CA!' 
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Again, cC b' sin w = ab, by an elementary property of the 
ellipse, a and b being the semiaxes. 

Hence the area of the segment in question is 

ab (a - sin a cos a). 

This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

129. The Parabola. — Taking the equa- 
tion of the parabola in the form 

y 2 = qpx, we get y = z*/j>x. 
Hence the area of the portion APN is 



2pi x^dx, or -pla$ } i.e. - xy. 




Consequently, the area of the segment ^r 
TAP cut off by a chord perpendicular to 
the axis, is f of the rectangle PMM'P'. 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. 

More generally, let the equation of the curve be y = ax n y 
where n is positive. 



Here 



\ydx = a\ 



a»dx= + const. 

n+ 1 



If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 

aa?* 1 xy 
, or— ^-. 

n+ 1 n+ 1 

Hence, the area is in a constant ratio to the rectangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion when n is negative is left to the 
student. 

130. The Hyperbola. — The simplest form of the equation 
of an hyperbola is where the asymptotes are taken for co- 
ordinate axes ; in this case its equation is of the form xy = c 2 . 
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Hence, denoting the angle between the asymptotes by w, 
the area between the curve and the asymptote is denoted by 



& sin 



[dx 
in it) — , 

J* 



or c 2 sin 10 log 



Xq 



where x x and x are the abscisses of the limiting points. 
If the curve be referred to its axes, its equation is 



x 2 y 2 

a* ~ " = * ; 



,2 J2 



and the element of area ydx becomes 



-a/# 2 - a 2 dx. 
a 

Hence the area is represented by 



a 



a/x 2 - a? dx, 




taken between proper limits. 

Again U/V- a 2 dx = - a 2 \ — m 

J J ^/x 2 - a 2 J y^rrs 

Also, integrating by parts, we have 

* . . r x*dx 

k/x 2 -a 2 dx = x a/x 2 - a 2 - y ~" « 

Adding, and dividing by 2, we get 

dx 



<s/x 2 -a 2 dx = 



a-v/^ 2 - # 2 # 2 



-f 



v/^-o^ 



= -21— -log (•+ y^^). 
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Accordingly, if we suppose the area counted from the 
summit A, we have 



at> \r b n. — 2 ab i ( x + *S X - a 
APN = — x x/x -a log - 

2a Y 2 °\ a 



ry ab 



^(H) 



Again, since the triangle CPN = £ xy, it follows that 

sector ACP = - log (- + |\ (0 

2 ° \a o J 

131. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points the- 
curve which it assumes is called the Catenary. 

Its equation is easily shown 
from mechanical considerations, A i 
when reduced to its simplest form, 
to be 



y 



= -(e* + e a 




o 



N 



X 



The shape of the curve is 
exhibited in the accompanying 

figure, in which the distance from the origin to the lowest 
point V of the curve is equal to a. 

The area of any portion VPNO* is 



a 

2J 



,X I X Xy 

«* + e '~ a )dx 



-#- 






= a (tf - *•)». 



(2) 



* If NL be drawn perpendicular to the tangent at P, it will be shown in 

the next chapter that NL = a, and consequently that PL = *f y 1 — a\ Accord- 
ingly, the area YPNO is double that of the triangle PNL. 
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Examples. 

f . In the equilateral hyperbola, x 2 — y 2 — 1, if double the sectorial area 
ACP (figure of Art. 130) be denoted by S y prove that 

e s + e~ s e s — e~ s 

These may be written in another form, viz. 

x = cos {Sy — 1), y = %/ — 1 sin {Sy/ - 1). 

These functions are called the hyperbolic sine and cosine of S, and have many 
analogies to ordinary sines and cosines. 

2. To find the area of the oval of the parabola of the third degree with a 
double point 

cy 2 = (x - a) (x - b)\ 

The area in question is represented by 

b , A 



— 7= I (* "* x ) V x ~ a ^« 




Let x — a = z 2 , and we easily find for the area* 

3-5<* " 

3. Find the whole area of the curve 

a 2 y 2 = s 3 (20 - a?). ^/w. »«». 

4. Find the whole area between the cissoid 

jf 8 s= y* (a — #) 

and its asymptote. 

Since x - a = o is the equation of the asymptote, the area in question is 
represented by 

Idx 



I« x*dx 
(a — x) 



2A./ 2 

* The student will find little difficulty in proving that this area is —¥■ — 

times the rectangle which circumscribes the oval, having its sides parallel to ttie 
co-ordinate axes. 

K 2 



i8o 
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Let x - a sin 2 0, and this becomes 



K- 



2« 2 I sin 4 0</0 : 




henoe the area in question is - x« 2 . 

o 

5. Find the area of the loop of the curve 

a 3 y 2 = «* (* + *)• 
This curve has been considered in Art. 263, Dif. 
Cal. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 

^j x*</bVxdx. 

Let b + x = «*, and it is easily seen that the area 
in question is represented by 

8 .$ 

3 • 5 • 7 • * f 

6. Find the area between the witch of Agnesi 

xy 1 = 4a 2 (2a - x) 
and its asymptote. 

132. In finding the whole area of a closed curve, such as 
that represented in the figure, we 
suppose lines, PM, QN 9 &c, drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = y 2 > ffM = y u the 
elementary area PQQfff is repre- 
sented by (y 2 - t/x) dx, and the en- 
tire* area by 

(y 2 - &) dx ; 



Ann. 4ira 2 . 




B'X 



1 



OB 



in which OB, Off are the limiting values of x. 

For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

ax 2 + ihocy + by 2 + igx + ify + c = o. 

* This form still holds when the axis of x intersects the curve, for the ordi- 
iiMtes below that axis have a negative sign, and (y 2 — yi)dx will still represent 
the element of the area, between two parallel ordinates. 
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Here, solving for y, we easily find 



y-i - Vi = | <s/(h 2 -ab)x*+ 2 (hf- bg)x+f 2 - le. 

Also, the limiting values of x are the roots of the quad- 
ratic expression under the radical sign. 

Accordingly, denoting these roots by a and /3, and ob- 
serving that A 2 - ab is negative for an ellipse, the entire area 
is represented by 



2 ^/ab - h 2 



r/ 3 



\/( x ~ a ) (fi " x ) dv- 



b 

To find this, assume x - a = (j3 - a) sin 2 : 
then (5 - x = (/3 - a) cos 2 0, and we get 



ir 

f/3 "" 



y'V - a) (/3 - a?) <& = 2 (j3 - a) 5 



sin 2 0ccs a 0tf0 

o 



A • , a x, (/,/- fr)» - (be -/») (ab - A') 
Again 0-«)«= 4 - i ^ip 

4& (a/ 2 + J// 2 + ch 2 - ifgh - abc) 
{ab - A 2 ) 2 " 

Hence the area of the ellipse is represented by 

7r {aP + Jpr 2 + cA 2 - ifgh - «&<?) 

(a* - A 2 )* " 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
ourve to be described by the motion of a point round its 
entire perimeter, the whole inclosed area is represented by 
fydx, taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A r 
along the upper portion of the curve, the corresponding part 
of the integral jydx represents the area APA'RB. Again r 
in returning from A' to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
of jydx is also negative (assuming that the curve does not 
intersect the axis of x), and represents the area A'P'ABIf, 
taken with a negative sign. Consequently the whole area of 
the closed curve is represented by the integral jydx, taken 
for all points on the curve. 

i The student will find no difficulty in showing that this 
Iproof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity the preceding result may be stated a» 
follows : — The area of any closed curve is represented by 



I 



dx _ 
- ds 



taken through the entire perimeter of the curve, the element of the 
curve being regarded as positive throughout. 

133. In many cases, instead of determining y in terms of 
x, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make x = a sin 0, we 
get y = b cos 6, and ydx becomes ab cos 2 ^ d<f> 9 the integral of 
which gives tne same result as before. 

In like manner, to find the area of the curve 




Let x = a sin 8 ^, then y = b cos 8 ^, and ydx becomes 

3«6sin 2 ^cos 4 ^rf0 : 
lience the entire area of the curve is represented by 



7T 

i2ab sin 2 cos 4 <j>d<j> = -irab. 
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Examples. 
i. Find the whole area of the evolute of the ellipse 

-^+75= I. 



$ 2 

2. Find the whole area of the curve 

2 



3>(«»-^)' 



. i.3.5...(2m+i).i.3.5...(2ft+i) 

-4fW. ^— ^ - ; r TUO. 

2.4.6 2(fB+n+l) 

134. The Cycloid. — In the cycloid, we have (Dif. CaL, 

Art. 273) 

x = a (9 - sin 0), y = a (1 - cos 0) : 

.'. [ydx = a 2 [ (1 -cos0) 2 tf0 = 4a 2 [ sin 2 -^0. 

Taking between o and 7r, we get 37T0 2 for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 




It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc JSP = arc DP : draw MPp and M'P'p' perpendicular 
to BD. Take MN and M'N' of equal length, and draw 
Nq and JVV, also perpendicular to BD : then, by the 
fundamental property of the cycloid, the line Pp = arc BP f 
and JPy = arc Bl? : 

/. Pp + Py = semicirole = tea 
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Now, if the interval MN be regarded as indefinitely 
small, the sum of the elementary areas PpqQ and P'p'q'Q' is 
equal to the rectangle under MN and the sum of Pp and 
P'p', or to wa x MN. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to na multiplied by the sum of 
the elements MN, taken from B to the centre C, i.e., equal 
to ira 2 . 

Consequently the whole area of the cycloid is 37m 2 , as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

135. Areas in Polar Co-ordinates.— Suppose the curve 
APB to be referred to polar 
co-ordinates, being the pole, 
and let OP, OQ, OR represent 
consecutive radii vectores, and 
PL 9 QMy arcs of circles described 
with as centre. Then the 
area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and 
Q are infinitely near points; 
consequently the elementary area ^^q 

OPQ = area OPL (in the limit) = ; r and being the 

polar co-ordinates of P. 2 

Hence the sectorial area AOB is represented by 




I 



T r 2 dO, 



where a and j3 are the values of corresponding to the 
limiting points A and B. 

136. Area of Pedals of Ellipse and Hyperbola. — For 
example, let it be proposed to find the area of the locus of 
the foot of the perpendicular from the centre on a tangent 
to an ellipse. ^ „* 

Writing the equation of the ellipse in the form — 2 + t- 2 = l > 

the equation of the locus in question is obviously 

r 2 = a 2 cos 2 + b 2 sin 2 0. 
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Hence its area is 

h%r w£9d6 = i: — -9 + - — -sinflcosfl. 



a 2 C _ _ b 2 C a 2 +b* a 2 -b 2 . 



oos 2 0d0 + - 
2 2 

The entire area of the locus is 

~(a 2 +b 2 ). 

2 x ' 

The equation of the corresponding locus for the hyperbola 
is 

r 2 = a 2 cos, 2 9 - & 2 sin 2 0. 

In finding its area, since r must be real, we must have 
<i 2 cos 2 - b' z sin 2 positive : accordingly, the limits for 9 are o 

and tan" 1 —. 


Integrating between these limits, and multiplying by 

4, we get for the entire area 

ab + (a 2 - b 2 ) tan~* -=-. 



In this case, if we had at once integrated between 9 = o 

and 9 = 27T, we should have found for the area (a 2 - b 2 ) — . 

v 7 2 

This anomaly would arise from our having integrated 

through an interval for which r 2 is negative, and for which, 

therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 

respect to any origin will be given in a subsequent Article. 

Examples. 

1. Show that the entire area of the Lemniscate 

r* = a a cos20 
is a 2 , 

2. In the hyperholic spiral 

rO = a, 

prove that the area hounded hy any two radii yectores is proportional to the 
difference hetween their lengths. 

3. Find the area of a loop of the curve 

r 1 = a*co8K0. Ans. 



a* 



n 
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4. Find the area of the loop of the Folium of Descartes, whose equation is 

• «3 + y 3 = $axy. 
Transforming to polar co-ordinates, we hare 



r = 



3a cos sin 
sin 3 + cos 3 0* 



Again, the limiting values of are o and — , 



IT 



.*. Area 



9a 2 f* sin 2 cos 8 ddO 



= 9 * P 
2 Jo 



(sin 3 + cos 3 0) 2 
Let tan = «, and the expression becomes 

9a 2 f™ tAfo " /t2 

2 



t™ u 2 du 3a 2 

(1 + «y = "2"' 



5. To find the area of the Limaqon 

r = a cos + £. 
Here we must distinguish between two cases. 

(1). Let b> a. In this case the curve consists of one loop, and its area is 

£ [ "" (acos0 + bfd9 = (b* + — \v. 

When b = a, the curve becomes a Cardioid, and the area . 

2 

(2). Let b < a. The curve in this case has two loops, as in the figure (see? 
Dif. Cal., Art. 270), the outer loop corresponding to r = a cos0 + b y the inner to> 
r = a cos — b. 

To find the area of the inner loop, we 
take between the limits o and a, where 



a = coff 

fa 




a 



1 ( - ) ; and the entire area is 
(a cosO -b) 2 dO 



i 

= I (« 2 CO8 2 0-2«£cO80 + £ 2 )rf0 

Jo 

(a* \ a* 
— + b 2 J a + — sin a cos a - lab si 

= ( a l + p) cos-i- - ^ b k/o 1 - b 2 . 
\2 I a 7. 

It is easily seen that the sum of the areas of the two loops is obtained by 
integrating between the limits o and 2*-, and accordingly is 




as in the former case. 



(?♦")■ 
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137. In finding the whole arep. of a closed curve by polar 
co-ordinates we distinguish between two cases. When tho 
origin is outside, we suppose tangents OT, OT', drawn 
from 0, and vectors OP, OQ, &c, 
drawn to cut the curve; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or in 
the limit, is | (r x * - r 2 2 ) dO, where 
OP = r l9 Op = r 2 . 

Hence, the expression 

i J (ri 2 - r 2 2 ) dO, ^ 

taken between the limits correa- * 

ponding to the tangents OT and OT, represents the entire- 
included area. 

If the origin lie inside the curve, its whole area is in 
general represented by £ / (r 2 + r 2 ) dO, taken between the- 
limits = o and = 7r. 

We shall illustrate these results by applying them ta 
the circle 

r 2 - ire cos + c 2 = a 2 . 

If the origin be outside, we have c> a, and r x + r 2 =2c cos 6> 
and r x r 2 = c 2 -a 2 : .*. r x - r 2 = 2v/a 2 - c 2 sin 2 0. 

Hence (n 2 - r 2 2 ) a?0 = 4c cos B^/a 2 - c 2 sin 2 rf0 ; and the- 

limiting values of are ± sin" 1 -. 

Hence the whole area is 



2C 



• i a 

sin- •• — 

I [ cos d y/a 2 -c 2 sw?0 dO. 

J-sin-l- 



Let c sin = a sin 0, and this integral transforms into 



2 a 2 cos 2 <j>d<p = ira 8 . 



1*3 



Ar&a vfPjSA* Cxm&- 



Again, if the «£g£n te fraqtfe, we have ♦• < * r and 



.| .■>* - r/: = *r - <r e*:s z#. 



. » 1* 



S JO 



\" 



The method given above mar le applied to find the area 
included between two tranches of the same spiral dure. As 
an example let us consderthe case of the spiral of Archimedes. 
138. The Spiral of Archimedes. — The equation of this curve 
is r = a$, and its 
form, for posit in? 
Talue* ofO,is repre- 
sented in the ac- 
companying fignre, 
in which is the 
le and OA the 
ine from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q, R, &c. : 
then, if OP = r, and 
TO A = 0, we have, 
from the equation of the curve, 

OP = aO, OQ = a(0 + 2ir), OR = a(0 + 4ir), &c. 

Hence PQ = QR = &a, = 2aw = c (suppose) ; i. e., the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = r Xi OR = r 2 = r x + c, and the area between 
the two corresponding branches is 




i\(r?-r?)dO = A 



2 



dO. 



Now, suppose MN and mn represent the limiting lines, 



* It should be noted that when negative values of are taken, we get for 
iho remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA. 
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and let j3 and a be the corresponding values of ; then the- 
area nMNm will be equal to 

aOdd + - dB = - (/3 - a) (aa + afi + c) 



= -(/3-a)(0Jf+0n). 



(3) 



If j3 - a = 7T, this gives for the area of the portion be* 
tween two consecutive branches QKQ and RFR, inter- 
cepted by any right line RK drawn through the pole, 



7T 



- RQ.QR, i. e., half the area of the ellipse whose semi-axes- 

2 

are RQ and RQ. 

139. The formula in Article 137 still holds obviously 
when AB and ab represent portions of different curves. 

It is also easily seen, as in Article 132, that if a point be- 
supposed to move round any closed boundary, the included 
area is in all cases represented by % fr 2 dO, taken round th& 
entire boundary, whatever be its form ; the elementary anglfr 
rftf being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the relations- 
x = r cos 0, y = r sin 0, we get 



tan0=^, 
x 



dO xdy - ydx 



x A 



oos 2 

Hence r*dO = xdy - ydx ; 

and the area swept out by the radius vector is represented by 
the integral 

i J {xdy - ydx\ 

taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

1 40. Area of Elliptic Sector. Lambert's Theorem. — It is. 
of importance in Astronomy to i> 

be able to express the area AFP 
swept out by the focal radius 
vector of an ellipse. This oan 
beamvedatbymtegrationfrom 
the polar equation of the curve ; 
it is however more easily ob- a 
tained geometrically. 
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For, if the ordinate PN be produced to meet the auxiliary 
circle in Q, we have 



(4) 



area AFP = - x area AFQ = - (ACQ- CFQ) 

a a x 

ah . . 

= — (u - e sin u). 

where u = /. A CQ. 

By aid of this result, the area of any elliptic sector can be 
-expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For, let QFP represent the 
sector, and let FP = p, FQ=p' 9 
PQ = c ; then, denoting by u 
and u' the eccentric angles cor- 
responding to P and Q, the 
area of the sector QFP, by (4), a 
is represented by 

ah 




¥ M N A. 



< u - u' - e (sin u - sin w') > . 



We proceed to show that this result can be written in the 
form 



ah 

— {0-0'- (sin0-sin0')}, 

where and 0' are given by the equations 



(5) 



2 2 \ <* 2 * s a 



sin - 
2 

For, assume that and <!>' are determined by the equations 
u - t/ = - 0', (sin w - sin w') = sin - sin 0'. (a) 
The latter gives 

. U - U' U + u' .0-0' + w,' 

e sin cos = sin - — - cos - — - . 



or 



#cos 



u + u 



cos 



2 

0+0' 
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Again, since the co-ordinates of P and Q are a cos u> 
I sin u, and a cos u', b sin w', respectively, we have 

& = a 2 (cos w - cos u'Y + 6 2 (sin w - sin w') 2 

. 2 u-n' f u + u' ~u + u' s 

= 4 snr a 2 sm 2 + b 2 cos 2 

2 \ 2 2 

= 4a 2 sin 2 1 - e 2 cos 2 



2« 20~0 • 2 + 
= 4a 2 sin 2 - — — sin 2 - — — : 

2 2 

,\ c = 2a sin 2 — f. s in ? — ?- = (cos 0' - cos 0). (6) 

Again, from the ellipse we have 

p = a (1 - e cos w), p = a (1 - e cos w'), 

w + t*' u -u' 



„\ p + p' = 2a - ae (cos w + cos «/) = 2a - 200 cos cos 



0—0 """ / /v/v 

=> 2« - 20 cos - — — cos - — — = 20 - a (cos + COS ). (e) 
Hence, adding and subtracting (b) and (c), we get 

P + p' + C / v • o 

- — ■ = 2 (1 - cos 0) = 4 sin 2 -, 

a 2 

+ p'-c . A . 0' 

^— ^- = 2 (1 -cos 0^ =4 sin 2 *-; 

a 2 

which proves the theorem in question. 

Consequently, the area* of any focal sector of an ellipse 
■can be expressed in terms of the focal distances of its extremities^ 
of the chord which joins them, and of the axes of the curve. 



* This remarkable result is an extension, by Lambert — Insig. orb. comet. 
j>rop., 1761 — of the corresponding formula for a parabola given by Euler in 
Miscell. Berolin., t. vii. (p. 20). It furnishes an expression for the time of 
describing any arc of a planet's or a comet's orbit, in terms of its chord, 
the distances of its extremities from the sun, and the major axis of the orbit; 
neglecting the disturbing action of the other bodies of the solar system. 
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141. "We next proceed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the equation 

is ab times the area of the corresponding portion of the curve 

F (x, y) = c. 

This result is obvious ; for the former equation is trans- 

x 11 

formed into the latter, by the assumption — = x\ j- =y; and 

hence, ydx becomes aby'dx\ 

.\ J ydx - ab J* t/dx', 

the integrals being taken through corresponding limits ; a 

result which is also easily shown by projection. 

2 2 

Thus, for example, the area of the ellipse — + ~ = 1 

x *■ a 2 

reduces to that of the circle ; and the area of the hyperbola 

x* v 2 

— - j£ = 1 to that of the equilateral hyperbola x 2 - y 2 = 1 . 

Again, let it be proposed to find the area of the curve 

V y 2 V __ x 2 y 2 
~a**¥] = ~P *m 2 ' 



The transformed equation is 



a 2 ^ b 2 y 2 
I 2 m x 



(* + »T - ^- + ^ 



or, in polar co-ordinates, 



V. 



, a 8 cos 2 & 2 sin 2 
r* = — - — + 



/* m 



2 



But the whole area of this {ks\>. \i§) \a - ( -^ -v — A 
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Consequently the whole area of the proposed ourve is 

It may be remarked that the equations 

represent similar curves, and their corresponding linear di- 
mensions are as a : i . Consequently the areas of similar ourves 
are as the squares of their dimensions ; as is also obvious from 
geometry. 

142. Area of a Pedal Curve. — If from any point perpen- 
diculars be drawn to the tangents to any curve, the locus of 
their feet is a new ourve, called the pedal of the original 
(Dif. Cal., Art. 187). 

If j? and iv be the polar co-or- 
dinates of iV, the foot of the per- 
pendicular from the origin 0, then 
the polar element of area of the lo- ^ 

cus described by N is plainly - — , R i 

and the sectorial area of any por- 
tion is accordingly 




i I P 2 dw, 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let Si denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Hence £, = 8 + ZtfTN' = 8 + ±\PK>clw. (6) 

Again, by the preceding, 

/S, - J f OlPdw. 
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(7) 



Accordingly, by addition, 

2/S 1 = /S + |[oPWa>. 

It is easily seen that equation (6) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute: 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from O 
on the normal at P: and hence ^PiVVw represents the ele- 
ment of area of the locus described by the foot of this perpen- 
dicular, i. e., of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area of 



IT 



the pedal of the evolute of an ellipse is - (a - b) 2 9 the centre 

being origin. . * 

143. Area of Pedal of Ellipse for any Origin. — Suppose 
to be the pedal origin, and 
OM, OM' perpendiculars on 
two parallel tangents to the 
ellipse ; draw CiVthe perpen- 
dicular from the centre C ; let 
OM = p lf OM' =p 2 , CJST = p, 
OC= c, L OCA=a, lACN=u>] 
then 

Pi = MD - OD =p - c cos (o> - a), 

p 2 =p + c cos (01 - a). 

Again, the whole area of the pedal is 

£ (P* + P*) d(jj=\ {p 2 + & cos 2 (w - a)} duj 




= p 2 dw + <? 



) 2 dw + <? I'oob^w - a)rf« = - (a 2 + b 2 + c 2 ). 



(8) 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the oircle whose radius is 00. 

If the origin lie outside the ellipse, the pedal consists 
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of two loops intersecting at and lying one inside the 
other ; and in that case the expression in (8) represents the 
sum of the areas of the two loops, as can be easily seen. 

The result established above is aparticnlarcase of a general 
theorem of Steiner, which we next proceed to consider. 

144. Steiner's Theorem on Areas of Pedal Carves. — Sup- 
pose A to be the whole area of the pedal of any closed curve 
with respect to any internal origin 0, and A' the area of its 
pedal with respect to another origin O ' ; then, if p and jt/ be 
the lengths of the perpendiculars from and (/ on a tangent 
to the curve, we have 



CI* 



nrr 



A = \ p 2 d(x) y A! = \ p' 2 db). 

* Jo 

Also, adopting the notation of the last artiole, 

p r -p - c 00s ((*> - a) = p - x cos u> - y sin w ; 

where x, y represent the co-ordinates of (X with respect to 
rectangular axes drawn through 0. Hence we get 



A! -A = \ 



'2ir 

(x cos u> + y sin o>) 2 dto 



- x 



'2tt 



p cosw dto - y 



'2ir 



p sin w da) . 







But 



'2ir 



COS 



C2rr |r2ir 

l to dto = 7r, sin 2 to dto- w y I sin w cos to dto = o. 



f2ir 



T2ir 

Also, for a given curve, p cosw dto and I p mi to dto are 

constants when is given. Denoting their values by g and 
h, we have 

(9) 



7T , 



A' - A = (x 2 + y 2 ) - gx - %. 

This equation shows that if be fixed, the locus of the 
origin (X, for which the area of the pedal of a closed area is 
constant, is a circle* The centre of this cirole is the same, 

* It can be seen, without difficulty, from the demonstration given above, 
that when the curve is not closed the locus of the origin for pedals of equal area 

2 
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whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 

If the origin be supposed taken at the centre of this 
circle, the constants g and h will disappear; and, in this case, 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle is the circle itself. For any other origin the 
pedal is a lima9on : hence the whole area of a lima9on is 

7T ( a 2 + — j, as found in Art. 136, Ex. 5. 

145. Areas of Roulettes. — The connexion between the 
areas of roulettes and of pedals is contained in a very elegant 
theorem,* also due to Steiner, which may be stated as fol- 
lows : — 

When a closed curve rolls on a right line, the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curve, this pedal being taken 
tvith respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




position of the rolling ourve, and P the corresponding point 



is a conio : a theorem due to Prof Raabe, of Zurich. See " Crelle's Journal,"" 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
"Transactions of the Royal Society, 1863," in which he has investigated the 
corresponding relations connecting the volumes of the pedals of surfaces. 

* See " Crelle's Journal," vol. xxi. The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in the next chapter. 
By the area of a roulette we understand the area between the roulette, the? 
fixed line, and the normals drawn at the extremities of the roulette. 
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of contact. Let 0' represent an infinitely near position of the 
describing point, Q' the corresponding point of contact, and Q 
a point on the curve such that PQ = PQf ; then Q is the point 
which coincides with Q' in the new position of the rolling 
ourve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by dw, we have OPO = dw 9 
since we may regard the curve as turning round P at the in- 
stant (Dif. Cal., Art. 275). 

Moreover, QQ[ ultimately is infinitely small in comparison 
with QP 9 and consequently the elementary area OPQCf is 
ultimately the sum of the areas POO and Q(/P, neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP = r, we have POQf = , and area QffP 

= QOP in the limit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area (8) of the rolling curve. Conse- 
quently, the entire area of the roulette described by is 

8 + iS>*dw. ' 

But we have already seen (7) that this is double the area of 
the pedal of the curve with respeot to the point ; whioh 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the mininium 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a oircle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the reotan^le under the 
radius of the circle and its circumference ; i. e., is 2wa 2 9 denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is 2wa 2 + wa 2 y or $ira 2 ; which agrees with the area 
found already for the cycloid. 

In like majmer, by Steiner's tiifcOTe>m,^&a *£«& *& *fioa*st« 
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dinary oycloid is the same as that of a cardioid ; and the area 
of a prolate or curtate cycloid the same as that of a lima9Qn» 

Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focus 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line, the area of the roulette described by its 
focus in a complete revolution is double the area of the auxiliary 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. If the curve, instead of rolling on a right line, roll 
on another curve, it is easily seen that the method of proof 
given in the last article still holds ; provided we take, instead 
of d(o, the sum of the angles of contingence of the two curves 
at the point P. 

Hence the element of area OP Of is in this case 



\ OP*du> ( 1 + pA or i OP 2 du 




where p and p are the radii of curvature at P of the rolling- 
and fixed curves, respectively. 

Hence, it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution is represented by 



8 + i [fdJ 



1 + - 



)■ 



If a closed curve roll on a ourve identical with itself, hav- 
ing corresponding points always in contact, the formula for 
the area generated becomes 

8 + jr'duj. 

In this case, the area generated is four times that of the 
corresponding pedal ; a result which can also be shown imme- 
diately geometrically by drawing a figure. 
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Examples. 



1. If A be the area of a loop of the curve r m =a m cos md, and A\ the area of 
it3 pedal with respect to the polar origin, prove that 



=(■♦-)- 



For, it is easily seen that the angle between the radius vector and the per- 
pendicular on the tangent is md ; and .\ w = (m + i)0. 
Hence, by Art. 142, 

iA\ = A + f r*d6 = (m + 2) A. 

2 

2. If a circle of radius b roll on a circle of radius a t and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if A' be the area of the pedal 
of the circle with respect to the generating point, prove that 

Aa + Bb = 2(a + b) A', 

where B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and 
the arc of an epicycloid extending from one cusp to the next. 

147. Holditch's Theorem* — If a line CC'oi a given length 
move with its extremities on two fixed closed curves, to find, 
in terms of the areas of the 
two fixed curves, an expres- 
sion for the whole area of 
the curve generated, in a 
complete revolution, by any 
given point P situated on 
the moving line. 

Let CP = c, PC = c\ and suppose (x ly y x ) f (z, y), and 
(#2, i/2) to be the two co-ordinates of the points C> P, and C, 
respectively, with reference to any rectangular axes. 

Then, if be the angle made by (7(7 with the axis of y, 
we have evidently 

x x = x - c sin By yi = y - c cos 0, 
x% = x + c' sin By y* = y + c' 00s B. 




* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of " Petraich," in the "Lady's 
and Gentleman's Diary" for the year 1858. 
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Hence we have 

Vidxi = ydx - c cos (dx + ydO) + c 2 oos 2 9d0, 

yidxi = ydx + c' cos (dx + yc?0) + c' 2 cos 2 0d0. 

Multiplying the former equation by c', and the latter by c, 
and adding, we get 

c'yidxx + cy 2 cfe = [c + c f )ydx + (c + <?')<jc' cos 2 06?0, 

.'. c'fyidxi + cjy 2 dx2 = (c + eJ') J"yd# + (<? + c') cc'Jcos 2 c?0. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (C), 
(C), (P), the areas of the curves described by the points, 
C, C> and P, respectively, we shall have (since in this case 
the angle revolves through 2w) 

c'{C) + c{C) = (c + c') (P) + ir(c+ c')cc\ 

m+ewz _ + ^ 

c + c v ' 

This determines the area (P) in terms of the areas (C) 9 
(C) and of the segments c, c'. 

When the extremities C, C move on the same* identical 
curve we have (C) = (C), and hence (C) - (P) = ttcc. 

Consequently, if a chord of given length move inside any 
closed curve, having a tracing point P at the distances c and c 
from its ends, the area comprised between the two curves is equal 
to wcc'. 

Should the extremities, instead of revolving, oscillate 
baok to their former positions, then (C) = o, (C) = o, and 
.". (P) = - tree'. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. Should the rod also oscillate, we have (P) = o, which 
indicates that the area described consists of two equal loops, 
one positive and the other negative. 

* This holds also where the extremities move on curves of equal area. 
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148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of section of the parallel ordinates. 
Hence, if h be the common distance between the ordinates, 
and if 

f/0y t/l, t/2, &C, V n9 

represent the system of psfrallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

Hence the rule : add together the halves of the extreme 
ordinates, and the whole of the intermediate ordinates, and 
multiply the result by the common interval. 

When a nearer approximation is required, the method- 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are y , y u y 2 ; let y = a + fix + yx 2 be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate y l9 then we 
have 

y = a-fih + yh 2 , y x = a, y 2 = a + fih + yh 2 . 

Again, the area between the first and third ordinate is 

(a + fix + yx 2 ) dx = 2h(a + y — \ 

But y + y 2 = iy v + 2yh 2 : hence the area in question is 

hi ) 
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Now, if we suppose the number of intervals n to be even,, 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

-{y<>+ y n + 4 (Pi + y 3 + &c + y^) + 2(y 2 + y 4 + &c. + y M ) }. 

Hence the rule : add together the first and last ordinates y 
twice every second intermediate ordinate, and four times each 
remaining ordinate; and multiply by one-third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolse of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let y , y l9 y 2 , y& 
be four equidistant ordinates, and for convenience assume 
the origin midway between yi and y 2 ; then if the equation 
of the parabolio curve be 

y = a + fix + yx 2 + &r*, 

and the common interval on the axis of x be denoted by zh y 
we have 

yo = a- 3$h + gyh 2 - 27SA 3 , 

y l = a-j3A + 7# 8 -S# J , 

y 2 = a + fih + yh 2 + Sh z 

y* = a + 3/3A + 97A 2 + 27SA 3 . 
Hence 

yo + y* = 2(a + 9yh 2 ), yi + y*= 2(a + yh 2 ). 
Again, the parabolic area between y and y 3 is 

(a •{■ fix + yx 2 + Sx 3 ) dx = 3A (2a + 67A 2 ). 

J -3 h 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
beoomes . 

T"{yo+y»+3(yi+y2)). 
4 
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If the corresponding expressions be added together w^ 
easily arrive at the following rule.* Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate; and multiply by %ths of the- 
common interval. 

It is readily seen that these rules also apply to the 
approximation to any closed area, by drawing a system of 
lines, parallel and equidistant, and adopting the intercepts- 
made by the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 
curvilinear area, the methods given above are applicable to* 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several mechanical contrivances have^ 
been introduced for the purpose of practically estimating tha 
area inclosed within any curved boundary. Such instruments, 
are called Planimeters. The simplest and most elegant is 
that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom 
in one plane. A point at the extremity of one arm is made^ 
a fixed centre round which the instrument turns ; and a 
wheel is fixed to, and turns on, the other arm as an axis, and 
records by its revolution the area of the figure traced out by 
a point on this arm. From its construction it is plain that 
the revolving wheel registers only the motion which is. 
perpendicular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB, should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of its. 
position on the moving arm ; i.e., is the same as if the wheel 
be supposed placed at the joint. 

* This and the preceding are commonly called " Simpson's rules" for cal- 
culating areas : they were however previously noticed by Newton (see Opuscula,. 
Method. Diff., Prop. 6, scholium) as a particular application of the method of 
interpolation. The student is referred to Bertrand's Cal. Int. ch. xii. % focJb^Mn 
more general and accurate methods of appio:dm&&on. <& C»<*\&& «xA^*»s9u j^^^f 
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To prove this, suppose P to represent the point on the 
-arm at which the centre of the revolving wheel is situated. 
Let AS represent a new position of AB very near to AJB 9 
And F the corresponding position of the point P. Draw 
PN perpendicular to A'B'; then PN is the length registered 
by the wheel while the arm moves 
from AB to the infinitely near 
position AS. 

Next, draw A N' perpendicular, 
•and AL parallel, to AS. 

Let PN= ds\ Air=ds, AP = c, 
PAL = dp. then PN-PL + AN\ 
or ds' = ds + c d<j>. 

Now, if we suppose AB after 
-a complete circuit of the curve, to 
return to its original position, we 
have obviously 2 (dtp) = o ; and 
therefore 2 (ds') = S (ds), i.e., the 
whole length registered by the revolving wheel at P is the 
«ame as if it were placed at A. 

Next, let x and y be the co-ordinates of B with respect to 
rectangular axes drawn through C, and let AC = a, AB = 6, 
L ACX = ; and suppose the angle which BA produced 
makes with the axis of x ; then we shall have 

x = a cos + b cos 0, y = a sin + J sin 0. 

Hence xdy-ydx = aV0 + b 2 d<f> + ab cos (Q-<f>) d(0 + f). 

Also <fe = -4 J\T = -4^' sin ^' JV = a d9 cos (0 - 0) . 

But + = 20- (0-0), 

.-. aft cos (0-0) tf (0 + 0) 

= 2tf& cos (0 - 0) rf0 - aft cos (0 - 0) d (0 - 0) 

= 2b ds-ab cos (0-<f>) d(Q-<p). 
Consequently 

xdy-ydx = a 2 dO + b 2 dcji + 2b ds - ab co& (0 - <j>) c?(0-0). 

J?u4 fcf Art. 139, the area traced out \fj B \xi «. ^TugJ&ta 
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revolution is represented by ^\(xdy -ydx) taken around tha 
entire curve. 

Also, since AC and AB return to their original positions,, 
the integrals of the terms a 2 dO, b 2 d$ and ab cos (0 - 0) d(d - 0) 
disappear ; and hence the area in question is equal to bS> 
where S denotes the entire length registered by the revolving 
wheel. 

On account of the importance of this principle, the fol- 
lowing proof, for which I am indebted to Prof. Ball, based 
on elementally geometrical princi- B 
pies, is also added. 

Let C, A, B represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively; and suppose R to represent 
the position of the roller, or revolv- 
ing wheel; then draw CP and US 
perpendicular to AB. 




Let 



AC = a, AB = b, AB = /, BC = r. 



Now, if the instrument be rotated about C through an 
angle without altering the angle CAB, it is easily seen 
that the circumference of the roller is rotated through an arc- 
represented by 



Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through B 9 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let A/i, XV ^e the two adjacent 
circles described with C as centre, and 
suppose aa and /3j3' two adjacent non- 
rolling curves, such as just stated: and 
suppose the tracing point B to move to\jji<1 \3aa TsAa&ssfci^ 
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-small area aa'/3'|3 : then the arc through which the roller has 
turned is represented by 

rSrSO area of aa'/3'j3 



■since a/3 = r§0; and Sr = aa sin j3. 

Now suppose the instrument works correctly for the area 
AAVa, then it will work correctly for the area AA'/3'j3 ; for, 
start from a to A, X', a, then the area a AAV must be regis- 
tered, since the roller does not turn in moving from a to a ; 
proceed then from a to fi\ (i, a, then, by what has been just 
proved, the area a'j3'j3a will be added. Hence the instrument 
"will work correctly for the strip XXf/fx. 

Again, suppose the instrument works correctly for the 
sxea A/i/o, then it will work correctly for X'fi'p ; for, suppose 
we start from A to p, fi, and back to A : then start from A to 
ft, f/y X and A ; the two journeys from A to fi and ji to A 
will neutralize each other, and it follows that if the instrument 
works correctly for the area Aju/o, it will work correctly for 
the area Xf/p : hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Planimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, C. E., to the British Association. — See 
Report, 1872, pp. 401-412. 
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Examples. 

1. Find the whole area between the curve 

x 2 y 2 + a 2 P s «V 



its asymptotes. 


Am. iirab. 


2. Find the whole area of the curve 




a 2 y* = a 4 (a 2 — a; 2 ). 


8« 2 


3. Find the whole area of the curve 




©"♦ (!)'- ■■ 


4 



4. Find the whole area included between the folium of Descartes 

s 3 + y 3 - 3a#y = o 

and its asymptote. „ 



3« 2 



2 



5. In the logarithmic curve y — a*, prove that the area between the axis of 
.r and any two ordinates is proportional to the difference between the ordinates. 



6. Find the area of a loop of the curve 

r = a cos nB, 

"7 . Find the area of a loop of the curve 



IT" 2 

u 



IT 



r — a cos n9 + b sin nO. „ (a 2 + b 2 ) --. 



ft 

The equation of the curve may be written in the form 

r = \/a 2 + b 2 cos {nB + a), 

where tan a = — ; and consequently its area can be found from the pre- 
ceding example. 

8. Find the area of a loop of the curve 

r 2 = a 2 cos nB + b 2 sin #t0. *. — 
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9. Find the area of the tractrix. 

The characteristic property of the tractrix is that the intercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tangent OA is perpendicular 
to the axis, we have, P being 
any point on the curve, 

FT=a, -P2V=y, 

^ = - tan PTN = - m V 
ax ^/tf-y* 




.*. ydx = —\fa 2 -y*dy. 

Hence the element of the area of 
the tractrix is equal to that of a 
circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to ira 2 . This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve,, 
without a previous determination of its equation. 

If the equation of the tractrix be required it can be derived from its differ- 
ential equation 

*y a 1 — v 2 dy 
ax ss ■, 

from which we get / -= 5 

x + v a * + y* = a log — . 

10. If each focal radius rector of an ellipse be produced a constant length e > 
show that the area between the curve so formed and the ellipse is ve (26 + c) y 
b being the semi-axis minor of the ellipse. 



11. Find the area of a loop of the curve r» = a" cos n$. 

Ans. 

2 



-r(l + ') 



12. If a right line carrying tbree tracing points A, B, C, move in any manner 
in a plane, returning to its original position after making a complete revolution ; 
and if (A)> (B), (C) represent the entire areas of the closed curves described by 
the points A, B, G, respectively, prove that 

AB x (<?) + BCx (A) + CAx(B)+t. AB.BC. CA = o, 

in which the lines AB, BC, &c, are taken with their proper signs ; i. e. r 
AB = - BA, &c. 

13. If a curve be referred to its radius vector r and the perpendicular j? on 
the tangent, prove that its area is represented by 



•I 



prdr 
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14. Show that the whole area of the inverse of the ellipse — + rr = 1 is 

a 2 0* 

represented by 



V a 2 **/ 



^\ 2 U 3 + ^ + U* **/ U* " **/ r 



where a, £ are the co-ordinates of the origin of inversion, and k is the radius of 
the circle of inversion. 

^ i5 ; A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

16. A chord of constant length (e) moves about within a parabola, and 

tangents are drawn at its extremities ; find the total area between the parabola 

and the locus of intersection of the tangents. . •*& 

Ana. — . 

2 

17. From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

~ & + 4a 2 tan 2 ' 

ir cPb 
and that the whole area of the locus is - 



2 2»4- b 



18. Apply the three methods of approximation of Art. 148 to the calculation 

, adopting — as the common 

1 +x 12 

interval in each case. Arts. (1), .693669. (2), .693266. (3), .693224. 

The real value of the integral being log 2, or .693147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r' of a 
parabola is represented by 

where c is the chord of the arc, and a the semiparameter. 

20. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles, is 

a (2 cos 20 + 1) 

r - _i — L, 

2 cos 

Hence show that the entire area of the loop of the curve is - — ^— . 

o 

21. Prove that the area of the pedal of the cardioid r = a (1 — cos 0) taken 
with respect to an internal point at the distance from the pole is 

?(5« 2 - 2<w + 2c 2 ). (Camb. Tripos Exam., 1S76). 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

150. Length, of Curves referred to Rectangular Axes. — The 
usual mode of considering the length of a curve is by treating 
it as the limit of a polygon when each of its sides'is infinitely 
small. If the curve be referred to rectangular axes of co- 
ordinates, the length of the chord joining the points (a?, y) 

and (x + dx> y + dy) is 4/dx 2 + dy % y and, consequently, if * 
represent the length of the curve measured from a fixed point 

on it, we shall have <k = ^/dx 2 + dy % ; 



henoe .-JJ. + (g)V 

taken between suitable limits. 

The value of -f in terms of x is to be got from the equa- 

(XX 

tion of the curve, and thus the finding of s is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y betaken for the independent variable 
we shall have 



s 



-U»®+ 



Again, when x and y are given functions of a single 
variable 0, we have 



8 



-mxtih 



In each case the form of the equation of the curve deter- 
mines which of these f ormulse should be employed. 



The Catenary. 
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The curves whose lengths can be obtained in finite terms 
are very limited in number. "We proceed to consider some 
of the simplest applications. 

151. The Parabola. — Writing the equation of the parabola 

dx 11 
in the form y 1 = 2tnx, we get 



Hence 



8 



dy m' 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x 9 
and m 2 for - a 2 . 

Thus we have 



yVit + w 2 , »* , (y + \/y 2 + 



s - ^^z + _ W ( ; 

2m 2 ° \ m 



mr 



(1) 



the arc being measured from the vertex of the curve. 

152. The Catenary. — The equation of the catenary, as 

before observed, is 



Hence 



/ X J 

y = -! ^ + e a ). 



dy 
dx 



dx " V dx 2 






\\e? + e a 



) 




.-. & = \ e"d# + £ \e«dx = -[eP- e~°) 
If s be measured from the vertex V, we have 

(X Xk 

Comparing this with Art. 13 1, we see that 

area OVFN= a x aro VP. 
p 2 



+ const. 



<*) 
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Again, if NL be drawn perpendicular to the tangent PL> 

we have sin LPN =-— = -. Hence NL = y sin LPN = a ; 

<fc y 

and PZ = (y* - a 1 )* = arc FP. This result shows that the 
catenary is the evolute of the tractrix (see Ex. 9, page 208). 

153. Semi-cubical Parabola. — The equation of this curve 
is of the form ay 2 = a*. 
Hence 

_ vfr dy _ 3 /#\i d 8 ( 9*Y 



.\ * = [ 1 + — 1 <fo = — [ 1 + — ] + const. 
If the arc be measured from the vertex, we get 



s 



-SK-SH- 



154. Rectification of Evolutes. — It may be noted that the 
rectification of the semi-cubical parabola is an immediate con- 
sequence of its being the evolute of the ordinary parabola 
(see Dif. Cal., Art. 239). In like manner the length of any 
curve can be found if it be the evolute of a known curve, 
from the property that any portion of the arc of the evolute 
is the difference between the two corresponding radii of cur- 
vature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
eyoloid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

(ax)l + [by)\ = (a 2 - 6 2 )l- 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 



GW- 
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and making x = a sin 3 ^, we get y = /3 cosfy and 

da = (dk 2 + dy 2 )* = 3 sin <p cos (a 2 sin 2 ^ + /3 2 oos 2 0)*<fy 
3 (a 2 sin 2 + /3 2 oos 2 0)i 



2(a 2 - 2 ) 
Hence 



c?(a 2 sin 2 ^ + /3 2 cos 2 ^). 



a 2 -/tf 2 

If the arc be measured from the point x = o, y = ]3, we 
get the constant 

_ -)3 3 , (a 2 sin> + j3 2 oos»» - ft 3 

If a = /3, the expression for ds becomes 3a sin <p cos <pd(p ; 
hence we get s = - a sin 2 ^>, the arc being measured from the 
same point as above. 

Examples. 

1. Find the length of the logarithmic curve y = ea*. 

dx b 1 

Here log y = x log a + log c, .\ -=- = -, where b = 



dy y log a 

Hence .-] - j^-^+j—— 

y 
2. Find the length of the tractrix. 

Here, by definition (see fig. page 208), we have PT= a, 

y ds a 

.*. sin PIW= -, hence -7- = - -, 
a' dy y* 

.*.* = - a I ~ B — a logy + const. 

If the arc be measured from the vertex A> we get 

arc^4P= a log f-J 
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3. Find in what cases the curves represented hy &y* = «"* n are rectifiable. 
Here we have 

2m 



=n-m'©"-> 



2m 



Substituting b for g^-, and making 1 + bx * = z*, this becomes 



«*a * 



* f / * 2 - I \»"^"" 1 ,^ 



« 



This expression is immediately integrable when — is a positive integer. 



2f» 



Hence if — = r, the equation becomes of the form ay % r = a?*** 1 . 
2m 

Again, if — be a negative integer, the expression under the integral sign 
2nt 

becomes rational, and can accordingly be integrated. This leads to the form 

y 8 *" m ojc*- 1 . Accordingly, all curves comprised in the equation ay" 1 = of** 1 

are rectinable, m being any integer. (Compare Art. 62). 

155. The Ellipse. — The simplest expression for the arc of 
an ellipse is obtained by taking x = a sin 0, whence 

y = b cos <j> } and ds = (a 2 cos 2 + b 2 surty)*cfy>, 

/.« = / (a 2 cos 2 ^ + 6 2 sin 2 0)£<fy. 

It is often more convenient to write this in the form 

s = a J* (1 - e 2 sin 2 0)*<ty, (3) 

e being the eccentricity of the ellipse. 

It may be observed that is the complement of the eccen- 
tric angle belonging to the point (#, y). 

The length of an elliptic quadrant is represented by the 

IT 

definite integral a\ (1 - e 2 sin 2 0)*cty. 

"We postpone the further consideration of elliptic arcs to 
a subsequent part of the chapter. 

156. Rectification in Polar Co-ordinates. — If the curve be 
referred to polar co-ordinates we plainly have (Dif. Cal., Art. 
180) ds 2 = dr* + rW ; hence we get 
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s = 



* +%$**> ors= 



1 + -&-) dr - (4) 



For example, the length of the spiral of Archimedes, 
r = aQ, is given by the equation 



« = i. I (r» + a 1 )* *\ 



Comparing this with the formula (1) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 

Examples. 

1. Cardioid, r = a (i + cos 0). 

dr 
Here — - = — a sin 0, and hence 
dO 



s = a J { (i + cos 0) 2 + sin'0} J dO = 20 J cos - dB * 40 sin - + constant. 

2 2 

The constant hecomes zero if we measure * from the point for which $ - o. 

2. Logarithmic spiral, r = a*. 

Here, if b = , we get 

log a 

-=*, ,. ^j-( I + _)^ = L_J. (ri _. ro) . 

Accordingly, the length of any arc is proportional to the difference between 
the vectors of its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. r m = a^ cos fw0. 

dr 
Taking the logarithmic differentials, we get -r— = - tan m0 ; 

rdu 

ds 

= sec tn0. 



rdO 



Hence « = a \l cos tn$ J m 

Or, writing for m0, 



1 
— 1 

dO. 



1 
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This is readily integrated when — is an integer (see Art. 56). 

tn 

Whatever be the value of tn we can express the complete length of a loop of 
the onrve in Gamma-functions. For if we integrate between o and -, we ob- 
viously get the length of half the loop. 

Hence the length of the loop (Art. 123) is 



• 



- r 



\2tn) 



tn 

r 






157. Formula of Legendre on Rectification. — Another for- 
mula* of considerable utility in rectification follows imme- 
diately from the result obtained in Art. 192, Dif. Cal. For, 
if this result be written in the form 

d( 8 - t) * , » ; ^ 

d(o =P, we get s - t = fpdu>. (5) 

Consequently, the total increment of s - t between any two 
points on a curve is equal to / pdw taken between the same 
two points. 

For example, in the parabola we have p = , and 

r r cos <o 



hence 

8 



- t = a\ = a log: tan (- + -) + const. 

J cos 01 ° \4 2 J 



If we measure the arc from the vertex of the curve, and 

dt) 
observe that t = -£• , this gives 



s 



a sin to , . Ar «t>\ 

= 5 — + a log tan - + - 1. 

cos 2 a> ° \4 2) 



The student can without difficulty identify this result with 
that given in Art. 151. 



* This theorem is due to Legendre. See Traite* des Fonctions EUiptiquee, 
tome ii., p. 588. 
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158. Application to Ellipse. Fagnani's Theorem. — In 
the ellipse we have 

p 2 = a 2 cos 2 w + b 2 sin 2 w. 

Hence, measuring the arc 
from the vertex A> and observ- 
ing that in this case PiVis to be 
taken with a negative sign, we 
have 

AP + PN = [ a {a 2 cos 2 w 4 b 2 sin 2 aj)*tfw, 

where a = L ACN. 

But, in Art. 155, we have found that if <p be measured 
from the vertex JB, the arc is represented by 

J* (a 2 cos 2 ^ + b 2 sin 2 0)*<ty. 

Consequently, if we make L BCQ = a = L ACN, and draw 
QM perpendicular to the axis major meeting the curve in P f 9 
we shall have 

arc BF = aro AP + PN, 

or, taking away the common aro PP', 

BP-AF = PN. (6) 

This remarkable result is known as Fagnani's theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 



* Fagnani, Produzioni Mathematice, 1750. It may be noted that if we in- 
tegrate the equation of Art. 116, Dif. Cal., taking the angle as obtuse, and 
adopting zero for the lowest limit in each integral, we obtain 

I y^ 1 — #* sin 2 a da + I *f 1 — k l 



8in*6 db 



= I *f 1 — A? sin 2 <? dc + k 2 sin a rfn b sin e, 
J 



where a, b, e are connected by the relation 

cos e = cos a cos b — sin a sin b y 1 — k 2 sinV. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani's theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fonc. Ellip., tome i., ch. 9. 
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Examples. 
t - 
i. If (#, y) and (a?', y') be the co-ordinates of P and P*, respectively ; prove- 
the following : — 

e*xx' 

(i). P2f = — -, (2). PZV = P'iV", (3). CN. CN' = C4 . CB, 



a 



(4). CP 2 + CN** m CJ? + CB 2 . 



2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiaxes. 

. This takes place when P and P* eoincide; in which case CN= \/fab, and 
FN=a- b. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani's point, the intercepts be- 
tween its point of contact and its points of intersection with the axes are re- 
spectively equal in length to the semiaxes of the ellipse. 

4. If the lines PN and P'N' be produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its vertices. Show also that this hyperbola cuts the- 
ellipse in Fagnani's point. 

159. The Hyperbola. — In the hyperbola we have 

p 2 = a 2 cos 2 (u - b 2 sin 2 cu. 

Hence, measuring the arc from the vertex A of the curve, we 
find, since to is measured below the axis, 



PJr-AP= \ a (a 2 oos 2 o> - b 2 sin 2 a>)irfa;, 



(7) 



where a = L ACN. 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of t» in this 

* d 

case becomes tan" 1 T , it follows that the 



difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




1 



. -1 « 

tan 5 



(a 2 cos 2 a> - b 2 sin 2 a>)*tfw. 
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Examples. 

1. If a > b, prove that 

J (a + b cos 0)1 <ty 

is represented by an elliptic arc, and that the semiaxes of the ellipse are the- 
greatest and least values of(a + b cos $)*. 

2. If a < b, prove that 

j (a + b am j>)l d<p 

is represented by the difference between a right line and a hyperbolic arc. 

160. Landen's Theorem on a Hyperbolic Arc. — We next 
proceed to establish an important theorem, due to Landen ;* 
namely, that any arc of a hyperbola can be expressed in terms of 
the arcs of two ellipses. 

This can be easily seen as follows : — In any triangle* 
adopting the usual notation, we have 

c = a cos B + b cos A. 

Now, representing by C the external angle at the vertex 
C, we have C = A + B, and hence 

cdC=(a cos 5+ b cos .4) dA + (acoaB+b cos A) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining pairts variable, we have 

J" cdC=jaooaBdA +J6cos AdB+ 2aain J5+ const., 
or 

ya 2 +b 2 +zaboosC dC=\ya 2 -l) 2 am 2 A dA + Wtf-a 2 am 2 £ dB 

+ 2a sin B + const. (8) 

Now, if we suppose a > 6, ^/a*- Fern* A dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eccen- 
tricity -. Also </b 2 - a 2 sin 2 J9 dB represents (Art. 159) the 

* Landen, Philosophical Transactions, 1775. 
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difference between a right line and the arc of a hyperbola 
whose axis major is b and eccentricity j- . 

Again, */c? + 6 3 + 2ab cos C= J (a - b) 2 sin 2 — +(0+£) 2 cos 2 — , 
and consequently the integral 



jv/W6 2 + zab cos CdC 



represents an arc of the ellipse whose semiaxes are a + b and 
a - b. 

Hence, Landen's theorem follows immediately. 

It should be noted that the limiting values A> B and (7 
are connected by the relations 

a sin B = b sin A, and C = A + B. 

Again, if we suppose the angle A to increase from o to tt, 
the external angle will increase at the same time from o to tt, 
while B will commence by increasing from o to a, and after- 
wards diminish from a to o, ( where a = sin" 1 - j. Moreover, in 

the latter stage b cos A is negative, and dB also negative ; 
consequently the term b cos A dB is positive throughout the 
entire integration, and the total value of 

y/ j* _ #2 sin 2 J5 dB is represented by 2 ^/b 2 - ar sin 2 J5 dB. 

C 

Hence, substituting for — , and integrating between the 

limits indicated, we get, after dividing by 2, 



j 



{ (a + by sinty + {a - b) 2 co8 2 0}*ety 



IT 

= f* (a 1 - V 8inl4)l dA + f ° (J 8 - a 3 sinlB)* rf.5. < (9) 
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Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is equal to the differ- 
ence between two elliptic quadrants. This result is also due to> 
Landen. 

We next proceed to twQ important theorems which maybe- 
regarded as extensions of Fagnani's theorem. 

1 6 1. Theorem* of Dr. Graves. — If from any point P on the 
exterior of two confocal ellipses, tangents PT and PT' ba 
drawn to the interior, then 

the difference (PT + PT ^-~ ~^>L 

- TT) between the sum of ^ R ^^^ IWI 

the tangents and the arc 
between their points of con- 
tact is constant. 

For, draw the tangents 
QS and QS' from a point Q, 
regarded as infinitely near 
to P, and drop the perpen- 
diculars PiVand QN'; then, 
since the conies are confocal, 
we have 

lPQN=lQPN', .-.PN'-QN. 

Also PT=TR + RN'=TR + RS+SN'=TS+SN 

= TS+SQ- QK 

In like manner 

PT = PN' + S'Q - T'S', 

or PT+PT' -TT=QS + QS' - SB'. 




* This elegant theorem was arrived at by Dr. Graves, now Bishop of Lime- 
rick, for the more general case of spherical conies, from the reciprocal theorem, 
viz : — If two spherical conies have the same cyclic arcs, then any arc touching 
the inner will cut from the outer a segment of constant area. (See Graves' 
translation of Chasles on Cones and Spherical Conies, p. 77, Dublin, 1841). 

It should be remarked that the theorems of this and of the following article 
were investigated independently by M. Chasles. The student will find in the- 
Compte8 Rendu8 y 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, as also- 
to the addition of elliptic functions of the first species. 
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Hence, PT + PT - TT* does not change in passing to 
the consecutive point Q ; which proves the proposition. 

The analogous theorem, due to Professor Mac Cullagh, 
may be stated as follows : — 

162. Theorem. — If tangents PT, PT' be drawn to an 
ellipse from any point on a con- 
focal hyperbola,'then the differ- 
ence of the tangents is equal to 
the difference of the arcs TITand 
KT. 

The proof is left to the stu- 
dent, and is nearly identical with 
that given for the previous theo- 
rem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch of the hyperbola ; as can be 
seen without difficulty. 

As an application* we shall prove another theorem of 
Ijanden ; viz., that the difference between the lengths of the 
asymptote and the infinite branch of a hyperbola can be ex- 
pressed in terms of an arc of the hyperbola. 

For, let the tangent at A meet the 
asymptote in D, and suppose a con- 
focal ellipse drawn through D. Then, 
regarding DT as a tangent to the 
hyperbola, it follows, by the theorem 
just established, that the difference 
between DT and JET is equal to the 
difference between DA and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT is equal to 
DA + DC - 2KA. Consequently 
the required difference is expressible 
in terms of given lines and of the 
hyperbolic arc AK. 




indebted to Dr. Ingram for this application of Pro£ Mac Cullagh's theorem. 
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We next proceed to consider two important curves whose 
rectification depends on that of the ellipse. 

163. The Limagon. — From the equation of the lima9on, 

dp 
r = a cos + b 9 we get -^ = - a sin 0, 

au 

and hence 

ds = (a 2 + b 2 + 2«ft cos 0)* rf0, 



s - 



i(a + 6) 2 cos 2 - + (a - J) 2 sin 2 ||*tf0. 



Accordingly, the rectification of the lima 9 on depends on 
that of the ellipse whose semiaxes are a-t b and a - b. 

1 64. The Epitrochoid and Hypotrochoid. — The epitrochoid 
is represented by the equations (see Dif. Cal., Art. 284) 

x = (a + b) cos - c cos — r— 0, 



y = {a + b) sin - c sin — 7— 0. 

Hence 

(to / i\ ( • n c . a+ b n ) 
_ = -(«+&) jsmfl-jSin — flj, 

J=(« + &)jcos0- F cos— 0j. 



Squaring and adding we get 

J6 2 + c 2 -2tccos-j-|, 



'* Y - ^ a + ^ 2 






•"' 8 h \\ l)2 + c2 ~~ 2 bcw>&-r\ dO. 



Henoe, substituting — - for 0, we get 

Cv 

2(0 + i) 
* = - 



— M{(6 + c) 2 sin 8 + (6-c) 2 cos 2 ?>)irf0. 
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Consequently the length of an arc of the epitroohoid is equal 
to that of an ellipse. This theorem was discovered by Pascal. 

The corresponding form for the hypotroohoid is obtained 
by changing the sign of b. 

165. Steiner's Theorem on Rectification of Roulettes. — If 
any curve roll on a right line, the length of the arc of the 
roulette described by any point is equal to that of the cor- 
responding arc of the pedal, taken with respect to the 
generating point as origin. 

For (see figure, Art. 145), the element Off of the roulette 
is equal to OPd<o. 

Again, to find the element of the pedal. Since the 
angles at N and N' are right, the quadrilateral NN'TO ia 
inscribable in a circle, and con- 
sequently NN' = OT sin NON'. 
But, in the limit, NN' becomes 
the element of the pedal, and OT 
becomes OP : hence the element 
of the pedal is OPrfoi; conse- 
quently the element of the pedal 
is equal to the corresponding 
element of the roulette, /. &c. 

We proceed to' point out a few elementary examples of 
this principle. In the first place, it follows that the length 
of an arc of the cycloid is the same as that of the cardioid ; 
and the length of the trochoid as that of the lima9on. 
Again, {/ an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of the 
auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that if one 
curve roll on another, the elements ds and ds\ of the roulette 
and of the corresponding pedal are connected by the relation 




efe = ds[ 1 + 



*> 



In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima^ns : which 
agrees with the results established already. 



Oval of Descartes. 
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We next proceed to the rectification of the Oval of 
Descartes. 

1 66. Oval of Descartes. — This curve is defined as the 
locus of a point whose distances, r and /, from two fixed 
points are connected 
by the equation 

mr + 1/ = d 9 

where /, m, d are 
given constants. 

For convenience 
we shall write the 
equation in the form . 




mr + lr' = nc> (10) 

where c is the dis- 
tance between the 
fixed points. 

The polar equa- 
tion of the curve is 
easily got. For, let 
Fsnd Fi be the fixed points, and L F x FP = 0, then we have 

r' 2 = r 8 + <? - 2rc cos 6 ; 
also from (io), 

P/ 2 = (ne - mr) 2 9 

hence the polar equation of the locus is readily seen to be 



r 2 - ire 



mn - P cos n n 2 - P 



nf-P 



+ <r 



m 2 -P 



= o. 



(») 



For simplicity, we shall write this in the form 

r 2 - 2rQ> + C = o. (12) 

Solving this equation for r, we get 

r = Q ± </Q?-C, or FP^O* ^/Q?-C, FP = Q- </® 2 -C . 

It can be seen without difficulty that, so long as /, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 

Q 
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Again we get from (12), by differentiation, 

(r - Q) dr = rQ'dO, where Q! = -^ ; 



dr O' Q' , ds ^/a % ^QT t -C 

— 7K = ^ = — j '» n©nce — ^r = . — . 

rdO r-Q </tf-C rd yO'-C 



ayor+Q't-CdO 



Or ds = v , ; ± -/O' + O*-^, (13) 

\/q?-c ' 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Henoe the difference between the two corresponding 
elementary arcs is equal to 

2 V / Q 2 + Q /2 -C f tf0, or, 2 v^ 2ab coaO+b 2 - CdO, 

(writing Q, in the form a + b cos 6), which plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals can be repre- 
sented by the arc 01 an ellipse. This remarkable theorem is 
due to Mr. W. Roberts (Iiouville, xv., p. 195). Some years 
after its publication it was shown by Professor Genooohi 
(Tortolini, 1864, p. 97) that the arc* of a Cartesian is expres- 
sible in terms of three elliptic arcs. 

In order to establish this result, we commence by proving 
one or two elementary properties! of the curve. 

Suppose a circle described through F 9 F x > and P ; and let 
PQ be the normal at P to the oval, meeting the circle in Q, 
and join FQ and F& ; then let L FPQ = w, and F X PQ = »' ; 

df dr 

and since m-=- + I— = o, we have /sin o/ = m sin w, 
as as 

.-. FQ : F X Q = l:m. 



* For the proof of this theorem given in the text, I am indebted to Mr. 
Fanton. „ 

f For an account of the fundamental properties of the Cartesian Oval, the 
student is referred to a Note at the end of my Differential Calculus. 
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Also, since mr + // = nc ; and (by Ptolemy's theorem) 

FP • F X Q + F X P > FQ = FF^PQ, 
we have 

FQ = P\Q = PQ 

I m n 

Hence, denoting the common value of these fractions by 
u, we have 

FQ = lu> F X Q = mu, PQ = nu. 

Again 

dr G' «/q?-C 

tan to = -—7^ = — , /. cos c«> = 



rdd Stf-C 9 " </q?+& 2 +C 

Hence the first term in the expression for ds in (13) is 
equal to 

Q,dd c mn - I 2 cos 6 a 

= —5 rj au. 

cos o> mr - r cos o> 

Again, let L FPF Y = i£, z PJ? 7 ^ = 0, 

and we have the two following relations between the angles 
0, <>, i£, 

= + i£, Jsin0 + msin0 = rasing. (14) 

Hence, 

d<j>-d0 = eft//, /cos0<J0 + mcos</>cfy = ncos^tfi//, 

.*. (/?m-/ 2 cos0)rf0 = w(/& + /cos0)G?<£-tt(w + /oos^)^, 
or 

ww-J 2 cos0 7/1 w + /cosA- m + Joos^.. , v 

dO = m -dd>-n ~d\L 9 (15) 

cos Ol cos o> r cos o> T v ' 

Again, from the triangle FPQ, we have 

rcosm = PQ + jPQcos0 = (/& + /cos0)w, 

W + /OOS0 r /t; r- : 7 

.\ = - = s/l 2 + n 2 + 2&toosc6. 

cos o> w 

Q 2 
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In the same manner it can be shown that 

*w + /cos;i c /— ; ; : 

r = - = \// 8 + wr + 2mcos^. 



cos (O u 

Hence we have 



f QdO mc f ,- = _ 

I = — - — — wl 8 + n 2 + 2M cos dad 

Joosw m 2 -l 2 y T T 



m 



10- I — ^— ^— ^^— —— — . — — — 

—77 k/^ + w a + 2 Jw cos i/> tfi£. (16) 



nc 

2 



Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and \p 
are connected by the relations given in (14). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines (AB, CD), (AC, BD), and (AD 9 BC), 
respectively : a result also given by Sig. Genocchi. First, 

with respect to the ellipse whose element is */£l*+Q,' 2 -C dd, 
it is plain that its axes are the greatest and least values of 

2 </(!*+ Qp-C, or of 2 \/a 2 + b 2 + 2ab cos - C: but these 

are 2 ^/(a + b) 2 - C and 2 ^/(a - b) 2 - C 9 which are plainly 
the same as the greatest and least values of PP X ; and, 
consequently, are AB and CD. 

Again, from the equation mr + // = nc, we get 

mFB + l(FB + c) = nc, .\ FB = ( n ~ l ) e 9 
In like manner 

fc = hlQl. 

l+m 

Again, since we get the points on the outer oval by 
changing the sign of /, we have 

FA ^(n±l)c FD ^i^J)e 
m-l m-l 
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and consequently, 



AD--?±, £0= 2m 



m - V I + ni 

zmcjn + l) Dn 2 tne(n-l) 

but these are readily seen to be the values for the axes of the 
ellipses in (16). 

It should be noted that if we substitute in (13) the values 
for a and 6, the expression for the element ds becomes of the 
f ollowing symmetrical form 



mc 
ds = 



m 2 -P 



nc 



% /P + n 2 + 2lnco8<l> d<p - — -</ P+m 2 + 2lmG08\pd\fj 

± — — - ifm 2 + n 2 - 2mn cos 6 d9. (17) 

m 2 -r v 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Rectification of Curves of Double Curvature. — If the 
points in a curve be not situated in the same plane, the curve 
is said to be one of double curvature. The expression for its 
length is obtained in an analogous manner to that adopted 
for plane curves: for, if we refer the curve to a system of 
rectangular axes in space, and denote the co-ordinates of two 
consecutive points by (#, y, 2), (x + dx 9 y + dy> z + dz), we get 
for the element of length, ds 9 the value 

ds m */dx l + dp 2 + dz\ 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

f(x, y) = o, 4>{x,z) = o. 

From these equations, if -j- and — be determined, the 

ax ax 

formula of rectification is 



8 



-Jh(8'-@T* <■*> 
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When 2 is taken as the independent variable, this formula 
becomes 



s 



■i 



\'<r^m'h 



the limits being in each ease determined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of 
generation it is easily seen that the helix is represented by 
two equations of the form 



2 

x = a cos [ t j, y = a sm I T ,. 
ol \ol 



Hence 



dx a . fz\ 

— = -TSUI r , 

dz o Xb 



.'. ds = f i + Tij rfs, 



dy a fz\ 

Tz = -b co \b)> 

or « = (i+Tj)s: 



the arc being measured from the point in whioh the helix 
meets the plane of xy. 

This result can be easily established geometrically. 



Examples. 
Find the length of the curve whose equations are 



x< 
20 



z = 



X 9 

6V* 



„ t X 2 x*\\ / X 2 \ X* 

Here ds = ^i + -,+ - -) dx = ^i + —J dx = * + ^ = x + z: 

the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in general, 
whenever 





tdyy _ dz 
\dx) ~ *dx' 


we have 


1 dy 2 <fe*\* / dz\ 


and therefore 


ds *= dx + dz, or s = x + z + const. 
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Thus, if y =/(#) be one of the equations of a curve, we get -~ = /'(«), and 

uX 

hence, if a second equation be determined from the equation 

the length of the curve is represented by 1 + 2+ const. : the value of the 
constant being determined by the conditions of the problem. 
For instance, if y = a sin x y we get f (x) = a cos x f and 

— = — cos 2 x, . \ z = — (x + cos x sin «). 

Hence the length of the curve of intersection of the cylindrical surfaces 

i y — aeinx, 2 = — (x + cos * sin x) 

4 

is 2 + x ; the length being measured from the origin. 

/~~~ 2 IxP 

2. y = 2\/ax — x t z = rp — A /--. ' -4**» * «= « + y-s. 

3\« 



2 



3. -r - XJ = 1, * = -(*» + * a ), the length being measured from the 

Or 9 2 

point of intersection of the curve with the plane of xy. 
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Examples. 

i. Find the length of any arc of the catenary 



y = \ (•" + •"•)» 



and show that the area between the curve, the axis of *, and the ordinates at 
two points on the curve, is equal to a times the length of the arc terminated by 
those points. 

— , and hence find the length, of a 

</r* - p 2 
parabolic arc. 

!xdx 
— s — may be represented by an are of 

a circle, and find the limiting values of x for its possibility. 

— j- dx, 

where a is the semiaxis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

2 ( \2/ I \2 .4/ 3 \2. 4 .6/ 5 ) 

6. Prove that the integral of 

x 2 dx 



</ (* 2 - fi 2 ) (« 2 - * 2 ) 
can be represented by an arc of the ellipse whose semiaxes are a and j3. 

7. Show that the rectification of the sinusoid y = b sin * is the same as that 
of an ellipse. 

8. Prove that the whole length of thejltst negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin w0 is equal to that 
of an arc of the ellipse whose semiaxes are a and na. 

10. If from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r -y and rd$ = dx, then 
the lengths of the corresponding arcs of the two curves are equal, and the area 
f ydx of the former curve is equal to the corresponding sectorial area of the 
latter. 

11. Prove that the difference between the lengths of the two loops of the 
limacon r = a cos 9 + b is equal to 8* : a being greater than b. 

12. Being given three points A, B, C on the circumference of an ellipse, 
show that we can always find, at either side of C, a fourth point D such that the 
difference between AB and CD shall be equal to a right line. 
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13. If a circle be described touching two tangents to an ellipse and also 
touching the ellipse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
•difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes Rendus, 1843). 

14. Prove that the entire length of any closed curve is represented by 
( pds 

P 
point, and p the length of the perpendicular from any fixed point on the tangent. 

€ r -^ I ds £ 2 * -4- I 

15. If ev = — : — be the equation of a curve, prove that -7- = , and 

J e* - 1 u 9r dx e 2 *- 1' 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art. 113, the whole length of 

& loop of the curve r* = a* cos - 0. 

5 



1 taken round the entire curve ; p being the radius of curvature at any 



Here, by Ex. 3, p. 207, the required length is 




or 2 



*V 1 



r 



1*3 o 

Hence, taking logarithms, and observing that -^ «= 1.625, an( * z =I * I2 5> ve 

o o 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 26 1 , Dif. Cal. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — Professor Crofton, Educ. Times, 
June, 1874. 

From (11) page 2 25 , it follows, making n=m t that the equation of the limacon, 
in this case, is 

, e 2 cos - m 2 . 

* 3 + 2re :?.„* + * = °> 

which is of the form r 2 + %r (a cos — 0) + (a — 0) 2 = o. 

Hence, by (10), the difference between two corresponding elementary arcs 
is 

4Vaj8 cos - dd. 

2 

Consequently, if 0i and 02 be the values of for the two transversals in 
question, we get the difference of the corresponding arcs 



o / «/ • 02 • M 
= 8 y/ afi I sm sin — J . 



Also, it can be readily seen that the distance between the vertices of the 
limacon is 4\/a04 .*. &c. 
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1 8. Show that the length of an arc of the ellipse 

£ + £«! 

a* + b* 

is represented by the integral 

„,*( * 

J (a 2 cos 2 + ^sin^)* 

a 2 b 2 
This result is easily seen, for we have d» = pd0 f and p = — 5-, .*. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 

,,[ * 

J (a 2 cos 2 - J 2 sin 2 0) * 

20. Hence prove that the integral 

fdx 

is represented by an elliptic arc when ab' > ba\ and by a hyperbolic arc when 
ab* < ba\ 

ai. Prove that the differential of the arc of the curve found by cutting in 
the ratio n : 1 the normals to the cycloid 

y = a + b cos i#, x = «« + £ sin u, is 



./(a + «£) 2 + 4»«* sin 2 - rf«. 

22. Each element of the periphery of an ellipse is divided by the diameter 
parallel. to it, find the sum of all the elementary quotients extended to the 
entire ellipse. Ans. «-. 

22. In the figure of page 217, if a - L ACN\ and = L BCN, prove that 

tana_ tanjS 
IT" ~T' 

23. Find the length, measured from the origin, of the curve 



x 2 



= o 2 \i -e «/. 

(a + x\ 
——-J -*. 



24. Find the length, measured from <j> = o, of the curve which is represented 
by the equations 

x = (ia — b) sin <f> — (a — b) sin 3 ^, 

y =s (2d — a) cos 4> — (b — a) cos 8 ^. 

-4w*. * = j (a + b) <f> + f (0 - b) sin£ cos f. 
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CHAPTER IS. 



VOLUMES AND SURFACES OF SOLIDS. 



1 68. Solids — The Priam and Cylinder. — The most simple 
solid is the cube, which is accordingly the measure of all 
solids, as the square is that of all areas. Hence the finding 
the volume of a solid is called its cubature. Before proceed- 
ing to the application of the Integral Calculus to finding the 
volumes and surfaces of solids, wo propose to show how, in 
certain cases, such volumes and surfaces can he found from 
geometrical considerations. In the first place, the volume of 
a rectangular parallelepiped is measured bj the continued 
product of three adjacent edges ; and that of any parallelepi- 
ped by the area of a face multiplied-hy its distance from the 
opposite face. 

Again, the volume of a right prism is measured by the 
product of its altitude into the area of its base. For example, 
the volume of the right prism represented 
in the figure is measured by the area of 
the polygon ABODE, multiplied by the 
altitude AA'. Again, since each lateral 
face, AB B'A' for example, is a rectangle, 
it follows that the sum of the aieas of all 
the faces {exclusive of the two bases), i. e. 
the area of the surface of the prism, is equal 
to the reotangle under the altitude and the 
perimeter of the polygon which forms ita 



perm 
base. 




This and the preceding result still hold 
in the limit, when the base, instead of a 
polygon, is a closed curve of any form, in which case the sur- 
face generated is called a cylinder. Hence, if V denote the 
volume of the portion of a cylinder bounded by two planes 
drawn perpendicular to its edges, A its height, and A the area 
of its base, we get V = AA. 
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Again, if 2 denote the superficial area of a cylinder, 
bounded as before, and S the length of the curve which forms 
its base, we have 2 = £A. 

169. The Pyramid and Cone. — If the angular points of 
a polygon be joined to any external point, the solid so 
formed is called a pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sec- 
tions made by any plane parallel to the base are equal in 
every respect ; and, consequently, if we suppose the pyra- 
mids divided into an indefinite number of slices by planes 
parallel to the base, the volumes of the corresponding slices 
will be the same for all the pyramids ; and hence the entire 
volumes are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to eaoh other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 

<mbe, and whose vertex is at the centre of the cube, is 

the one-sixth part of the cube ; for the entire cube can be 

divided into six equal pyramids, one for each face. Hence, 

denoting the side of a cube by 0, the volume of the pyramid 

a 3 
in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above, it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 

* This demonstration is taken from Clairaut's " Elemens de Geometric." 
The student is supposed familiar with the more ancient proof, from the property 
that a triangular prism can be divided into three pyramids of equal yolume. 
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If the base of the pyramid be any closed curve, the solid 
so formed is called a oone ; and we infevthat the volume of a 
cone is equal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case each/aee of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle.. Hence the sur- 
face of the pyramid is equal to the rectangle under the semi- 
perimeter of the regular polvgon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, I the length of 
an edge, and r the radius of its base, we have r = I sin a, and 
the surface of the cone is represented by irP sin a. 

If a right cone be divided by two planes ABC, DEF> 
perpendicular to its axis, as in figure, the o ' 

part intercepted by the planes is called 
a truncated cone. 

The surface of a truncated cone is 
easily expressed ; for, if OA = /, OD = /', 
the required surface is ir sin a (P - P), 
or 7r (/ - f) (I + /') sin a. 

Now, if the circular seotion LMIfbe 
drawn bisecting the distance between 
ABC and DEF, the circumference of 
the circle LMN\& v(l+ V) sin a. Hence 
the surface of the truncated oone is equal 
to the rectangle under the edge AD and the circumference of 
LMN its mean section. 

1 70. Surface and Volume of a Sphere. — To find the super- 
ficial area of a sphere ; suppose a regular polygon inscribed 
in a semioircle, and let the figure revolve around the diameter 
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AB ; then each side of the polygon, PQ for example, will 
describe a truncated oone. 

Now, from the centre C draw CD perpendicular to PQ, 
and construct as in figure; then, by the preceding Article, 
the surface generated by PQ is 
equal to itr PQ . DI. 

Again, by similar triangles, 
we have DC : 2)7= PQ : MN, 
.:PQ.DI=DC.MN. 

Accordingly, since the per- 
pendicular CDia of same length 
for each side of the polygon, the 
surface generated by the entire polygon in a complete revo- 

ir 

lution is equal to 2ir CD . AB = 471- J2 2 cos - ; where n repre- 
sents the number of sides of the polygon, and R the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
hy the polygon becomes a sphere; and we get 47r2Z 2 for the 
entire surface of the sphere. Hence, the surface of a sphere is 
equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 2ir CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc A Q is equal to 2ir . AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ 2 = AB . AN, it follows that the area of the spherical cap 
generated by the arc AQ is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume 01 the sphere is one-third of its radius multi- 
plied by its surface, i. e. — iF. 
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Examples. 

1. If a sphere and its circumscribing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prove that the intercepted portions of the 
surfaces are equal in area. 

2. Prove that the volume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discovered by Archimedes. 

171. Surfaces of Revolution. — In the preceding we have 
regarded a sphere as generated by the revolution of a circle 
around a diameter. In general, if any plane be supposed to 
revolve around a fixed line situated in it, every point in the 
plane will describe a circle, and any curve lying in the plane 
will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution takes place, is called the 
axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of #, the 
area of the circle generated by a point (#, y) is plainly equal 
to 7ry 2 , and the cylindrical plate standing on it, whose thick- 
ness is dx, is represented by iry* dx. 

Hence, the element of volume of the surface of revolution 
is iry 2 dx, and the entire volume comprised between two sec- 
tions, corresponding to the abscissaa a and /3, is obviously 
represented by the definite integral 



"J. : 



fdx, 

in which the value of y in terms of x is to be got from the 
equation of the generating curve. 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by ir fx 2 dy, taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and hence the 
surface generated by ds in a complete revolution round the 
axis of x is repesented by 2wyds; and accordingly the entire 
surface generated is represented by 

27T J yds, 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. The Sphere. — Let a? + y 2 = a 2 be the equation of the 
generating circle ; then, substituting a 2 - a? for y 2 , we get for 
the volume 

V = ir J (a 2 - x 2 ) dx =ir(a 2 x ] + const 

If we take o and a as limits, we get for the volume of 

o 

the hemisphere ; .\ the entire volume of the sphere is , 

as in Art. 170. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 



f" {a 2 - a?) dx = ttA 5 

J a-h 



a — 
3, 



Again, to find the superficial area, we have 

ds =ri + -jj\ dx = ( 1 +— )dx = -dx, .\ yds = adx. 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae x x and x is 



27T 



rxi 

adx « iwa (x x - x ) ; 

J xo 
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that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 170. 

173. Bight Cone. — If a denote, as before, the angle which 
the right line which generates a cone makes with its axis of 
revolution, we get y = x tan a, taking the vertex of the cone as 
origin, and the axis of revolution as that of x ; accordingly, 
the element of volume is it tan 2 a x*dx. 

Hence, if h denote the height of the cone, we get its volume 
equal to 



7r tan 2 a 



7T 

x 2 dx = - tan 2 aA 3 , 



i. e. - x area of its base, as in Art. 160. 
3 

Again, to find its surfaoe, we have d% = seo a dx, 

rh 

.*. 27r j yds - 2tt tan a sec a I xdx = irh 2 tan a sec a ; 
which agrees with the result already obtained. 

Examples. 

1. The base of a cylinder is a circle whose area is equal to the surface of a 
sphere of radius 5 ft. ; being given that the volume of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the height of 
the cylinder. Ana. 64 J ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius by a cone, the angle 
of which is 120 ; find the radius of the sphere whose solid contents are equal to 

those of the sector. Ana. Sv 2m 

3. Two cones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. , and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Am. 2*/ ii ft. 

174. Paraboloid of Revolution. — "Writing the equation of 
a parabola in the form y 2 = 2mx, we get for the volume of the 
solid generated by its revolution round the axis of x 

IT 

2wm J xdx = itmx 2 + const. = — y 2 x + const. 

it 
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Henoe, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (#1, j/i) is represented by — y 2 x u i. e., is equal to half the 

volume of the circumscribing, cylinder. 

Again, to find the surface of the paraboloid, we have 

yds = y ( i + ^J dy = ~ (y 2 + m 2 \ ydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

£ j V + ^ydy = |£ ((?.» + »*)• - »•} 

175. Spheroids of Revolution. — If we suppose an ellipse 
to revolve round its axis major, the surface generated by the 
revolving curve is called & prolate spheroid. If it revolve round 
the axis minor, the surface is called an oblate spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

tiC 2 v 2 

— + jt = 1 as the equation of the generating ellipse, we get, 



a? 



on substituting b 2 ( 1 - — ) for y 2 9 



a 2 



b 2 f irb 2 ( . x 2 



(a 2 -x 2 )dx = ^- x ( a 2 - ~ ) + const. 

47T 



Hence the entire volume is — ab 2 . In like manner, the 

3 

4.7T 

volume of an oblate spheroid is — ba 2 . 

3 

176. Surface of Spheroid. — In the case of a prolate sphe- 
roid we have 

ds = 1 + -— dx, 

\ ay ) 

.-. yds = (y 2 + ^x 2 JdxM 2 - JjJ ewJdxJ^^-xtfdx. 
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Hence, if CN = #„ CM = ten, we get for S, the zone 

generated in a complete 
revolution by the are PQ, 

-•*£!$-'> 

Now, if we take CD - -, 

and construct an ellipse 

whose semiaxes are CD and CB, it is easily seen (Art. 120) 

that the elementary area between two consecutive ordinates 

of this ellipse is — (— - a?) dx. Hence it follows that the 

area of the zone generated by the are PQ is w times the area 
of the portion PiQiQ*P t of this ellipse. 

Again, if AE t be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 4*- 
y the area BCASx ', but this is seen, without difficulty, to be 




ab 



(■) 



In like manner, we get for the surface S generated by the 
revolution of an ellipse round its minor axis 



-K' 



If this be 
obvious reductions, 



, as in Art. 151, we get, after some 



«V/ + b' 



\* 



: l °s 



aey + (aVy' + S*) 1 



If this be taken between the limits o and b, and doubled, we 
get for the entire surface of the ellipsoid 



1 1 f 1 + A 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is tr times the area of a corre- 
sponding portion of the hyperbola 



# 2 aVy* 



a 4 



= i 



hounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 



N L 



Examples. 

i. Find the rolume of tbe surface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and 
DB as co-ordinate axes, we have (see Dif. 
Cal., Art. 273) 

x = a (0 + sin 0), y = a(i+cos^), 

where L 2CL = <*>. 
Hence 




AN 



dV = wy 2 dx = wa3(i + cog ^yd<f> ; 
.•.for the entire volume V, we get 

r» aira s \ (1 + cos <f>yd<j> = i6*a 3 fcos 6 - d<f> 

J0 Jo 2 



Hence 



= 3 ura 3 J 2 coB*ddd, making * = 0. 

r=5n 2 o 8 . 



a. Find the whole surface generated in the same case. 
Here 8 = 2ir I yds = 41m 2 I (1 + cos <f>) cos - «ty ; 

hence the entire surface is 

JO 2 3 
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3. Find the volume and the surface of the solid generated by the revolution 
of the tractrix round its axis. 

(r). Here we have 
y 2 dx-- (a 2 -t/')'ydy, 



hence the volume generated by 
the portion A Pis 

* T (« 2 -y 2 )V^ = - (« 2 -y 2 )*. 

Jy 3 

The volume generated by the 



2ir 




air 



entire tractrix is — a 3 ; i. e. half 

3 
the volume of the sphere whose radius is OA. 

(2). The surface generated by AP is 

I yds - lira I dy (see page 213), 

= 2ir« (a — y). 

Hence the entire surface generated is lira 2 ; i. e. half the surface of the sphere 
of radius OA. 

4. Find the volume, and also the surface, generated by the revolution of the 
catenary around the axis of x. 

(1). Here the volume of the solid generated 
by V P is represented by \ 

-A 



y*dx = 1 \e a + e a + 2 I dx 

Jo 4 Jo 



2x 1x 



= ?^(' v - e ~')H 



= — (ys + ax) : 

2 




where * = PV. 
(2). Again since 



we have 



d8 = $ (*» + *«) ** = ^p 
2*fyds= — I y- dx. 
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Consequently the surface generated by TV in a complete revolution U 
x the Tolume generated ; i. e. = * (y# + ax), 

5. In the same curve to find the surface generated by its revolution round 
the axis V. 



Here 



x r 

xe ° dx. 



S = 2ir I xd$ = ir Utf fl <fa? + ir 1 
Again 

I xe? dx = axe" -a J 
Also the value of 



*x± 



( - ' ) 



1 



X 



xe a dx 



is obtained by changing the sign of a in the last result. 
Hence 



i 



X 
X - - 



xe a dx — a % - a«* ° — a 2 * a . 



5 = 



= 2ir(a 2 + a:* - ay). 



177. If a closed curve, which is symmetrical with respeot 
to a right line, be made to revolve 
round a parallel line, then the su- Y 
perficial area generated in a com- 
plete revolution is equal to the 
product of the length of the mov- 
ing curve into the circumference 
of the circle whose radius is the 
distance between the parallel lines. 

This is easily proved, for let 
APBI y be any curve, symmetrical o 
with respeot to AB, and suppose QX to be the axis of revo- 
lution ; and draw PJV, QM two infinitely near lines perpen- 
dicular to the axis. It is evident that PQ = P'Qf. Again, let 





-^p 


I 






a) 


D 


E 


JB 


:> 


X 


M 


X 
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PN=y, i y JVT= /, PQ = P'Q' = ds, DJSr=b; then the sum of 
the elementary zones described by PQ and P'Q' in a complete 
revolution is 

27r (y + \f) ds = 47rSrfs. 

Consequently the surface generated by the entire curve is 
2wbS, where S denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid gene- 
rated: viz., the volume generated is equal to the product of 
the area of the revolving curve into the circumference of the 
same circle as before. 

For the volume of this solid is plainly represented by 

*■ J iv 2 - y 2 ) <fo> 

or by 

*!(!/-'/) (V + y')dx = 2wbj (y- y) dx. 

But the area of the curve is represented by 

J (y - y) dx •- 

consequently, denoting this area by A, and the volume by V, 
we have 

V - 2irbx A. 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression 2irb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is 4ir 2 ab ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is 2tr 2 a 2 b. 

178. Guldin's Theorems. — The results established in the 
preceding Article are but particular cases of two general pro- 
positions, usually called Guldin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Problems, 
p. 42, third Edition). They may be stated as follows : — 
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(1). If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described, during the revolution, by the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let S denote the whole length of the 
curve, x, y, the co-ordinates of one of its points, x, y, the co- 
ordinates of the centre of gravity of the curve ; then, as is 
shown in Elementary Mechanics, we have 

y ~ S ' 

.\ 2-iryS = 27r J yds, 

i. e. the surface generated by revolution round the axis of x 
is equal to the product of /S, the length of the generating 
curve, into my , the path described by the centre of gravity. 
To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point x, y. Also let i, y be the co-ordinates 
of the centre of gravity of the area, then 

_ = VydA = IJydxQ (gubsfcituting ^y lordA), 

.'. nfyA = 27r j J ydxdy = ir J y 2 dx ; 

where the integral is supposed taken for every point round 
the perimeter of the curve : but, from Art. 171, the integral 
at the right-hand side represents the volume of the solid ge- 
nerated ; hence the proposition in question follows. 

For example, the volume of the ring generated by the 
revolution of an ellipse around any exterior line situated in 
its plane, is evidently 2ir 2 abc 9 where a and b are the semiaxes 
of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
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round the axis through any angle. For, let be the circular 
measure of the angle of rotation, and in the former case we 
have 

0y8 = 0jyds. 

But 9y is the length of the path described by the centre 
of gravity, and 6 J yds is the area of the surface generated by 
the curve, .\ &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Ghildin's theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

179. The method given in Art. 171 of investigating the 
volume bounded by a surface of revolution can be readily ex- 
tended to a solid bounded in any manner. For, if we sup- 
pose the volume divided into slices by a system of parallel 
planes, the entire volume may, as before, be regarded as the 
limit of the sum of a number of infinitely thin cylindrical 
plates. Thus, if we suppose a system of rectangular co-ordi- 
nate axes taken, and the cutting planes drawn parallel to that 
of xy ; then, if A z represent the area of the section made by 
a plane drawn at the distance z from the origin, the entire 
volume is denoted by 

fA z dz, 

taken between proper limits. 
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The area A z is to be determined in each, case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
cut off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

Bz 2 

A s : B = z 2 : A 2 , or A z = -77, 

h 

B f * 
.'. V= T,- z 2 dz = I B x h ; as in Art. 1 69. 
h Jo 

If the cutting planes be parallel to that of # ys, the volume 
is denoted by J Ajlx ; where Ax denotes the area of the sec- 
tion at the distance x from the origin. 

1 80. Volume of Elliptic Paraboloid. — Let it be proposed 
to find the volume of the portion of the elliptic paraboloid 

x 2 y 2 

p a 

cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

x 2 u 2 

— + — = 22, by Art. 128, is 2ttz «/pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 

V= 2tt \/pq zdz = 7r y/pqc 2 . 

Jo 

This result admits of being exhibited in another form ; for if 
B be the area of the elliptic section made by the bounding 
plane, we have 

B = 2irc<ypq. 

Hence V = i ciroumscribing cylinder, as in paraboloid of re* 
volution. 
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181. The Ellipsoid. — Next, to find the volume of the 
ellipsoid 

x 2 y 2 z 2 

a 2+ b 2 + <? 

The section of the surface at the distance z from the 
origin is the ellipse 

x 2 y 2 z 2 

a c 

the area of this ellipse, i. e. A z is 

Hence, denoting the entire volume by V 9 we have 



V = 2rrab 



>C ' -**• 



s-V , 4 



1 )dz = -irabc. 

\ cj 3 



182. Case of Oblique Axes. — It is sometimes more con- 
venient to refer the surface to a system of oblique axes. In 
this case, if, as before, we take the cutting planes parallel to 
that of xy, and if to be the angle the axis of z makes with 
the plane of xy> the expression for the volume beoomes 

ma wf A B ds, 

taken between proper limits, where A z represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off by any plane. 

Suppose DEl)']<f to represent the section made by the 
plane, and ABAS the parallel central section. Take OA, 
OB, the axes of this section as axes of x and y respectively ; 
and the conjugate diameter OC as 
axis of 2. 

Then the equation of the surfaoe is 

x 2 y 2 z 2 
a' 2 p + c'* 



•where OA = ct,OB = b', OC = c'. 

It will now be convenient to transfer the origin to the 
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point C without altering the directions of the axes, when 
the equation of the surface becomes 

ar* y 1 2z s* 
T 5 + ft* " 7" "" "S* 

The area A z of the section, by Art. 128, is 

hence, denoting CN by A, the volume cut off by the plane 
DEI/ is represented by 



^'^"jX?"^ 2 ' 



or irfl6smw -7 £ 

But, by a well-known theorem,* we have 

a'b'c' sin w = abc, 

where a, b, c, are the principal semiaxes of the surface. 

Hence the expression for the volume V in question 
becomes 



F = 7r ^(^"^) ; (4) 



or, denoting -^ by A, 

V= Trabck 2 (i--). (5) 

This result shows that the volume cut off is constant for 

all sections for which A has the same value. Again, since 

ON 

•pr-^7 = i - A, the locus of N is a similar ellipsoid ; and we 

infer that if a plane cut a constant volume from an ellipsoid, the 
locus of the centre of the section is a similar and similarly 
situated ellipsoid. 

* Salmon's Geometry of Three Dimensions, Art. 96. 
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183. Application to the Elliptic Paraboloid. — The corre- 
sponding results for the elliptic paraboloid can be deduced 
from the preceding by adopting the usual method of such 
derivation : viz., by taking 

a 2 = pc, b 2 = qc, 

and afterwards making c infinite : observing that in this case ' 

the ratio — becomes unity. 
c 

Making these substitutions in (4) it beoomes* 
V = TTy^pqh 2 ( 1 -A or wtf^/pq, since c = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volumef of the segment cut from the paraboloid by the 
plane is constant. 

Again, the area of an elliptic seotion by (3) is 

, x ,(ih h 2 \ wabc fih h 2 \ 
rrab — — yz , or -j—. — — — j? . 
\c c 2 J c Bm<M>\c c 2 J 

On making the same substitutions, this beoomes for the 
paraboloid 

I'K's/pq 



sino> 



h. 



Now, if we suppose a cylinder to stand on this seotion,. 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by h sin w ; and, consequently, is 



2ir 



</p~qh\ 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. 1 80. 



* For a more direct investigation the student is referred to a memoir "On 
some Properties of the Paraboloid," Quarterly Journal of Mathematics, June, 
x 8 7 4, by Professor Allman. 
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Examples. 

i. Prove that the volume of the segment cut from a paraboloid by any plane 
is ijths of that of the circumscribing cone standing on the section made by the 
plane as base. 

i. A cylinder intersects the plane of xy in an ellipse of semiaxes OA = a, 
OB = b, and the plane of xz in an ellipse of semiaxes OA = a $ OC ~ e ; the 
edges of the cylinder being parallel to BC\ find the volume of the portion of 
the cylinder bounded by the three co-ordinate planes. Ans. £ abc. 

3. The axes of two equla right cvlinders intersect at right angles ; find the 
volume common to both. Ans. x £(&, where a is the radius of either cylinder. 
This surface is called a Groin. 

184. Volume by Double Integration. — In the application 
of the preceding method -of finding volumes, the area repre- 
sented by A x , instead of being immediately known, requires 
in general a previous integration ; so that the determination 
of the volume of a surface involves two successive integra- 
tions, and consequently V is expressed by a double integral. 

Thus, as the area A x lies in a plane parallel to that of yz 9 
its value, as in Art. 126, may generally be represented by 
jzdy, taken between proper limits. Hence V may be repre- 
sented by 

f[fzdy](fc, 

or, adopting the usual notation, by 

jjzdydz, 

taken between limits determined by the data of the question. 
The value of % is supposed given by a. relation z =/(#, y) 9 
by means of the equation of the bounding surface ; hence 

\zdy = j/(x,y)df/. 

In the determination of this integral we regard a? as a 
constant (since all the points in the area have the same 
value of #), and integrate with respect to y between its 
proper limits. 

Thus, if y x and y denote the limiting values of y> the 
definite integral 

f(*>y)dy 
becomes a function of x; this function, when integrated 
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with respect to % between the proper limits, determines the 
volume in question. 

If Xi and «o denote the limits of x, V may he represented 
hy the double integral 

We shall exemplify this by a figure, in which we suppose 
the volume bounded by the plane of xy, by a cylinder 
perpendicular to that plane, and also by any surface.* 
Let RPKQ represent the 
section of the cylinder by the 
plane of xy ; and suppose 
PMNQ to be the section of 
the volume by a parallel to 
yz at the distance x from 
the origin. Let, Pi - y t , 
QL - y , then the areaPJCYg 
is represented by the integral 

J> 

The valuesf of y, and y in terms of x are obtained from 
the equation of the curve RPRfQ. 

Again, suppose P'M'N'Q' to represent the parallel section 
at the infinitesimal distance dx from PMNQ, then the 
elementary volume between PMNQ and P'M'N'Q 1 is repre- 
sented by 




C 1 
dx £ 



Now, if RT and RT' be tangents to the hounding curve, 



* The determination of a volume of any form is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to the 
plane of xy, the required volume will become the difference between two 
cylinders, bounded by the upper and lower portions of the surface, respectively. 
See Bertrand, Cal. Int. h 44.7. 

t In our investigation we have assumed that the parallels intersect the 
curve in but two points each ; the general case is omitted, as the solution in 
such cases can be rarely obtained, and also as the investigation is unsnited for 
an elementary treatise. 
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drawn perpendicular to the axis of x, and if OT' = x l9 OT = r*, 
the entire volume is represented by 



(Vi 



J r o Jifo 



z dt/ dx. 



It should be observed that z dy dx represents the volume 
of the parallelepiped whose height is z y and whose base is 
the infinitesimal rectangle having dx and dy as 'sides ; and 
consequently the volume may be regarded as the sum of all 
such parallelepipeds corresponding to every point within the 
area RPKQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x 9 and afterwards 
with" respect to y> or vice versd ; i. e. whether we conceive 
the volume divided into slices parallel to the plane of xz, or 
to that of yz. 

We shall illustrate the preceding by an example.* 

Suppose RPKQ to be the circle 

(x-a) 2 +(y-b) 2 = R\ 
and the bounding surface the hyperbolic paraboloid 



then we have 



xy = cz; 



y = b- */K l - {x-a)\ y x = b + */R % -(x- a)\ 



and 



zdy = - 
y c 



r Vx 



Vo 



xydy = ~ (yi 2 -yo 2 ) = ^-</R 2 - (x-a)\ 

2C C 



Again 



Xi = a + R, x = a - R 9 



?b f a + R 
.\ V = — 

Ja-R 



*yR? - (x - a) 2 xdx. 



Now let x - a = R sin 0, and we get 



* This and the next example are taken from Cauchy's Applications Geom6« 
trigues du Colcul Infinitesimal, p. 109. 
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V = —[\os 2 0(a + ItBmO)dO. 
c J? 



ft ft 

But V 008*9(10 = -, \* cob* 9 an Odd = o, 



.-. r = 



2 
abR 2 



IT 



Again, if for the cylindrical surface which has for its 
base tne circle we substitute a system of four planes x = x Qf 
x = X, y = y , y = r, we get 



-IT ?* 



= (x^o)(r^o)^^° r+Xyo+xr 



= (X-*)(F-y«) 



4c 

«i + 2a + 2s + 2* 



in which 2 b 2 2 , s 3 , 24, are the ordinates of the four corner 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates z ly z 29 2 3 , 24 ; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 
Having traced a gauche quadrilateral on the four lateral 
faces of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral^* 
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and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surfaoe so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — From the preceding Article it 
is readily seen that the double integral 

llf{^y)dydx 

can be represented geometrically by a volume; and the 
determination of the double integral, when the limits are 
given, is the same as the finding the volume of a solid with 
corresponding limits. 

For instance, the first example in the preceding Article is 
equivalent to finding the value of the double integral 

jjxydxdy 

taken for all values of x and y subject to the condition 

(*-<*)*+ (y-J) 2 -ir<o; 

and similarly in other cases. 

When the limits of x and y are constants, as in 






dydXy 



the double integral represents the volume cut by the surfaoe 

from the parallelepiped whose base is the rectangle formed 
by the lines 

x = a, x = cf, y = b f y = J'. 

It is plain that in this case the order of integration is 
indifferent, as already seen in Art. 115. 
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186. It is sometimes more convenient to refer the curve 
RPRQ to polar co-ordinates, in which, case we conceive the 
area divided into infinitesimal rectangles of the type r dr dQ. 

The corresponding parallelepiped is represented by 
zr dr dO, and the expression for V beoomes J 

F = jjzrdrdO, 

taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 



and the equation beoomes 

V = jj</aF^?rdrd0; 



but j ytf-r^rdr = -J^-r*)!. 

Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

r= ^j(a 2 -^dd f 

where we suppose each radim of the sphere to cut the 
cylinder in but one point. 

For example, let the base of the cylinder be the pedal 
of an ellipse whose major axis coincides] with a diameter of 
the sphere ; then 

r 2 = a 2 cos 2 + 6 2 sin 2 0, 
and V = \ (a 2 - b 2 )\ /sin 8 dO.] 

If this be integrated between the limits o and -, we get 



2 

the ith of the entire volume ; hence the entire volume 



V= — (a 2 -J 2 )2. 
9 



s 2 
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Examples. 

i. A sphere is out by a right cylinder, the radios of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the volume common to both surfaces. 

iv aP 8a* 

An%. , a being the radius of the sphere. 

3 9 

a. If the base of the cylinder be the complete curve represented by the 
equation r s a cos ti$, where n is any integer, find the volume of the solid 
between the surface of sphere and the external surface of the cylinder. 



187. It is readily seen, as in Art. 141, that the volume 
included within the surface represented by the equation 



F \i' V c) = ° 



is abc x the volume of the surface 

F(x,y y z) = o. 

X \l z 

For, let - = #', r = y\ - = s', and we shall have 
a be 

zdxdy = abcz'dxdtf, 
and •*. ff zdxdy = abcjfz' dx' dt/ ; 

m 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point (#, y, z) move along a plane, the 
corresponding point (/, f/ y i) will describe another plane* 
From this property the expression for the volume of an 
ellipsoidal cap (Art. 182} can be immediately deduced from 
that of a spherical cap (Art. 170). 

In like manner the volume included between a cone 
enveloping an ellipsoid and the surface of the ellipsoid is 
reducible to the corresponding volume for a sphere. 
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188. Quadrature on the Sphere. — We next propose "to 
give a brief disoussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by 2JR 2 A ; where It is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by if* (A + B + - ir) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented .by 

2 = R^A + B+C + fa.- (tt-2)ir); 

A, B, C, &c, being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
«', b\ c', &c, we have 

A = 7r - a', B = w - &', &c, 
and consequently 

2 = R 2 {27r-(a'+b' + e' + &c.)}. 

Or, denoting the perimeter of the polar figure by S, 

2 + jBS = 2irB 2 . (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression; if p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

27r-S 2 (i -oos/>) ; 
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for (see fig. Art. 170) we have 

AN = AC-CN = B(i -oo&p). 

This result also follows immediately as a simple case of 
equation (6). 

Again, the area bounded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

i?a(i -cosp), 

where a is the circular measure of the angle between the arcs. 

We can now find an expression for the area bounded by 
any closed curve on a sphere ; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
point, and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
oo-ordinates on a plane. 

Now, let OP = p, and POX = w, and any curve on 
the sphere may be supposed to be expressed by a relation 
between p and oi. 

Again, suppose OQ to represent an infinitely near vector, 
and draw Pit perpendicular to OP; then, neglecting in 
the limit the area PQR y the elementary area OPQ f by the 
preceding, is represented by 

IP(i -oos/>) do. 

Hence the area bounded by two vectors from O is 
expressed by the integral IP f (1 -cos p) du, taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 

Kir 




IP (1 - cos p)dw. 



The value of cos p in terms of o> is to be determined in 
eaoh case by means of the equation of the bounding curve. 
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r«ir 

The integral R 2 cosp du> obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral; for, regarding PRQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ 2 « PR + JBQ 2 : also PR = nnpdw. 

Hence ds* = dp* + sin 2 p da> 2 > 



or ds = doj /sin 2 /o + 



J sL 



dp\* 
,du) 



j 



jrfwjsi 



dp\* 



Again, it is manifest from (6) that the determination of 
the length of any spherioal curve is reducible to finding the 
area of its polar curve, and vice versd. 



Examples. 

1. Find the area of the portion of the surface of a sphere which is inter- 
cepted by a right cylinder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r = 22 sin », 
2? being the radius of the sphere, and « being measured from the tangent to the 
circular base. 

Again, from the sphere we have r = JR am p 9 .% p = « is the equation 
of the curve of intersection of the sphere and the cylinder; hence the area 
in question is 



IT 

ai^f* (i-cos»)<k = 222* f-- 1). 



This being doubled gives the whole intercepted area = 2» 22* - 4JP. 

In general, if r =/(«) be the equation of the base of a cylinder, it is easily 
seen that the equation of the curve of its intersection with the sphere may be 
written in the form 2? sinp =/(»). 

For example, let the diameter of the right cylinder be less than half that 
of the sphere, and, writing the equation of the base in the form r « a sin «, 
where a is the diameter of the section, we get R sinp = sine, or ship « « sin » 
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(▼hero * is < 1), as the equation of the eurre of i n t er se cti on of the sphere tad 
the cylinder. 

Hence the intercepted area ia denoted by 

w w 

aip[ , (i-v''-« l «n*«)*' - ** - 2-B» Pv^i - «* «m»e* dm. 

Hence the area in question depends on the rectification of an »1Kj hhn 

2. Find the area of the portion of the surface of the cylinder interce pte d by 
the sphere, in the preceding. 

Here the area in question is easily seen to be represented by a Js dt, where 
dt denotes the element of the curve which forms the base, corresponding to 
the edge t. 

Now (1), when the diameter of the base is equal to the radius of the sphere, 
we have 

t - 2?cos«, and dt = Edm t 

w 

.*. area in question = 4JI 2 I cob m dm = 4J?, i.e., the square of the di 

of the sphere. 

(2). When the diameter of the base is less than the radius of the sphere 
we have 

2 I ids = 2a 1 vOp — a* sin 2 at dm ■ laR \yi - <c a sin 3 » dm> 9 .«. Sec. 

1 89. Quadrature of Surfaces. — In seeking the area of a 
portion of any surface vfe regard it as the limit of a number 
of infinitely small elements, each of which is considered as 
a portion of a plane which is ultimately a tangent plane to 
the surface. Now let dS denote such an element of the 
superficial area, and da its projection on a fixed plane which 
makes the angle 6 with the plane of the element ; then, 
from elementary geometry, we shall have 

da = oobO dS, or dS = sec da. 

Hence S = / see da, 

taken between suitable limits. 

The applications of this formula usually involve double 
integration, and are generally very complicated; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; vis.. 
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by supposing the surface divided into zones by a system* of 
ourves along each of which, the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and O'+dd; and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec ctA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xy\ and, 
adopting the usual notation, if we take A, ju, v as the direction 
angles of the normal at any point on the surface, we get 
for dS, the area of the zone between the curves corresponding 
to v and v + dv, the equation 

dS = secvdA, 

where A denotes the area of the projection on the plane of 
xy of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the p araboloid. 

1 90. Quadrature of the Paraboloid. — Writing the equation 
of the surface in the form 

— + — - 2Z. 
P <1 

the equation of the tangent plane at the point (#, y, z) is 

+ - — = z + Z 9 

P 9. 

where X, F, Z are the co-ordinates of any point on the plane. 



* I am not aware to whom this method is due, hut it has heen employed 
in a more or less modified form hy M. Catalan, Liouville, tome iv., p. 323, hy 
Mr. Jellett, Camh. and Dub. Math. Journal, vol. i., as also hy other writers. 
Such curves are called parallel curves hy M. Lehesgue, Liouville, tome xi., p. 33a, 
and " Gurven isokliner Normalen," hy Dr. Schlomilch. 
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Comparing this with the equation 

X00flX+ YCQB[1 + Zoobv = P 9 

we get oos A = -oobv, cos fi = -oosv; 

substituting in the identical equation 

ooe* A + cos'p + oos* v = i, 

we get — + ^ = tan'v. (7) 

Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

— + ■% = tan 8 v. 

The area A of this ellipse is Trj^tan'v; accordingly, 
we have 

dA = 7rp^(tan 2 v), 

.\ dS = 717*2 sec vtf (tan 2 v) = Trpqseovd(&ec>*v) ; 

hence the area of the paraboloidal cap bounded by the 
curve v = a is 

irpq sec vd (sec* v) = $ irpq (sec 3 a - 1). 

Also the area of the belt* between the curves 

v = a and v = a is f irpq (seo s a'-seo s a). (8) 



* This form for the quadrature of a paraboloid is, I believe, due to Mr. 
Jellett; see Camb. and Dub. Math. Journal, vol. i., p. 65. The proof given 
above is in a great measure taken from Mr. Allman's paper in the Quarterly- 
Journal, already referred to. 
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191. Quadrature of the Ellipsoid. — Proceeding in like- 
manner to the ellipsoid 

x 2 y 1 z 2 
a cr 

the equation of the tangent plane at the point (#, y, z) is 

Xx Yy Zz 

. -f. £ + - T 

a 2 b 2 c 2 

Hence, comparing with the equation 

XcosX + Toosfi + Zooav = P, 
we get 

x <? x c 2 y 

COS A = — r — COS V. COS U = — COS V. 

a Z 'Or Z 

Hence, we have 

C* I X 2 t/ 2 \ 

cos 2 v — -t + tt) = cos 2 A + cos 2 u = sin 2 v; 

z 2 \ar o*J ^ 

X 2 V 2 z 2 

or, substituting 1 — ^ - — for -, 

— (a 2 sin 2 v + c 2 cos 2 vj + ■—( i 2 sin 2 v + c 2 oos 2 v) = sin 2 i/. 

This shows that the projection on the plane of xy, of 
a curve along which v = constant, is an ellipse. 
Again, the area A of this ellipse is 

7ra 2 & 2 sin 2 v 

(a 2 sin 2 v + c 2 cos 2 v)* (b 2 sin 2 v + <? cos 2 v)V 

and, accordingly, the area dA of the elementary annulua 
between two consecutive ellipses is 

2 , 2 j* ( sin 2 v \ 

dv \ (a 2 sin 2 v + c 2 cos 2 v)k (b 2 sin 2 v + c 2 cos 2 v)* j 

The corresponding elementary ellipsoidal zone d# is 
represented by 

ira 2 b 2 d ( sin 2 v 



cos v dv\ (a 2 sin 2 v + c 2 cos 2 i>)* (6 2 sin 2 v + c 2 cos 2 v)*J 



dv. 
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Now, if S denote the superficial area* between two 
curves corresponding to v = a and v = a', after one or two 
reductions, it is easily seen that 

s = T*vv(i+r) 9 (9) 

sin v dv 



where 



ra- 
ja (6 2 sin 2 i; + c 2 oos 2 v)* (a*sin 2 v + 0*008**)? 

T , _ f * smvdv 

J a (a* sin 2 v + c 2 00s 2 v)* (b* sin 2 v + c* oos* *)** 

It is easily shown that the former of these integrals u 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a > b > c. 

For, assuming a 2 - c 2 = a 2 e 2 , and 6 2 ' - c* = J* e*, and 
making 00s v = x 9 we get 

" ^L.-O-*' 2 * 2 )^-^) 8 ' 



« cosa 



Again, let ex = sin 6 in the former integral, and e'x = sin0 
in the latter, and we get 

g 2 f </9 

a6 3 J (^-^sin^)*' 



a*b) (*' 2 -e 2 sin*0ji* 



Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an aro of a hyperbola. 
(See Ex. 19, p. 234.) 

* This form for the quadrature of an ellipsoid is given by Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result, 
which can be easily arrived at from the forms of I and I' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett' a memoir. 
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192. We shall conclude this chapter with the considera- 
tion of some general formulae in double integration relative 
to any closed surface. We commence by adopting the same 
notation as in Art. 189, where X, p, v are taken as the angles 
which the exterior normal at the element dS makes with the 
positive directions of the axes of x y y 9 s, respectively. 

Again, let each element of the surface be projected on 
the plane of xy, and suppose* for simplicity that each z 
ordinate meets the surface in but two points : then, if the in- 
definitely small cylinder standing on any element dA in the 
plane of x y intersects the surface in the two elementary por- 
tions dS x and dS 2 (where d8i is the upper and dS 2 the lower 
element), and if v x and v% be the corresponding values of v, it 
is plain that v x is an acute, and v 2 an obtuse angle, and we 
have 

dA = 00s v\dSi = - cos v 2 dS 2 . 

Hence, if we take into account all the elements of the surface,, 
attending to the sign of cos v, we shall have 

// cos v dS = o. 
In like manner we get 

/J cos XdS = o, and // 00s pdS = o ; 

the integrals extending in each case over the whole of the 
olosed surface. 

These formulae are comprised in the equation 

Jj (a cos A + j3 cosmic + 7 cos*) dS = o. (10) 

Again, if Si and z% be the values of z corresponding to the 
element dA, then, denoting by dV the element of volume 
standing on dA and intercepted by the surf aoe, we plainly 
have 

dV- (*i - z 2 )dA = ZidS L cos v x +z 2 dS 2 cosv 2 , 

* It is easily seen that this and the following proofs are perfectly general, 
inasmuch as each ordinate mast meet a closed surface in an even number of 
points, which may be considered in pairs. 
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and the sum of all such elements, that Is, the whole volume, 
is evidently represented by 

jj z 00s vdS. 

Hence, denoting the whole volume by V, we have 

V=jj x co&XdS = jj y cos fidS = jjz 00s vdS; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

jjx cos vdS = o, jjy oosvd# = o, jj x 00s fi dS = o, 
/ j y cos A rf/8 = o, J J s 00s A rfiS = o, // 2 oos/f c&S = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

jj (ax + (5y + yz) (a COB\ + (5' COS fi + y C08v) dS 

= (aa'+ /3j3'+ 77 ')F: („) 
For a like reason, we have 

// xy cos v dS = o, // zx cosj* dS = o, jj yz cos A dS = o. 

Also, jj x 2 cos vdS = o, jj aroosfidS = o, &c. 

Next, let us consider the integral 

J J #2 cosi/dS. 

This integral is equivalent to jj xdV; consequently, if 
5, y 9 z, be the co-ordinates of the centre of gravity of the 
enolosed volume V, we get // xz oosvdS = jj xdV - 5F". 

In like manner JJ xz cosX dS = sF, and similarly for the 
corresponding integrals. 

Again, the integral 

JJ2 2 cos vdS 
consists of elements of the form (z^ - z%) dA ; but 

(*i* - "%) dA = (z! + 2 3 ) (g! - Zi) dA 

« («i + z 2 )dV. 
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But, the z ordinate of the centre of gravity of dV is 



plainly — *, and consequently 



[[s 2 cosvtfS = 2 |T*-^ 



-dV = 2zV. 



In like manner it can be shown that 

J/tf'cos \dS = 2xV, /Jy 2 oos pdS = iyV. 
Accordingly we have 
Vx = \\\x* Qio*\dS = \\xy w&\idS = \\x%q>o*v dS> 

Py = JJy»00sXrfS = i-J/y*00BjttrfS«/Jy8 00BvrfS r , 

Fs = JJsa?cosXrfiS = //2ycos^^iS = -J-//s 2 cosvt?iS. 

193. Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS 9 
its volume is represented (Art. 169) by $pdS, where p is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and y the 
angle which r makes with the internal normal, we have 
p = r cos y. 

Hence the elementary volume is equal to $ r cos ydS, and 
it is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

ill r cos ydS. 

1 94. Again, if we suppose a sphere of unit radius described 
with as centre, and u dw represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
dS, then it is easily seen that cos ydS = r'tfw, 

. co&ydS 

.'• dot = — . 

r* 

Now if be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that /J du> = 471-, 
being the surface of the sphere of radius unity, 



-if 



OOS ydS 

fi — = 4»« 
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Again, if be outside the surface, the cone will cut the 
surface in an even number of elements, for which the values 
of cos 7 will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 



\\ 



COS ydS 

'- — =0. 



If be situated on the surface, it follows in like manner 
that 



w 



— =-*■ dS = 27T. 
1T 



Hence, we conclude that 

—j3- dS = 4ir, 27r, or o, (12) 



I! 



aocording as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

The student will find some important applications of them 
in Bertrand's Cal. Int., §§ 437, 455, 456, 476, &o. 
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1. A sphere of 1$ feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes. Am. 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 
vertical angle when its volume is a maximum. Am. 

3. Prove that the volume of a truncated cone of height /* is represented by 

— (22* -r Rr + t*), 
3 

where R and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius i?, the vertex of the cone 
being at the distance D from the centre ; find the ratio of the superficial area 

of the cone to that of the sphere. Am. — — — . 

4. Two spheres, A and 2?, have for radii 9 feet and 40 feet; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of the volume of C over the sum of the volumes of A 
and B. Am. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of tho 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

4ir *(* - a) (s - b) (* - e) 
Atls. — — — — — — — — — — — . 

3 e 

8. Apply Guldin's theorem to determine the distance from the centre, of the 
centre of gravity, (1) of a semicircular area ; (2) of a semicircular arc. 

Am. (1) — , (2) — . 
3*" it 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

r» = Ax* + Jfy 3 

by any plane parallel to that cf xy, is th part of the cj Under standing on 

the plane section, and terminated by the plane of xy. 

T 
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ii. A cone is circumscribed to a sphere of 23 feet radius, the vertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 

12. The axis of a right circular cylinder passes through the centre oft 
sphere, find the volume of the solid included between the concave surface of the 
sphere and the convex surface of the cylinder. 

1TC 2 

Ans. — , where e is the length of the portion of any edge of the cylinder 

intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

1 3. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ans. lira \ - - — $« j, 

where a = radius, e = distance of the chord from centre, and cos o = -. 

a 

In this we suppose the arc less than a semicircle ; the modification when it 

is greater is easily seen. 

14. If the ellipsoid of revolution 

0* 

and the hyperboloid 

a 2 -b % 
** + ** £T-y* = fl2 » 

be cut by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 



15. Find the entire volume bounded by the surface 

©'♦(ST* (:-)'=■• 



and by the positive sides of the three co-ordinate planes. Ans. — . 

90 

16. Find the volume of the surface generated by the revolution of an arc of 

a parabola round its chord ; the chord being perpendicular to the axis of the 

curve. 

g 

Ans, — vb 2 e, where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

1 7. A sphere of radius r is cut by a plane at distance rffrom the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Ans. f *<*(!•* -<*»). 
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18. Find the area of a spherical triangle; and prove that if a curve traced 
on a sphere have for its equation sin X =/(0, A. denoting latitude, and / longi- 
tude, the area between the curve and the equator = lf{t)dl. 

19. Show that the volume contained between the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the surface 

4irabc 



©'♦©'♦G)'- - 



5.7 



2 1 . The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centres of gravity of the areas of the bounding 

sections. 

23. If A be the area of the section of any surface made by the plane ofay, 
prove, as in Art. 192, that 

A = J/ cos vdS, 

the integral being extended through the portion of the surface which lies above 
the plane of xy. 

24. If a right cone stand on an ellipse, prove that its volume is represented 
by 

-{OA. OA')*sm*aco8a; 

3 , 

where is the vertex of the cone, A and A' the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the'same case prove that the superficial area of the cone is 

- {OA + OA') {OA . OAy sin o. 



T 2 



( 2 7 6 ) 



CHAPTER X. 

i 

MOMENTS OF INERTIA. ! 

195. Moments of Inertia. — The following terms and integrals : 
are of such frequent occurrence in mechanical investigations 
that it is proposed to give a brief discussion of them in this \i 
Chapter. j| 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dm, its distance 
from the axis by p, and the moment of inertia by J 9 we have 

J = ^p 2 dm. (1) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane. 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 

2 (x 2 + y 2 ) dm. 

Similarly, the moments of inertia relative to the axes of 
x and y are represented by 2 (y 2 + z 2 ) dm and S (x 2 1- s 2 ) dm, 
respectively. 

Again, the quantities 2#Vw, , 2,y 2 dm 9 Hz 2 dm are the 
moments of inertia of the body with respect to the planes 
of yz, zx and xy, respectively. Also- the quantities 2 xy dm, 
2 zxdm, 'Syzdm are called the prodttcts of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body with 
reference to & point is 2r 2 tfw, where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S (x 2 + y 2 + z 2 ) dm. 
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196. Moments of Inertia relative to Parallel Axes, or 
Planes. — The following result is of fundamental importance. 
The moment of inertia of a body with respect to any axis exceeds 
Us moment of inertia with respect to a parallel axis drawn 
through its centre of gravity, by the product of the mms of the 
body into the square of the distance between the parallel axes. 

For, let J be the moment of inertia relative to the axis 
through the centre of gravity, /' that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of s, and the plane through the 
parallel axes for that of zx, we shall have 

J = 2 (ar + if) dm, T = S {(x + a)* + f} dm. 

Hence I' - I = 2a ^xdm + a 2, 2dm = a z M y 

since ILxdm = o, as the centre of gravity is at the origin, 

.-. I* = I+aW. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. # 

Again, it may be observed that of all parallel axes, that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or lamina?, by a system of planes 
perpendicular to the axis : then, if we find the moment of 
inertia for a lamina, we seek by integration to find that of 
the entire body. 
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197. Radius of Gyration. — If k denote the distance from 
an axis at which the entire mass of a body should be concen- 
trated without altering its moment of inertia relative to the 
axis, we shall have 

Mk* = J = Sr* dm. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

where dV denotes the element of volume, and F^the entire 
volume of the body. 

Hence, in homogeneous bodies, the value of & is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 

inertia in the form T w . 

I = M A- 2 , 

and, it is plain that in its determination, for homogeneous 
bodies, we may take the element of volume for the element 
of mass, and the total volume of the body instead of its mass. 
Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an in- 
finitely thin plate, or lamina, with respect to two rectangular 
axes OX, OY, lying in its plane, and if C be the moment 
of inertia relative to OZ drawn perpendicular to the plane, 

we have ' A ^ , 

C = A + B. (4) 

For, we have in this case A = Hit/dm, B = SoWm, and 
= 2 (0? + y 8 ) tfro. 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

Sa^m + ^y % dm = const. 

Hence if one be a max., the other is a min., and vice versd. 

We shall, in all investigations concerning laminae, take C 
for the moment of inertia relative to a line perpendioular to 
the lamina. 
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199. Uniform Bod, Rectangular Lamina. — We commence 
with the simple case of a rod, the axis being perpendicular to 
its length and passing through either extremity. 

Let x be the distance of any element dm of the rod from 
the extremity, then, since the rod is uniform, dm is propor- 
tional to dx y and we may assume dm = fxdx : hence, the 
moment of inertia /is represented by fi^x^dx, or by 



p. x*dx, 

Jo 



where / is the length of the rod. 

Hence j = H*L = M -. 

3 3 

If the axis be drawn through the middle point of the rod, 
perpendicular to its length, the moment of inertia is plainly 
the same for each half of the rod, and we shall have in this case 

P 
1= M-. 

12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sides. 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2a and 2b, and the moments of inertia 
round axes through the centre parallel to the sides, by A and 
B, respectively, 

A = -Mb\ B = -Ma\ (5) 

3 3. . 

Hence also, by (4), the moment of inertia round an axis 

through the centre of gravity, and perpendicular to the plane 

of the lamina, is 

-Mfa' + b 2 ). (6) 

3 
By applying the principle of Art. 196 we can now find 
its ^moments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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200. Rectangular Parallelepiped. — Since a parallelepiped 
may be conceived as consisting of an infinite number of 
laminae, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
20, 2b and 2c 9 respectively ; and, if A y JB, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

A=*M(V + <?) 9 B = -M(a 2 + c 2 ), C = -M(a 2 + b 2 ). (7) 

o o o 

201. Circular Plate, Cylinder. — If the axis be drawn 
through its centre, perpendicular to the plane of a circular 
ring of infinitely small breadth, since each point of the ring 
may be regarded as at the same distance r from the axis, its 
moment of inertia is r 2 dm, where dm represents its mass. 

Hence, considering each ring as an element of a circular 
plate, and since dm = p. 2n r dr, we get for C, the moment of 
inertia of the circular plate of radius a, 



C = 2T/1 i*dr = - J — = M — 

Jo 2 2 



Consequently, the moment of inertia of a ring, whose 
outer and inner radii are a and b> respectively, with respect to 
the same axis, is 

27T H 1*dr = 7T/1 = M . 

Jft 2 2 

Again, by (4), the moment of inertia of a circular plate 

a 2 
about any diameter is JH — , since the moments of inertia are 

4 

obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 

to any diameter is 

lr « 2 + b 2 



Right Cone. Elliptic Plate. 
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Also, the moment of inertia of a right cylinder about 
its axis of figure is 

a being the radius of the section of the cylinder. 

202. Bight Cone. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the cone, and by a the semi-angle 
of the cone, we have 

j.'>' to, «f'^ <fe ..a±*. 



J." 



IO 



where h is the height of the cone, and b the radius of its 
base. 



w 



Hence, since by Art. 1 69 the volume of the cone is - b 2 h 9 

3 
we have 



I = -*- Mb 2 . 
10 



(8) 



203. Elliptic Plate. — Next let us suppose the lamina an 
ellipse, of semi-axes a and b; and let A and B be the 
moments of inertia relative to these 
axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let ff be 
the moment of inertia for the circle 
round its diameter. 

Then, denoting by dB and dff the moments of inertia 
of corresponding rods, we have 

dBidB* = (npf : (npj = (oa) z : (ob)* = a 3 : b % ; 

.-. BiB* = a 3 : V. 
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M'b 2 



But If, by Art. 201, is 



4 



4 * 4 
Similarly, A = — S 2 . 

Hence the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 

M 

-(a 2 + b 2 ). (9) 

4 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters, 
and, accordingly, representing the mass of any element of a 
shell by dm, and by x y y, z any point on it, we have 

Hafdm = ^y 2 dm = SA. 

But 2 (a? + y 2 + z 2 ) dm = 2 i*dm, 

.'. 2 (a? + y 2 ) dm = - SrWw. 

Hence, the moment of inertia of a shell with respect to 

2 
any diameter is - wr 2 , where m represents the mass of the 

shell. 

Again, for a solid sphere of radius JB, since the volume 
of an indefinitely thin shell of radius r is 471* r 2 rfr, we get 

Sr 2 * = 47T f r'dr = ^ttB 5 = ^ VB 2 . 
Jo 5 5 

Hence the moment of inertia of a solid sphere relative to 
any diameter is 

-MB 2 . (10) 

5 
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205. Ellipsoid. — Let the equation of an ellipsoid be 



x 2 V 2 z 2 

— + — — 1 = 1 • 



and suppose A, B, C to be the moments of inertia relative to 
the axes a, b, c, respectively ; then 

C = v.2(x t + y*)dV = /u ff|V + y')<fo;<fyfife. 



Now let 



and we get 



7 = x > ~b =y > 



V 



C = ju abc [ f [ (aV* + &V) dx'di/'dz, 

where the integrals are extended to all points within the 
sphere 



x n - + y n - + z n =.1 



But, by the last example we have 



x'* dx'difdz' = f f f /» dafdydz' = ■£- n, 



In like manner 



A = 



— ttu abc (a* + J J ) = — (a" + b'). 
15 5 



— (J' + c 1 ), -B = — (c' + fl 5 ). 
5 5 



(") 



It should be remarked that the moments of inertia of the 
ellipsoid with respect to its three principal planes are 

M M M 

— a 2 , — b 2 , — c 2 , respectively. 

D O D 
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206. Moments of Inertia of a Lamina. — Suppose that any 
plane lamina is referred to two rectangular axes drawn 
through any origin 0, and that a is the angle which any 
right line through 0, lying in the plane, makes with the 
axis of x ; then, if JT be the moment of inertia of the lamina 
relative to this line, we have 

/ = ^Lp'din = 2 (// cos a - x sin a) 2 dm 

= cos 2 aS/ dm + sin 2 aSr dm - 2 sin a cos aS^ dm 
= a cos 2 a + b sin 2 a - 2 h sin a cos a ; (12) 

where a and b represent the moments of inertia relative to 
the axes of x and //, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, suppose X and Y to be the co-ordinates of a point 
taken on the same line at a distance E from the origin, and 

X Y 

we get cos a = -^, sin a = — ; and, consequently 

* IE 2 = aX 2 + bY 2 - 2I1 XY. 

Accordingly, if an ellipse be constructed whose equation is 

aX 2 + bY 2 - 2h XY = const., (13) 

wc have 

IE 2 = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of this ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the co-efficient of 17 no longer exists in the 
equation of the curve, we see that there exists at every point 
in a body one pair of rectangular axes for which the quantity 
h or ILxydm = o. 

This pair of axes are called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina, relative to the point. 
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Again, if A and B represent these principal moments of 
inertia, equation (12) becomes 

I = A cos 2 a + B sin 2 a. (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX 2 + BY 2 = const. 

207. Momental Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, the ellipse 

AX 2 + BX 2 = const., (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
same plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative 
to all axes. , 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for a system of four equal masses, each — , 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± 6, from the centre of gravity, where a and b 
are determined by the equations 

A = -Mb 2 , B = l -Md 2 . 

2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 



286 Moments of Inertia. 

oontre of gravity, they have the same moments of inertia for 
all axes. 

This follows immediately since an ellipse is determined 
when its centre and three points on its circumference are given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if JT be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 

I = A cos 2 a + B sin 8 a. 
But, by Art. 203, 

4 4 

M 
.*. / = — (b 2 cos 2 a + a 2 sin 2 a) 

4 

M , 7 ,/cos 2 a sinV 
= — a 2 b 2 — — + - s - 
4 \ a 2 b 2 

' M a 2 b 2 
4 r 2 * 

Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Products of Inertia of Lamina. — Suppose the lamina 
referred to its principal axes at a point ; and let p and q 
be the distances of any element dm from two axes, which 
make the angles a and j3 with the axis of x ; then, we have 

Sj9# dm = S (y cos a - x sin a) (y cos j3 - x sin j3) dm 

= cos a cos/3 S y 2 dm + sin a sin/3 2 x 2 dm 

-sin(a+/3) ^xydm 
= A cosa cos/3 + B sin a sin j3, 

since -4 = *2ifdm, B = ^x 2 dm x and ^xydm = o. 

Hence, if 'Spqdtn = o, we have 

-4 cos a cos/3 + B sina sin/3 = o, 
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and accordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

AX 2 + BY 2 = const. 



Hence, if two laminae in the same plane have for any point 

two pairs of axes for which ^pqdm = o and ILp'tfdm' = o, 

they have the same principal axes at the point. This 

follows from the easily established property that if two 

ellipses have two pairs of conjugate diameters in common, 

they must be similar and coaxal. 

209. Triangular Lamina and Prism. — Suppose a triangular 

lamina, whose sides are o, b, c, to be divided into a system 

of rods parallel to a side a ; and, let 

A represent the moment of inertia 

relative to a line parallel to the 

side a, and drawn through the 

opposite vertex ; also, let p be the 

perpendicular of the triangle on 

the side 0, and x the distance of an 

elementary rod from the vertex; 

then we have, since the mass dm of the elementary rod may 

ax 
be represented by p — dx, 



/ x 




- s 




jS r 





ax 
A = , 2tX 2 dm = juS« 2 — dx 

P 



= P 



a 
P 



ap* 

4 



[x*dx = 11— = — p 9 



2 



In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertices parallel 
to b and c ; and let q, r be the corresponding perpendiculars 
of the triangle, and we have 

B = — q-, C = — r. 

2 2 



Again, if A 9 , B > C , represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

A = ~Mp\ B = ~Mq\ C„ = ijl/V. (16) 

Also, if A u B XJ Ci, be the moments of inertia relative 
to the sides a, 6, c, respectively, it follows, in like manner, 
from (2), that 

A x = l 6 Mp\ B, = l 6 Mq\ C x = * JZV. (17) 

Again, it is readily seen that the values of A, A n , A. l9 &c, 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

three masses, each — , placed at the middle points of the 

sides of the triangle. 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 

J = -l-rMUr + tf + c 2 ). (18) 

This expression also holds for the moment of inertia of a 
triangular prism with respect to its axis* 

In like manner, the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 

'A'*'-i> j"H-?> X*;'-x)' 

and the same expressions hold for a triangular prism relative 
to its edges. 



* By the axis of a prism is understood the right line drawn through its 
centre of gravity parallel to its edges. 
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210. Momental Ellipse of a Triangle. — It can be shown 
without difficulty that the ellipse which touches at the middle 
points of the sides may be 
taken for the momental ellipse 
of the triangle. 

For, let x, y 9 z be the 
middle points of the sides, 
and it is easily seen that O 
is the centre of this ellipse; 
also, if, /,, J 2 ,* J 3 be the 
moments of inertia of the lamina relative to the lines 
ax, hy, tz y respectively, it can be readily shown from (17), 
that we have 



Jl\ \ JL% I JLz — 




I 

• 


I 


I 


(«*)•' 


(W 


(«)» 


I 

• 


1 

• 


I 



(ox) 2 ' (oy) 2 ' (oz) 2 ' 

Accordingly, by Art. 207, the ellipse xyz may be taken for 
the momental ellipse of the lamina. 

211. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
A, fi, C, D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a, ft, c, d, and the corresponding perpen- 
diculars of the tetrahedron by p, q, r, s, respectively, it is 
easily seen, as in Art. 209, that we shall have 

A = mtfdm = uHLtfa — dx = u-z\ x*dx 

P P Jo 

"P* 3 TUT . 

= u— = -Mp*. 
5 5 

In like manner we have 

B = -Mq\ C - ^-Mr*, D - ^i/Y. 
5 5 5 

u 



*9° 
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Again, if A , Bo, C , Do be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
oentre of gravity of the tetrahedron, we have, by (2), 

A = jtMp\ B* = ±Mq\ Co = ±Mt>, D = £.M*. (19) 



80 



80 



Also, if A x , B x , C } , Bi be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

Ai=— Mp\ B^—Mq*, C, = — Jfr», 2), = — M#. (20) 
10 10 * 10 10 v ' 

212. Solid Ring* — If a plane closed curve, which is 
symmetrical with respect to an axis AB, be made to revolve 
round a parallel axis, lying in 
its plane but not intersecting the 
curve, to prove that the moment 
of inertia I of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 

Jf(tf + 3& 2 ), 

where M is the mass of the solid, 

h the distance between the parallel 

axes, and k the radius of gyration of the generating area 

relative to its axis. 

For, if the axis of revolution be taken as the axis of ar, 
and, if y, Y be the distances of any point P within the 
generating area from AB, and from OX, respectively ; and, 
if dA be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is 2ir Yd A, 
and its mass 2irfiYdA ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is 2TrfiY 3 dA; 
accordingly, we have 

/= 27r/iSF 3 flU = 27r/u2(A + y) s eL4 
= 27r/u 2 (A 3 + 3% + shy 1 + f) dA. 




* This discussion was given by Mr. Townaend in the Quarterly Journal of 
Muthematics, vol. x., p. 203. 
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Moreover, since the curve is symmetrical with respect to 
the axis AB> it is easily seen that we have 

"ZydA = o, "ZtfdA = o. 

Also; by definition, *2y 2 dA = Ah 2 . 

I = 2irfihA (A 2 + 3& 2 ). 

Again, by Art. 177, M = 2irfihA 9 

.-. J = if (A 2 + 3 A; 8 ). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
zing, of radius a, round its axis is 



M 



(* 2+ H- 



Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

1 = M(h* + a 2 ). 

There is no difficulty in adding other examples. 

213. We shall conclude this chapter with a short discus- 
sion of the general case of the moments and products of 
inertia, for any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p y q, r represent the respective distances of 
any element dm from the three planes 

a? cos a + y cos/3 + 2 cos 7 = o, 

x cosa + y cos/3' + z cosy' = o, 

_ x cosa" + y cos/3" + z cosy" = o. 

Then 

^pqdm = S^cosa + ycos/j + zcos^fa-cosa'+ycos/S'+zcoS'y'jrfjif 

= cosa cosa' ^afdm + cos/3 cos/3' *5Ly l dm + cosy cosy' Ss'eftn 
+ (cosa cos /3' + cos/3cosa / ) ^Lxydm 

+ (cosy cosa' + cosa cosy') *2zxdm 

+ (cos /3 cos y + cob y cos /30 TZyzdtn; 

and we get similar expressions for Uprdm and *2qrdm. 

v 2 
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Now, suppose that we take 

2<rVm = a, '2y 2 dm = 6, SsVw = c, 
*2>yzdm = /, *£zxdm = g, ^xydm = A; 

then the preceding equation may be written 

Hpqdm = cos a (a oosa' + A cos/3'+ ^ cosy') 
+ cos/3 (A cosa' + b cos/3' + /cosy') 
+ CO87 ($r cosa' +/ cos/3' + c COSy') ; (22) 

along with similar expressions for *2,rpdm and 2 qrdm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

Hpqdm = 0, 2 ipdm - o, 2 qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX 2 + bY 2 + cZ 2 + ifYZ + igZX + zhXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia, for any body, vanish: viz., the principal planes of the 
preceding ellipsoid.^ 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called fas principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which *2>pqdm = o, 2 rpdm = o, 
^qrdm = o, ^p'qdm' = o, ILr'p'dm' = o, 2 # V dm' = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 

* Salmon's Geometry of Three Dimensions, Art. 72. 
f The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
will be considered subsequently. 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must be similar and coaxal. 

215. Let us now suppose the co-ordinate planes to be the 
principal planes of the body for the origin, then the moment 
of inertia relative to the plane 

xcosa + y cos/3 + scos*/ = o 
is 
*2,p 2 dm = 2 (#cosa + y cosj3 + zoo&y) 2 dm 

= cos 2 aS^fl?m + cos 2 /3Sy 2 rfw + cos*7 Ss'cfow, (24) 

since in this case we have 

*2ixydm = o, ^zxdm = o, liyzdm = o. 

Again, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
«> j3, y ; then we have 

J+ *2p 2 dm = ?Lr 2 dm = 2 (tf' + ^ + s 2 ) dm, 

.-. I = cos 2 a S (y 2 + z 2 ) dm + cos 2 )3 2 (s 2 + x 2 ) dm 

+ cos 2 y 2 (x 2 + y 2 ) dm ; 
or 

I = A cos 2 a + B cos 2 ji + Ccos 2 7, (25) 

where A, B, C are the moments of inertia of the body 
relative to its three principal axes. 

A, B 9 G are called the three principal moments of inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of A, -B, C are called the principal 
moments of inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a 
body relative to any line passing through a given point is 
known, whenever the angles which the line makes with the 
principal axes are known, as also the moments of inertia 
relative to these axes. 
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216. Ellipsoid of Gyration. — Suppose, as before, the solid 
referred to its three principal axes at any point, and let a, b,c 
be the corresponding radii of gyration, i. e., let 

A = Ma\ B = M b\ C « Mc\ 

and I = MJ? ; then equation (25) becomes 

A* = a* cos* a + 6*cos 2 /3 + c'cos'y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a, b, c for the lengths 
of its corresponding semi-axes; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Salmon's Geometry 
of Three Dimensions, Art. 89,) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre of 
gravity of the body. 

217. Momental Ellipsoid. — If X, Y, Zhe the co-ordinates 
of a point JR taken on the right line through the origin 0> 
whose direction angles are a, /3, 7 ; we have 

X = Oleosa, T = 0J2 cos/3, Z = OjBoos 7 . 

Substituting the values of cos a, cos/3, cosy, deduced 
from these equations, in (25), it becomes 

J. OH? = AX 2 + BY 2 + CZ 2 . 

Suppose now that the point R lies on the ellipsoid 

AX 2 + BY 2 +CZ 2 = const, (27) 

and we get I. OB? = A, denoting the constant by A ; 

••• J - w (28) 

Hence the moment of inertia relative to any axis, dratcn 
through the origin, varies inversely as the square of the cor- 
responding diameter of the ellipsoid (27). 
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From this property the ellipsoid is oalled the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis ifl 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Equimomental Cone. — Again, since 

cos 2 a + cos* (5 + cos 2 7=1, 
equation (25) may be written in the form 

(A - J) cos 2 a + (B - I) oos 2 ]3 + (C - J) cos 2 ? = o ; 

hence the equation 

(A-I)X 2 + (B-I)Y 2 + (C-I)Z 2 = o, (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When 1= By the cone breaks up into two planes ; viz., 
the cyclic sections of the momental ellipsoid. 

For a more complete disoussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Eouth's Rigid Dynamics, Chapters I. and II. ; as also 
to Mr. Townsend's papers in the Camb. and Dub. Math. 
Journal, 1846, 1847. 
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Examples. 

Find the expressions for the moments of inertia in the following, the bodies 
being supposed homogeneous in all cases. 

1. A parallelogram, of sides a, b 9 and angle 0, with respect to its sides. 

M M . . M 
Ans. — trsu&B. — a 2 sin*0. 
3 3 

a. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 



Ans. 3f[— + &\. 



3. An equilateral triangle, of side 0, relative to a line in its plane at the 
distance d from us centre of gravity. 



Ant. Jf(* + d*\. 



4. A right angled triangle, of hypothenuse c y relative to a perpendicular to 
its plane passing through the right angle. 

An*. M-. 
6 

5. A hollow circular cylinder, relative to its axis. 

r 2 + r* 2 
Ans. M , where r and r' are the radii of the bounding circles. 

2 

6. A truncated cone with reference to its axis. 

3 if b 5 - V* . 
Ans. rz — 775, where b and b' are the radii of its bases. 

; 10 lr — * 

1 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

\M I . £ 2 \ 
Ans. ( h 2 + — J , where h denotes the altitude of the 

cone, and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, 0, y with 
its axes. 



Ans. -~(a 2 sin 2 a + * 2 sin 2 i3 + c 8 sin2'yy 



9. Area bounded by two rectangles having a common centre and whose 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plane. 

M (« 2 + A 2 ) ab - (a**+b**)*'b' 

Am ' Tz S3S? • 
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10. A square, of side a, relative to any line in its plane, passing through its 

centre. 

a* 

Ans. M — . 
12 

1 1. A regular polygon, or prism, with respect to its axis. 

Ans. — ( &+ ir 2 ) , where R and r are the radii of the 
circles circumscribed, and inscribed to the polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse have the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 
lamina, of mass M> are the samo as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass -M. placed at its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

JLf 

the same as for four masses, each — , placed at the vertices of the tetrahedron, 

4 2 ° 

combined with a mass - M placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all lie in a plane 
passing through its centre of gravity, prove that they envelope a conic, having 
that point for centre, and the principal axes in the plane for axes. 

16. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a conf ocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of 
the body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelope a cone of the second degree. 

21. For different values of the constant moment the several enveloped cones 
•are confocal ? 

22. The common axes of this system of cones are the three principal axes of 
the body for the point P 

23. The three principal axes are the normals to the three surfaces confocal 
to the ellipsoid of gyration, which pass through the point. 
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CHAPTER XI. 

ON MEAN VALUE AND PROBABILITY. 

219, One of the most remarkable applications of the Integral 
Calculus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less difficult questions on these subjects, which 
will serve to give at least some idea of the methods to be 
employed. We will suppose the student to be already 
acquainted with the general fundamental principles of the 
theory of Probability. 

MEAN VALUES. 

220. By the Mean Value of n quantities is meant their 
arithmetical mean, i. e., the n th part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals the nearer is this to the trup value. 

This mean value, however, depends on the law according 
to which we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus for instance, if a body fall from rest till it attains the 
velocity v, and if it be asked, what is its mean velocity 
during the fall ? If we take the mean of the velocities at 
successive equal infinitesimal intervals of lime, the answer 
will be £ v : but if we consider the velocities at equal 
intervals of space, it will be $0. The former is the most 
natural supposition in this case, because it is the answer to 
the question — What is the velocity with which the body 
would move, uniformly, over the same space in the same 
time? — a question which implies the former supposition. 
We could frame a similar question, of a less simple kind, to 
which the second value above would be the answer. 



Mean Values. 299 

Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a seriea 
of ordinates equidistant from each other ; or through equi- 
distant points of the circumference ; or such that the areas 
between each pair shall be equal ; in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be 
supposed at first sight, but depends on the law assumed as to 
its successive values. 

221. Case of One Independent Variable. — We will there- 
fore suppose any variable magnitude y to be expressed as a 
function <f> (x) of some quantity x on which it depends, and 
its mean value taken as x proceeds by equal infinitesimal 
increments h from the value a to the value b. Let n be the 
number of values, then nh = b-a. The mean value is 

- J (a) + <j> (a + h) + <f> (a + 2h) + . . . . j. 
But (Art. 90), 

h J <j> (a) + <f> (a + h) + <j> (a + 2/1) + . . . . j = <p[x) dx* 

Hence the mean value is 

1 f* 
M = j I <f> (x) dx. (1) 



b - a 



Ja 



EXAJIPLES. 

1. To find the mean value of the ordinate of a semicircle, supposing the- 
series taken equidistant. 

M as — I a/** - X* dX a - r, 
*r )- r Y 4 

riz. , the length of an arc of 45 . 

2. In the same case, let us suppose the ordinates drawn through equU 
distant points on the circumference. 

I fir 2 

M = — I rsin0 dO = -r; the ordinate of the centre of gravity of the arc. 

* Jo * 
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3. Determine the mean horizontal range of a projectile in vacuo for dif- 
ferent angles of elevation from 45 - to 45°+ ; given the initial velocity V. 

If a be the angle of elevation, the range is 

V 2 
J2 = — sin 2a. 

9 
1 f V 2 
Hence M *= — - 1 — sin 2 a da. between the limits 45* -+- $ ; 

20) g ^ -tj — » 

.- V 2 sin 20 

.'. M = -— . 

9 20 

2 V 2 

The mean value for all elevations, from o° to 90 , is . 

* g 

4. A number n is divided at random into two parts ; to find the mean value 
of their product. 



1 f n 1 

M as - I x (n — x)dx = -n\ 
mJo v ' to 



5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points A as fixed, and the other 2? 
to range over the whole circumference ; since by altering the position of A, we 
should only have the same series of values repeated ; let be the angle between 
AB and the diameter through A\ as we need only consider one of the two 
semicircles, 

if «= -L f f 2 rcos0d0 = — . 
JwJo * 

6. To find the mean value of the reciprocals of all numbers from n to 2*, 
when n is large. 

That is, to find the mean value of the quantities 

1 1 1 1 1 11 



n* n 1, n 2' n »; 

n n n 

that is, the mean value of the function — , as z goes by equal increments from 

nx 

a to 2 ; 

•t dx 



1 f * dx 1 

.•. M = I — = -log 2. 

2 - i )i nx n 



7. To find the mean values of the two roots of the quadratic 

x 2 — ax + b = o, 

the roots being known to be real, but b being unknown, except that it is 
positive. 

a 1 
That is, b is equally likely to have any value from o to — ; hence for the 

4 
greater root, a, 
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I fi°" 



4 f a 
= -^ I o(2a-a)<fa; 



.-. M = fa. 

6 

The mean value of the smaller root is - a. 

6 

The mean squares of the two roots are — a 2 , — a 2 . These might be deduced 

24 24 

from the former results, as 

M(x 2 ) - aM (x) + M{b) = o. 

222. If M be the mean of m quantities, and M' the mean 
of rri others of the same kind, and if fi be the mean of the- 
whole m + rri quantities, we have evidently 

fx = ■ — — ( 2 ) 

m + m 

Thus if we have to find the mean distance of one ex* 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

Aft* 

the mean value when it falls on the arc is — , we have 

7T 



AT 

2r . r + itr — 

7T 6r 



A* = 



ir + irr 2 + ir 



223. Case of Two or More Independent Variables. — 

If z = $ (x, y) be any function of two independent 
variables, and x, y be taken to vary by constant infinitesimal 
increments A, k> between given limits of any kind, the mean 
value of the function z will be 

M = ±h£±, (3) 

J J dxdy 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose x, y, z the> 
co-ordinates of a point ; and to conceive the boundary repre- 
senting the limits traced on the plane of xy y and then ruled 
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by lines parallel to x, y at intervals k, h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
«ach angle an ordinate z be drawn to the surface z = (a?, y), 
as the number of ordinates will be the same as that of 
rectangles, we shall have 

volume J J zdxdy = sum of ordinates x hk. 

Also the plane area j j dxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

lib is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points uniformly distributed over a given plane 
area. 

Examples. 

i. Suppose a straight line a divided at random at two points, to find the 
Average value of the product of the three segments. 

Let the distances of the two points X, Y, from one end A of the line, be 
called x, y. Consider first the cases when x>y; the sum of products for these 
is half the whole sum ; hence 

2. A number a is divided into three parts ; to find the mean value of one 
part. 

Let r, y, a - x - y, be the parts ; 



(a ra-u 



dxdy 
o 



This value might be deduced, without performing the integrations, by con- 
sidering that the expression is the abscissa of the centre of. gravity of the 
triangle OAB ; 0A y OB being lengths taken on two rectangular axes, each = a. 
Of course the result in this case requires no calculation ; as the sum of the 
mean values of the three parts must be = a ; and the three means must be equal. 



a* 



The man tquan of a part is -7 
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3. A number a is divided at random into three parts: to find the mean 
value of the least of the three parts : also those of the greatest, and of the mean. 

Let x, y, a — * — y, he the greatest, mean, and least parts. The mean value 

f f x dx dy , 

of the greatest is M = -7-?—, — 7— ' the limits of both B 

ffdxdy 

integrations being given by 

x>y>a-x-y>o. 

If x, y be the co-ordinates of a point, referred 
to the axes OA, OB, taking OA = OB = a, the 
above limits restrict the point to the triangle A VH 
(AM being drawn to bisect OB) ; and the above 
value of M is the abscissa of the centre of gravity 

of this triangle ; L e., - of the sum of the abscissas of its angles ; hence 

3 




M 



1 / 1 1 \ ii 

= -(<* + -a + -«] =- «. 

3\ * 3 / <* 

The ordinate of the same centre of gravity, viz., 



Lr-a + la) = 4 
3\* 3 / iS 



is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively j 



i' 5 * 

IT' IT' 9*' 



4, To find the mean square of the distance of a point within a given 
square (side = 20), from the centre of the square. 



If » JL f - [" (** + yl) dxdy = -«*. 
4« 2 J-« J-a \ ' 3 



It is obvious that the mean square of the distance of all points on any plane 
area from any fixed point in the plane is the square of the radius of gyration of 
the area round that point. 



5. To find the mean distance of a point on the circumference of a circle 
from all points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, 
if dS be any element of the area, we have 

*, 11**8 1 n recoct 32 „ 

w<r x<rj irJ 9» 
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224. Many problems on Mean Values, as well as <m 
Probability, may be solved by particular artifices, which, if 
attempted by direct calcula'ion, lead to difficult multiple 
integrals which could hardly be dealt with. 

Examples. 

1. To find the mean distance between two points within a given circle. 

If M Im» the required mean, the sum of the whole number of cases is 
represented by 

(wi*)*If; 

now let us consider what is the differential of this, that is the sum of the new 
cases introduced by giving r the increment dr. If Mo be the mean distance 
of a p<>int <>n the circumference from a point within the circle, the new cases 
introduced by taking one of the two points A on the infinitesimal annulus 
2vrdr y are 

irr*ifo. iirrdr; 

doubling this, for the cases when the point B is taken in the annulus, we get 

d. {(*r*yM } = vPM r*dr. 

Now M Q = — (Ex. 5, Art. 223), 



<;* 

128 f r 

.-. wMJf = * t*dr, 

9 Jo 

•\ M = r. 

2. To fid the mean square of the distance between two points taken en 
any plane area A. 

Let dS> db' be any two elements of the area, A their mutual distance and 
we have 

Now fixing the element dS, the integral of A 2 dS' is the moment of inertia 
of the area A round dS ; so that if K = radius of gyration of the area round dS 

A JJ ' 

let r = distance of dS from the centre of gravity G of the area, k the radius of 
gyration round G t then 

\ lf= *« + — ffr*dS = 2**; 

A 

thus the mean square is twice the square of the radius of gyration of the area 
round its centre of gravity. 
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225. The mean distance of a point P within a given 
area from a fixed straight line (which does not meet the 
area) is evidently the distance of the centre of gravity Q 
of the area from the line. Thus if A, B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APB = the triangle AOB. 

From this it will follow, that if X, F, Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZis the triangle (?(?'(?", 
determined by the three centres of gravity of the spaces. 

Example. 

1. A point P is taken at random 
•within a triangle ABC, and joined with 
the three angles. To find the mean value 
of the greatest of the three triangles into 
which the whole is divided. 

Let G he the centre of gravity, then if 
the greatest triangle stands on AB, P is 
restricted to the figure CHOK, and the 
mean value of APB is the same as if P 
were restricted to the triangle GCK; . 
hence we have to find the area of the 
triangle whose vertex is the centre of gravity of GCK 9 and base AB ; 

.-. M = - (ACB + AKB + AQB) = L(i+L + ±\ ABC, 
3 11 3\ * 3/ 

hence the mean value is -^ of the whole triangle. 

1 c 

The mean values of the least and mean triangles are respectively - and ~ 

of the whole. 

226. If M be the mean value of any quantity depending 
on the positions of two points (e.g., their distance) which are 
taken, one in a space A, the other in a space B (external to 
A) ; and if M ' be the same mean when both points are taken 
indiscriminately in the whole space A + B; M Ay M B the 
same mean when both points are taken in A, and both in B, 
respectively; then, 

(A + B) 2 M' = 2 ABM + A 2 M A + &M M - (4) 

If the space A = B, 

4 Jf - 2M+M A + M 3 ; 
if, also, M A = M By 

zM' = M+M A \ 
x 
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thus if M be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, M x that of two 
points in one semicircle, we have (Art. 224) 

45*- 
To determine M or M \ is rather difficult, though their 
sum is thus found. 



Examples. 

1. Two points X, Y are taken at random within a triangle. What is the 
mean area M of the triangle XYC, formed by joining them with one of the 
angles of the triangle ? 

Bisect the triangle by the line CD ; let Mi be the mean value when both 
points fall in the triangle ACD; M% the value when one falls in ACD and the 
other in BCD ; then 

2M « M 1 + M%. 

But Mi = - M; and M2 = 00' C, where G, 0' are the centres of gravity 
of A CD, BCD, this being a case of the theorem in (225) ; hence M% —-ABC, 

"* M= ±ASC. 

V , 

2. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 

By a similar method this is found to be 

— £ of the whole square. 

3. What is the mean area of the triangle formed by joining the same two 
points with the centre of the square ? 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if M be the mean, the sum 
of all the cases is 

Ijf-^Jf.+ aljIi + Ijti, 

M\, M 2 , M$ being the mean areas when the second 
point Y is taken respectively in OA, OB, and OC. 
But Ms = Mi, for to any point Fin OC there cor- 
responds one Y' in OA, which gives the area 
OXY' = OXY; 

.-. M = -Mi+-M 2 . 
2 2 

But Mi = —^ • -, jtf 2 = — ; hence M = -^- of the whole square.* 

* In such questions as the above, relating to areas determined by points 
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227. If two spaces A + C, B + C have a common part 
C, and M be any mean value relating to two points, one 
in A + C, the other in B + C; and if the whole space 
A + B + C = W y and M w be the same mean when both points 
are taken indiscriminately in W\ M A when taken in A, &c, 
then 

2 (A + C) (B+C)M = TTM W + C 2 M c -A 2 M A -B 2 M By ( 5 ) 

as is easily seen by dividing the whole number W 2 of cases 
into the different classes of cases which compose it. 

Example. 

1 . Two segments, AB, CD, of a straight line have a common part CB ; to 
find the mean distance of two points taken, one in AB, the other in CD. 

2AB.C2.M=Al)*.-AD+C&.-CB-AC*.±AC-JBIfi.-Bl) f 

3 3 3 3 

since the mean distance of two points in any line is - of the line ; 

_ AD* + CB* - AC* - DB* 
•"' 6AB.CD 

2 28. The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included within a given space A 9 the chance of a 
point P, taken at random on A, falling on S, is 

8 
P =A' 

But if the space S be variable, and M(S) be its mean value 

M(8) , . 

P = 7—- W 



taken at random in a triangle or parallelogram, we may consider the triangle as 
equilateral, and the parallelogram as a square. This will appear from orthogonal 
projection ; or by deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
side of an equilateral triangle of the same area ; and then be deformed in like 
manner into the equilateral triangle itself. Likewise a parallelogram may be 
deformed into a square. 

X 2 
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For, if we suppose 8 to have n equally probable values 
&i$ 8 2y S 3 ... , 9 the chance of any one S x being taken, and of 
P falling on S u is 

iffi 
Pi = --7-: 

now the whole probability p = p x +p 2 +^ 3 + . . . ; which leads 
at once to the above expression. 

The chance of two points falling on S is 

P = —JT- ' (7) 

In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points X, Y taken at random in a line, 
by the consideration that if a third point Zbe taken at random 

in the line, the chance of it falling between X and Y is - ; as 

3 
one of the three must be the middle one. Hence the mean 

distance is - of the whole line. 
3 

Examples. 

1. From a point X taken anywhere 

in a triangle, parallels are drawn to two C 

of the sides. Find the mean value of ^/ / \ 

the triangle UXV. y^ \ 

If a second point X $ be taken at S\ .A 

random within ABC t the chance of y/ \ y^ \ 

its falling in XUV is the same as the ytL. \-^~- -\ 

chance of X falling in the corresponding / .--*^\X\x \ 

triangle X' XI' V ; that is, of X' falling /**''""/ \ \ \ 

on the parallelogram XC. Hence S\>'''''" / \ *\ \ 

jf--' / \ v\ 

mean value of UXV— mean yalue of XC. a U V B 

But the mean value of (UXV + XC) is - ABC; as the whole triangle can be 
divided into three euch parts by drawing through X a parallel to AB* Thus 

M{UXV) = ±A3C. 

The mean value of UV is -AB. For l7Tis the same fraction of AB that tho 

3 
altitude of X is of that of C; see Art. 225. 



* The triangle may be considered equilateral ; see note, p. 306. 
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Cob. Hence, if p = perpendicular from X on AB, h = altitude of triangle 
ABC, 

M(p*) = ^h*. 
If we take the area ABC as unity, we have, since UXV: AXB = AXB : -4i?C, 

(^XB) 2 = UXV. 



Thus the mean square of the triangle AXB is -. If two other points Y, Z arc 

taken at random in the triangle, the chance of both falling on AXB is thus the 

same as that of a single point falling on UXV', i. e., t> Hence we may easily 

infer the following theorem : — 

If three points X, Y, Z are taken at random in a triangle, it is an even 
-chance that Y, Z both fall on one of the triangles 
AXB, AXC, BXC. 

2. In a parallelogram ABCD a point X is taken at 
random in the triangle ABC, and another Y in ADC. 
Find the chance that X is higher than Y. 

Draw XH horizontal, the chance is 

mean area of AHK± ADC. 

But AEK= X UV, and the mean area of X UV= \ ACB 

1 6 



{Ex. 1) ; hence the chance is 



6* 




3. If be a point taken at random on a triangle, and lines drawn through 
it from the angles, to find the mean value of the triangle DBF. (Mr. Miller.) 

It will be sufficient to find the mean area of the triangle AEF, and subtract 
three times its value from ABC. If we put a, $, y for the triangles 
HOG, AOC, AOB, it is easy to prove 



AEF = 



07 



(a + j8)(a + 7 ) 



-ABC. 



If we now put the whole area ABO— 1, and 
if dS be the element of the area at 0, 

the integration extending over the whole triangle. 

Now if p, q are the perpendiculars from on the sides b, e, it may be easily 
shown that the element of the area is 




48 = ^ 



sin A be s,mA 



d&dy = idfidy. 
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Thus the mean value of AEF becomes 

Jo Jo (i-0)(i-7) Jo v 6 I-/B 

Again, by Art. 95, the definite integral 



i 



I -ft 6 

IT 2 

-3- 



Hence the mean value of the triangle DEF is 

10 — ir 2 , 
that of ABC being unity. 

It is curious that the same valne, 10 — w», has been found by Col. Clarke to 
be the mean area of a triangle formed by three lines, drawn from A, B, C to 
points taken at random in 0, b, c respectively. 

4. To find the average area of all triangles having a' given perimeter (2*). 
By this is meant that the given perimeter is divided at random in every possible 
way into three parts, 0, b, c t and only those cases are taken in which a, b> e can 
form a triangle ; then the mean value of 



a = y'n*-*) (*-*)(*-«) Ax y b 

has to be found. 

Take AB = 2*, let X, Y be the two points of division, AX = x 9 AY=y\ 
these are subject to the conditions 

#<*> y>«, y-x<s; 
Now A / 

-— - %/(*-«) (y-*)(*-y + #), 



V 



I */(*-x){y-8)(8~y + z)'dydx 
M(A) = ±-hzl ^~ 



.2* r * 

8 



!\ dydx 
* Jy-t 

Again, by Art. 132, we have 

f 



V (»-*) (*-y + x)dx = -{2*-y)\ 
y-$ o 



*y s p *j» 4* Jo 4 105 



» 



The result is therefore : — Mean area = (2*) 2 . 

105 

In the same case we should easily find 




*i 



Mean square of area = — . 

60 



Mean Tallies. 



3" 



5. Three points are taken at random within a given triangle ; prove that 
the mean area of the triangle formed by them is — of the given triangle. 

Gall the area of the given triangle A, the required mean Jf : we will first 
prove that if if be the mean area when one of the three points is restricted to 
a side of the given triangle, 

If = ^M - 
4 

Let A receive an increment of area dA, by adding to it an infinitesimal band 
included between the base a, and a line parallel to it; the increase produced in 
the sum of all the cases is found by considering one of the random points 
X taken in this band ; the additional cases introduced will be 

A 2 dA.M . 

The whole increase is treble this, for we must consider also the cases when 
Y, Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being proportional to dA 2 ). Now the sum of the whole 
original cases is A s Jf ; hence 



M 



d(A*M) m 3 A*JforfA; 



Now -— is constant for all triangles (see note, 
P- 306), 

.'. —d.A i = ZA 2 M dA 9 .'. M=-M . 
A 4 




Again, to find Jf<>, consider the random point X fixed at a particular point 
D of the base «, the other two points Y, Z, ranging all over the triangle. Let 
M' be the mean value of DYZ; the sum of all the cases, viz., A 8 M , may be 
decomposed into three groups, (1) when Y t Z are in ABD y (2) both in ACD, 
(3) one in each triangle : 



.-. (ABC)*M r = ( ABD)* • ±ABD + (ACD)*- ±ACD + 2 A BD . ACD • ^?? f 

by Ex. (1), p. 306, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABD, ACD (Art. 
225). Put BD = ar, altitude of triangle =p, and we get 

Now when the point X falls in the element dx> the sum of all the eases is 
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A 2 M'dz ; and hence, when X ranges from B to C, the whole sum of cases is 
aA'Jfo = £ A*M'dx = (ip)*^ j^*H±(a-*)*4j«*(a-*)j*r, 

/. a A 3 Mo « (ip) 8 -«* = -«A». 

9 9 

Hence Jfo = - A ; and therefore M = -Mo = — A. 
9 4 »* 

Cor. Hence, if four points A, B, C, D, are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is -. For 
the chance that D falls in ABC is the mean value of ABG divided by the 
whole triangle, that is — ; and we have to add to this the chances that C falls 

12 2 

in ABB. &c. The chance that A BCD is convex is -. 

3 

PROBABILITIES. 

229. The calculation of Probabilities, when the number 
of favourable cases, as well as the whole number of cases, 
is finite, is not a subject for the infinitesimal Calculus. 
It is when the number of cases depends on continuously 
varying magnitudes, and is therefore infinite, that recourse 
has to be made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random, that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any suoh uncertainty. 

* Of course a large number of values taken at random for a variable does 
not really form an equi-different series : but, as they must give a number of 
points (when measured along a straight line) of uniform density, they may be 
taken, for the purposes of calculation, as equi-different. 
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230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 
the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, all equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 

and the number of favourable cases is 

4 + 5 + 6, 

so that the required chance is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the chance that the 
greater of the two is less than a given value b :— 

Let x be the greater ; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to x) ; hence the number of cases when the 
greater falls between x and x + dx is measured by x dx ; the 

whole number of cases is therefore xdx; and the favourable 

rb Jo m p 

<5ases are x dx. The required chance is therefore p = -j. 

Jo a 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a line of length a, from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chance that both points fall within b : which chance 

is evidently — . 

231. "We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or Geometrical 
Probability. 
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Examples. 

t. If an event B is known to have occurred in a certain century, the chance 
that it was not distant more than n years from the middle 'of the century is of 

course ; but if three events A, B, C are known to have occurred in the 

100 

century, and that A preceded B f and B preceded C y let it be proposed to find 

how this amount of knowledge alters the value of the chance for B. 

Let x be the time from the beginning of the century to the event B; for 

any assigned value of x, the number of triple cases is #(ioo — x) : hence the 

number of favourable cases divided by the whole number is 



V = 



I60«n 
x(\OQ-x)dx 
50-n 

(100 
x(ioo-x)dx 



— - (— Y 

~ ioo 4 \ioo/ 



2. Two numbers, x, y, are chosen at random between o and a : find the 

a 2 
chance that the product xy shall be less than — (its mean value). 

4 



Here 



ffdxdy 
* = —*-> 



the integral being limited by a > x > o, a > y > o, and xy <—. We have 

4 
accordingly to integrate for y from a to o, when x is between o and a ; and from 

<* 2 a 

— to o. when x is between - and a ; thus 

4* 4 

a 

1*4 f a « 2 a 2 a 2 

J/rfrrfy " J ad * + ). ^*" " 4 + 4 l0 «4- 



Hence 



1 f i 
j> = -+-log2. 

4 2 



3. Two points are taken at random in a given line a ; to find the chance 
that their distance asunder shall exceed a given value c. 

It is easy to see that the distances of two such points from one end of the 
line are the co-ordinates of a point taken at random 
in a square whose side is a. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed 
over its surface. 

Thus, if in the above question x, y stand for the 
distances of the two points from one end of the line, 
y being greater than x, we have to find the chance 
of y — x exceeding e. The point P whose co- 
ordinates are x, y, in the square OB (side = a), 
may take all possible positions in the triangle 0BD y 
if no condition is imposed on it. But if y — x > e , 
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then if we measure Off = c, the favourable cases occur only when P is in the* 
triangle BSI; hence the probability required is 



P = 



BHI 
OBD 



- (H-y- 



In fact this is only performing the integrations in the expression 



P = 



n 



y-c 



dydx 



n 



dydx 



4. Two points being taken at random in a line c % to find the chance that no> 
one of the three segments shall exceed a given ft z N J\ 

length e. 

The segments being as before x, y-x, <* — Pi 
PS = x, PK=a-y, PI = y-x. There will 
be two eases : — 

(1). If c>-a; takeOV=BV=DZ=BN=c; 

then it is easy to see that the only favourable 
cases are when P falls in the hexagon UZNMJV; 
hence 

OBD-3.UBZ /<*-c\ 2 

Pl= OBD -'-31— )• 

(2). If e < -«; take OJT = BY = e, as before : then the only favourable* 




cases are when P falls in the triangle EST 

EST /™-«\2 



B 



K 



P2 



OBD 



- m- 



V 

u 



7 

/ T 



since RST = -BT* t and BT= VT+ RK- VH 

2 

= 20 - (a - c). 

Such cases of discontinuity in the functions 
expressing probabilities frequently present them- 
selves. The functions are connected by very 
remarkable laws. Thus in the present question, 
if Pi =/W- P* « P(c)t we have 

/(0 -/(«-') «*(•)-*<«-•). 

5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the- 
distance between each pair, being thrown at random on the floor, to find the- 
chance of its falling on one of the lines (Bufforis problem). 

Let x be the distance of the centre of the rod from the nearest line, $ the- 
inclination of the rod to a perpendicular to the parallels, 2a the common distance- 
of the parallels, 20 the length of rod, then as all values of x and between their 
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-extreme limits are equally probable, the whole number of cases will be repre- 
sented by « 



nr. 



w 

dzd$ — fra. 



Now if the rod crosses one of the lines we must have e > ; so that the 

CO8 

favourable cases will be measured by 



w 

12 re co*$ 

dd\ dx - 2C. 



Thus the probability required iap = — . 

ira 

This question is remafkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir from this result, by making a large number of trials 
with a rod of length ia ; the difficulty however here consists in ensuring that 
the rod shall fall really at random ; the circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others ; though we 
may be unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

232. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probability of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
•distance from one end having the value x 9 being proportional 
to x itself. This would be in fact supposing the series of 
points in question as ranged along the line with a density 
proportional to x ; as e. g. if they were the projections on the 
line of points taken at random in the space between the line 
and another line through one of its extremities. To give an 
example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let #,ij^the distances from A, y > x. Here the 
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probability of a point falling between x and x + dx is not 
proportional to dx, but to x dx ; and the result will be 



r ** r„ 



-e 

xdx 



C V £ x3 



*> = — —y = I * + TI )l I " 



Jo y n 



a?dk N ^ /\ 



The mean values of the three divisions of the line, in the- 
same case, will be found to be 



8 4 1 

— a, — a, 

15 15 5 



The above value of p is also the valwof the chance, that 

the difference of the altitudes of two points within a triangle 

/» 

shall exceed a given fraction - of the altitude of the triangle. 

a 



Examples. 

r. Two points being taken on the sides OA % OB of a square a-, the chance- 

of their distance being less than a given value b is easily seen without calcula- 

icb 2 
tion to he — r, provided b < «, as it is the chance of a point taken at random in 
4a* 

the square falling within a quadrant of a given circle ; suppose now that two- 

points are taken on OA, and two on OB, and that we take X, J, the two points 

furthest from on each side, to find the chance that their distance XYia les& 

than a given length b ; (b<ct). 

Here the probability of X falling between x and x + dx is proportional 
to xdx; likewise for y, hence 



ii 



xydxdy 
p = ; 

(I xy dx dy 
o jo 

b* 
the upper integral being limited by x* + y 2 < # ; hence p = - 4 . 

Thus it is an even chance that the point determined by the co-ordinates «, y 
shall fall within the quadrant - *■«'. 




.3 1 8 On Mean Value and Probability. 

2. There is a circular target of area A ; the area of the bull's eye is a. If 
a shot is heard to strike the target, the chance of its haying hit the bull's eye is 

of course — -.* If, however, two shots have been fired, to find the chance that 
A 

the best of the two has hit the bull's eye. 

This is easily solved by elementary considerations ; as the chance of both 
Missing the bull's eye is 

' - m'- 

Hence the required chance of the best shot having hit it is 



a I a\ 



3. Let it be proposed, however, to find the chance of the best of the two 
-shots (•'. 6., that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of caseton which the worst shot falls on any element dS t at a 
distance r from the centre, is *r 2 dS; hence the chance of the worst shot striking 
the area a is 

JJWtf (over a) m 

P ~ SSt*dS (over A) " M' 

where M, m are the moments of inertia of A, a round the centre of the target. 
Now, the probability of both shots missing a is 



hence that of a being hit (by one or both) is 



a 2 



tmd the chance of both hitting it is — . But the chance of a being hit is 

chance of best + chance of worst — chance of both ; 
hence, ifpi be the required chance, viz., of the best shot striking a, 

m a 2 (A — a\ 2 am 

where m, M are the moments of inertia above. 



P1 = 2 A~M> 



* That is, disregarding the effect of the aim directing it with greater 
probability to the centre of the target. This would be practically correct in the 
<;ase of a verjr^^Mjkflman, who frequently misses the target altogether. 
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233. Curve of Frequency. — In questions relating to a 

variable, the probability of any value of which is a function 

of that value itself, it is often 

useful to consider what is called 

a curve of frequency. Thus, if 

the probability of a given value 

of x is proportional to <p(x), and 

ive draw a curve y = C$(x), 

then when a great number 

of values for x are taken, the 

number in any element dx is 

proportional to the area of the curve standing on that 

element: the ordinate of any point P representing the 

density or frequency of the points at P : the abscissas of all 

points taken at random in the area of the curve are equally 

probable. 

Thus, if two points X, Fare taken at random in a straight 

line AB, and X means always that nearest to A, the curve 

of frequency for Y will be a straight line through A, that 

for X a straight line through B. This will often simplify 

•questions ; e. g., Suppose we have to find what is sometimes 

called the most probable value for AY, i.e., such a value 

AP that -4Fis equally likely to exceed or to fall short of it. 

Since the curve of frequency for 

T is a line AC, we have only to 

find P so that PD bisects the 

AB 
triangle ABC; i.e., AP = — — ; 

^because as many values of AT 
oxceed AP as fall short of it. 

The most probable value is not the mean value, viz., -AB, 

being the horizontal distance of the centre of gravity of 
ABC, from A. 

A point Y is taken at random in a line AB = a, and 
then a point X is taken at random in A Y (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length of 
AX falling within given limits. 

Let x, y be the distances from A ; for any assigned value 
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of y, the chance of X falling between x and x + dx is 
— ; hence the chance of X falling between x and x + dx, 

y 

and T falling between y and y + dy 9 



is measured by 



dxdy 
ay 




hence the whole chance of X falling 
between x and x + dx is 

dx[ a dy dx . a _ , 

— — = — log- = -d#log#, 
a J, y a *x * ' 



if for simplicity we put a = i . 

Thus the curve of frequency for X is a logarithmic 
curve BR y whose ordinate is 

s = - log x ; 

the frequency at A being infinitely great. 
The area of this curve from o to x is 

tflogj; 

and this is the probability of AX being between o and x ; 
the whole area, when x = i, being i, as it ought to be, as 
it is certain that X falls in AB. The chance of X falling 
between given limits x\ of' is of course 

*'l0gj-tf''l g^>. 

To find the most probable value of x we should have to 
solve the equation 

x(i -log*) = . 



this gives x about - of the line AB. 
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The mean value of a: is 



M = 



r. 



xz dx 



i 



z dx 



= of AB. 

4 



This last result might have been foreseen : because if we 
take a point at random in each of the segments AY, YB> 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others ; the sum of the mean 
values being AB. 

Examples. 

1. A line is divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the three parte shall exceed the sum 
of the other two (i. *., that a triangle might be formed by them). {Cambridge 
Math. Tripos, 1854.) 

The probability that X, Y shall be taken in two assigned elements dx, dy 
is (taking a «= 1), 

dx dy 



this differential being integrated throughout any limits gives the sum of the 
probabilities of X, Y being found in each pair of values for dx and dy which 
enter into the summation : — that is, the cases being mutually exclusive, the 
probability that X, Y will be found in some one of those pairs. 
In the present case the limits are equivalent to 



a?< - <y < 1, x>y 

2 



1 

z 



Hence 



* 



-ff 



dydx. 1 

-^ — = log 2 - -. 
y x 



2. An urn contains a large number of black and white balls, the proportion 
of each being unknown : if on drawing m + n balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in AB being & priori equally 
probable. Then, m + n points being taken 
at random in AB, m are found to fall on 
AX, n on XB. That is, all we know of X is that it is the (m + i)t* in 
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beginning from A, of m + n + I points falling at random in AB. If AX = x, 
AB - i, the number of cases for X between x and x + dx is measured by 

r — p- «"• (I - s) n <&.* 

[mr» ' 

Hence the probability that the ratio of the white balls in the urn to the 
whole number lies between any two given limits a, £ — that is, that the 
distance from A of the point X lies between a and £, is 



p = - 



la ar« (i — x) n dx 

!«•» (i - x) n dx 
o 



The tttrttt of frequency for the point -X will be one whose ordinate is 

y = #*{! -a?) w . 

The maximum ordinate KV occurs at a point JT, dividing AB in the ratio 
m : * ; this is of course what we should expect ; the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of each, 
than any other. The value for p above is simply the area of the above curve 
between the values a, $, of s, divided by the whole area. 

Let us suppose, for instance, that 3 white and 2 black balls have been 

drawn ; to find the chance that the proportion of white balls is between - and - 

1 1 5 5 

of the whole — that is, that it differs by less than + - from -, its most natural 

value * f f *(.-*)»* , Q 

J|_l__ «5« 18 , 
p * -* = — 5- = — nearly. 

f z*(i-x)*dx 5 2S 

Jo 

The above results will apply to any event which must turn out in one of 
two ways which are mutually exclusive, this being the whole of our a priori 
knowledge with regard to it. The ratio of the black, or white, balls to the 
whole number, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened tn times and failed n times in m + n trials. To 
find the probability that, onp + j further trials, it shall happen p times and 
fail q times. 

That is, that, p + q more points being taken at random in AB,p shall fall in 
AX y and q in BX. The whole number of cases is as before 

[ m+n 



f 1 [m + » f 1 

(AB)p*9 0* (1 - x) n dx = === 

Jo fcfejo 



"When any particular set of p points out of the p + q additional trials, falls in 



* For a specified set of m points, out of the m + «, falling in A X the 

[" m + n 
number is x m (1 - x) n dx \ the n.u\nW ot *\m& **\& \% -^ — =r-. 
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AX, the number of favourable cases is 



' ■-*» (l -zy>*idx. 



m + n f 1 
*C5J. 



I . 2 . 3 . . . . (p + 0) 



But the number of different sets ofp points is 

I . 2 . 3 • ••j9.I.2 < 3*«*£ 

Hence the probability is, putting as before I p for 1 . 2 . 3 . . . p, 



Pi = 






a^(i — x) n dx 



By means of the known values of these definite integrals (p. 115), we find 

\P+Q [*n+p[n + 9 [~m + ft+i 

\p\q VmVn Vm + n+p+q+i' 

For instance, the chance that, in one further trial, the event shall happen, is 
This is easily verified, as the line AB has been divided into m + n+ 2 



*» + * + 2 

sections by the m + n + 1 points in it, including X Now, if one more trial is 
made, i *., one more point taken at random, it is equally likely to fall in any 
section ; and m + 1 sections are favourable. 

234. Errors of Observation. — One of the most important, 
practically, as well as the most difficult, departments of the 
theory of Probability is the subject of Errors of Observation. 
We will give here one example of the simplest possible 
description. 

Two magnitudes A and B are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable* To determine the probability 
that the error in the sum, A + B> of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus, the horizontal angular distance of two objects 
A y C is sometimes found by measuring the angle between 
A and B, an intermediate object; and afterwards that 
between B and C, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 

* This supposition must not be supposed to be practically correct. The 
theory of Errors shows that the probability of an error of magnitude x is pro- 
portional to *-«•*. 

Y. 2 
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equally probable, to find the probability of the error of the 
result falling within assigned limits : its extreme limits 
being of course ± io'. 

The question is more easily comprehended by means of 
a geometrical construction than by 
integration. 

Take AB = 2a, then all the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in OB, 
negative when in OA. Make also 
AS = 2a, the values of the second 
error are given by points in A!B. 
Take any values, OP = x for the 
first, OF = x' for the second; these values taken as co- 
ordinates determine a point V corresponding to one case of 
the compound error x + a/ ; and such points V will be 
uniformly distributed over the square HK. The value of 
the compound error £ corresponding to the point V is 

£ = x + x' = OS, 

if VS be drawn at 45 to the axes. Now all values of the 
errors x, of which give x + x' the same, give the same value 
for « ; hence all points on the line JI correspond to com- 
pound errors of amount OS. Take Ss = de; the number of 
compound error© between e and e + de is the number of 
points between JI and a parallel to it through s. Now the 
area of this infinitesimal strip is evidently 

(2a - s) dt. 

Hence the probability of the error being between * and 
£ + de is 

(20 - £) de 

P = A / - 

This holds for negative values of £, provided we only consider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude £ = OS is 
proportional to JI the intercept of a line through S sloping 
The probability of the error £ falling between any 
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two given limits 08, OS' is found by measuring these 
lengths (with their proper signs) from 0, along AB, and 
dividing the area intercepted on the square by parallels 
through 8, S' sloping at 45 , by 4a 2 , the area of the whole 
square. 

Thus the chance of the error falling between the limits 

3 
± a (those of the two component errors), is -. 

4. 
The mean value of the error, strictly speaking, is o ; but it 

is evident that for this purposer we ought to consider negative 

errors as positive ; and consequently take the mean of the 

arithmetical values of all the errors, which is the same as the 

mean of the positive errors only ; hence the mean error 

required is 

if U) = ± - a. 
3 

The most probable value, such that it is an even chance that 
the error exoeeds it, since the triangle JKI must be - of the 
whole square, for that value of 08, is 

± a(2-y/*) = ±.5860. 

235. Various artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be found extremely tedious, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r ; to find the chance that their distance 
is less than a given value, c. 

Let F = number of favourable cases, 
7P=. whole number ; then 




F U \ 2 

Let us consider the differential dF, or the additional 
favourable cases introduced by giving r the increment dr, 
c remaining unchanged. 

If one of the points A is taken anywhere (at P) in the 
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infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, By in the lens ED common to the two spheres, are 
favourable ; let L = volume ED y then the number of favour- 
able cases when A is in the shell is 

^irr 2 dr . L\ 

doubling this, for the cases when B is in the same shell, 

dF = Sir^Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

T 2lT . 7T c 4 

L = — <r ; 

3 4 r 

( 2 i \ 

hence F = 8ir*( - c?r* - -cV + C ) ; 

C being an unknown constant ; i. e., involving c 9 but not r. 

F c 8 9 c* gC_ 

"16,. r 3 16 r 4 2 r 6 " 
— ir 2 r 6 

9 
Now the probability = 1, if r = -c, 

.-. 1 - 8-9 + -X64— , .-. ^C = -r-c*. 

2 C 2 04 

c s 9 c 4 I C* 
* r 3 16 r 4 32 r 6 ' 

If the two points be taken within a circle, instead of a 
sphere, it may be proved by a similar process, that 



c 2 2 ( <?\ . , c 1 cf e?\ \ c 



ml 



r 2 7r\ r 2 ) 2r 4tt r\ r^Jy r 2 
It is a very remarkable fact, pointed out by Mr. S. 
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Roberts, that if we draw the chord ED 9 the probability is, in 
the case of the circle 

2 . segment EQD + segment EPD 
area of circle EHD ' 

and also, in the case of the sphere, 

2 . volume EQD + volume EPD 



P = 



volume of sphere EHD 



These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



Examples. 

1. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall be acute-angled. 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of the sphere. For if p be the probability of an acute triangle in 
this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it travels over the whole volume of the sphere. 
Hence p will still he the probability when no restriction is put on any of the 
points. 

Take then A, one of the points, on the surface of the sphere ; two others B, C 
being taken at random within it, and let us find the 
chance of ABC being obtuse-angled ; to do this, we 
will find separately the chance of the angles A, B, C, 

being obtuse ; the events being mutually exclusive, the / \jq 

probability required will be the sum of these three. 

(1). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to AB, 
the chance required is 

volume of segment AHV 
volume of sphere 

Let r = OA, the radius of sphere, p = AB; = L OAB ; then the volume of 
the segment AHV is 

Jut 3 (i - cos e)* (2 + cos 0), 

therefore when B is fixed the chance is 

J(i - cos B) 1 (2 -Y CO8 0). 
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Now let B move over the whole volume of the sphere, and we hare for the 
probability Pj, that A is obtuse 

J, - i -5SsHJI (, - 0,v(l + -^* r 



= S3 1 I (a - 3 cos + cos s 0) p* sin ddddp. 

or 9 J o J • 

Hence P A = — . 

(2). To find the chance, P My that B is obtuse. Fix B as before ; then the 
chance that B is acute is 

segment MEN 

— • 

sphere 

Now, volume MHN= Jut 3 ( - + 1 - cos J f a + cos - - j ; 
so that the chance is 

-} a-3co8 + cos s + 3- (1- cos' 0) + 3 — % cos - ^ J . 

Hence the whole probability (1 - Pb) that B is acute is 

w 

3 /• 2 r2rc<»0 / p P 2 &) 

R \3 I [2-3 CO8 0+CO8 8 0+3 ^-(l -CO6 2 0) +3 - 2 CO80-^jp*8in0rf0rfp» 

'7 
Performing the integrations, we find P* - — • 

70 

The probability for Cis, of course, the same as for B ; hence the whole pro- 

bability of an obtuse-angled triangle is 

70 70 7O 70 

33 
Hence, the chance of an acute-angled triangle is — . 

For three points within a eireU the chance of an acute-angled triangle is 

4 1 

a. Two points, A, B are taken at random in a triangle. If two other points, 
C, D are also taken at random in the triangle, to find the chance that they shall 
lie on opposite sides of the line A & 
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The aides of the triangle ABC produced divide the whole triangle into seven 
spaces. Of these, the mean value of 
those marked (a) is the same, viz., the 
mean value of ABC; or, -fa of the 
-whole triangle, as -we have shown in 
page 311 ; the mean value of those 
marked {$) being $ of the triangle. 

This is easily seen ; for instance, 
if the whole area a 1, the mean value 
of the space PBQ gives the chance 
that if a fourth point D be taken 
at random, B shall fall within the 
triangle ADC; now the mean value 
of ABC gives the chance that D shall 
fall within ABC; but these two 
chances are equal 

Hence we see that if A, B, C be 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does, is H oi the whole ; that of the opposite 
portion is t 3 ^. 

Hence the chance of C and D falling on opposite sides of AB is iV- 

236. Random Straight Lines. — If an infinite number of 
straight lines be drawn at random in a plane, there will be 
as many parallel to any given direction as to any other, all 
directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence if a line be determined by the co- 
ordinates p, en, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if p, en be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series 
of random straight lines. Thus the number of lines for 
which p falls between p and p + dp, and u> between en and 
o> +c&>, will be measured by dp dw, and the integral 

jj dpd<o 

between any limits measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
line* which meet any closed convex- contour of length L is 
measured by L. 

For, taking inside the contour, and integrating first 
for p, from o to jo, the perpendicular on the tangent to the 
contour, we have J pdu> ; taking this through four right angles 
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for o>, we have by Legendre's theorem (p. 2 16), JV being the 
measure of the number of lines, 



-1 



lr 



iV= pdw = L. 



(?) 



Thus if a random line meet a given contour, of length L, 
the chance of its meeting another convex contour, of length 
/, internal to the former, is 

(8) 



I 



If the given oontour be not oonvex, or not closed, iVwill 
evidently be the length of an endless string, drawn tight 
around the contour. 



Examples. 

1. If a random line meet a closed convex contour, of length L, the chance 
of it meeting another such contour, external to the former, is 



X-T 




1. 



P- 



where X is the length of an endless band 
enveloping both contours and crossing _ 
between them, and T that of a band also 
enveloping both, but not crossing. 

This may be shown by means of 
Legendre's integral above ; or as fol- 
lows : — 

Call, for shortness, N[A) the number 
of lines meeting an area A ; N(A,A') the number which meet both .4 and -4 
then 

N(SROQPR) + NfjS'Q'OR'rH') = N(8R0QPH + S t Q'ORP , H') 

+ N(SROQPH, S*QORP*H') t 

since in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-convex figure consisting of OQPHSR and 
OQS'ITP'R! is equal to the band Y, and the number meeting both these areas 
is identical with that of those meeting the given areas XI, fl\ hence 

x= r+2V(ft,ft')- 



Thus the number meeting both the given areas is measured by X — Y. Hence 
the theorem follows. 
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2. Two random chords cross a given convex boundary, of length L, and area 
d ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position ; let C be its length ; considering it as 
a closed area, the chance of the second chord meeting it is 

2C 
X' 

and the whole chance, of its co-ordinates falling in dp, dw, and of the second 
chord meeting it in that position, is 

iC dp dm 2 
But the whole chance is the sum of these chances for all its positions ; 



.*. prob. = —11 C dp dot. 



Now for a given value of », the value of J Gdp is evidently the area £t ; then 
taking » from w to o, 

required probability = -— -. 

The mean value of a chord drawn at random across the boundary is 

J J Cdp dm irfl 



Jf = 



// dp dm L' 



237. The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + 1 points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be the last, 
beginning from the end A of the line ; the number of favour- 
able oases, when X is in the element dx> is, calling AX 9 x ; 



x"dx. 
Hence 

x"dx 

__ _ 

P ~ ""jn + i 



i: 



but the chance must be : we thus have an independent 

if + 1 r 



332 



On Mean Value and Probability. 



proof that 



I 



l jn + i 

x«dx = 



n+ i 



when n is an integer. 

Again, if m + n + i points are taken, to find the chance 
that X shall be the (m + i)th in order ; the number of favour- 
able oases, when X falls in dx, and a particular set of m points 
falls to the left of X, is 

af(i - a?) n dfc ; taking / = i ; 

hence the whole number of favourable cases is 



\m 

\m 



|« J 



^(i -#) n tfc; 



this is the required probability, since / m + n+1 = i. But the 

value is , as every point is equally likely to fall 

in the (m + \)th place ; we thus deduce the definite integral 



I. 



x™ (i -x) n dx = 



/ft # 



\rn + n+ i 



when >n, n are integers. (See p. 115.} 

238. To investigate the probability that the inclination 
of the line joining any two points in a given convex area Q 
shall lie witnin given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to whioh it leads, and 
which is not easy to deduce other- 
wise. 

First let one of the points A be Q] 
fixed ; draw through it a chord PQ = C, 
at an inclination v to some fixed line ; 
put AP = r,AQ = r' ; then the number 
oi cases for whioh the diiectLoii o£ thfi line Joining A and 
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B lies between and + dd 9 is measured by 

i (f* + r^dO. 

. Now let A range over the space between JPQ and a 
parallel chord distant dp from it, the number of cases for 
-which A lies in this space, and the direction of AB is 
from to 8 + dO, is (first considering -4 to lie in the 
element drdp) 

idpdol (ft + ^dr^^CPdpde. 

Let jo be the perpendicular on C from a given origin 0, 
and let w be the inclination of p (we may put dta for d0), (7 
will be a riven function of p 9 to ; and integrating first for u> 
constant, the whole number of cases for which a> falls between 
given limits &/, 10", is 



if" do, lc 3 dp; 



the integral fC*dp being taken for all positions of C between 
two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough: we may, however, 
deduce from it a remarkable result ; for if the integral 

iJSC*dpdw 

be extended to all possible positions of (7, it gives the whole 
number of pairs of positions of the points A y B whioh lie 
inside the area ; but this number is Q? ; hence 

HC z dpd<ti = $U\ 

the integration extending to all possible positions of the 
chord C; its length being a given function of its co-ordinates 
p, w. 

Cor. Hence if X, Q, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

drawn across it at random is -=—. 
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Some other eases of definite integrals deduced from the 
theory of Probability are given in a paper in the Philo- 
sophical Transactions for 1868, pp. 181- 199. 

Several Examples on Mean Values and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are token from the 
papers on the subject in the Educational Times ,• by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented us giving 
the solutions in the text. 

"We may refer to Mr. Todhunter's valuable History of 
Probability for an account of the more profound and diffi- 
cult questions treated by the great writers on the theory 
of Probability. 
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Examples. 

1. A chord ii drawn joining two points taken at random on a circle : find the 
mean area of the leaser of the two segments into which it divides the circle. 

. xr* r 2 

Ant. . 

4 » 

2. Find the mean latitude of all places north of the Equator. 

Ant. 32 . 704. 

3. Find the mean square of the Telocity of a projectile tin vacuo, taken at all 
instants of its flight till it regains the velocity of projection. 

Am. P 2 cos 2 a + $V* sin 2 a : where V = initial Telocity, and a = angle 
of projection. 

4. If x and y are two variables, each of which may take independently any 
value between two given limits (different for each), show that the mean value 
of the product xy is equal to the product of the mean values of x and y. 

5. If X, T are points taken at random in a triangle ABC> what is the 
chance that the quadrilateral ABXYis convex ? 

Ant. -. 
3 

For, it is easy to see that of the three quadrilaterals ABXY, ACXY 9 BCXY, 
one must be convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

Ant. ■— (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber n of names being large. If a name be selected at random, find the chance 
that the candidate shall not be more than m places from his place in the order 
of merit. 

Ant. 2 , . (N. B. — This is not, of course, the value of the chance 

n n* 

after the selection has been made : this may easily be found). 

8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day's journey. 

Ant. --. 
4 

9. Two lengths, b, b\ are laid down at random in a line 0, greater than 
either : find the chance that they shall not have a common part greater than c. 



(a - b'- V + cY 
AtU ' Ta •-*)(*-*</ 
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10. A person in firing 10 shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

Ana. a7 ' 4 ' 7 = -^— . If the first 10 shots had not been fired, so that 
19. 17. 13 4199 

nothing was known as to his skill, the chance would be — : if he 

11 

had been found to hit the mark half the number of times out of 

63 
a large number, the chance would be — ^. 

1 1. If a line / be divided at random into 4 parts, the mean square of one 

of the parte is — J* : but if the line be divided at random into 2 parts, and 

each part again divided into a parts, then the mean square of one of the 4 parts 

is - /*. 
9 

1 2. Three points are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Ana. l-l 
16 

13. A certain city is situated on a river. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, £, in the absence 
of any further information. But if we have found that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

Ana. -. N. B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally pro- 
bable a priori. 

14. If Ay B, C, D, are four given points in directum, and 2 points are taken 
at random in AD, and one is taken in BC, find the chance that it shall fall be- 
tween the former two. 



Ana. -±=p J - BC* + BC{AB + CD) + 2AB . CD J. 



15. If z = x + y, where x may have any value from o to 0, and y any value 
from o to by find the probability that z is less than an assigned value e : (b < a). 



Ana. 


(1) 


If 


e Kb, 


p\ = 


iab' 








w 


If 


a>e> b y 


P2 = 


• 

a 








(3) 


If 


e > a, 


P* = 


■ ,-<• 


+ *- 


i 



If we denote the functions expressing the probability in the three, 
cases by f\ (a, b y e), fi(a t by <?), /s(«, b, e) 9 we shall find the re- 
lation 

f\{a, &, c) •¥ K», b, t") « f-&<x, 6, e) + f % (by a, <?). 
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16. In the cubic equation 

z* + px + q = o, 

p and q may have any values between the limits ± 1 . Find the chance that the 
three roots are real. 

Ana. — V3» 
45 

17. Two observations are taken of the same magnitude, and the mean of the 
results is taken as the true value. If the error of each observation is assumed to 
lie within the limits ± a, and all its values to be equally probable, show that it 
is an even chance that the error in the result lies between the limits ± 0.293a. 

18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 

** + *' 2 + A» ; 

where A is the distance between the centres of gravity of the areas ; and, k, k' 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plane area is 

a 

where A, £ are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of the points is fixed at the centre of gravity, the value is £ A 2 * 2 . (Mr, 
Wool house.) 

ao. A line is divided at random into 3 parts. Find the chance (1) that they 
will form a triangle : (a) an acute-angled triangle. 

Ana. (1). pi = J. 

(a), jpa = 3 log a - a. 

a 1 . A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

Ana. — T . 

22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90 . 

Ana. — . 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (1) that all its angles are acute ; (2) that all are obtuse. 
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24. The density of an assemblage of points, bounded by a given contour, 
varies inversely as the distance from a point within the contour. Find the 
mean distance of the points from 0. 



.j 
1 



hr 



Am. M «= * — : taking r =/[d) as the given polar equation of the contour. 

2 r * 

rd$ 



25. Two equal lines of length a include an angle $ : to find the chance thtt 
if two points P, Q are taken at random, one on each line, their distance PQ shall 
be less than a. 

mm mm 90 ^» <■* 

An*, (i). When - > $ > - ; p\ = —. — + 2 cos*. 

2 3 2 8in0 

v w — $ 

„ (2). When 0> -; p* = — r-r. 
" w 2 asinff 

Here the functions are connected by the relation F(6) + f\ic- 0) =./(0) +./(»-0). 

26. The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within 
a radius r from the centre shall not live farther than a distance r from 
each other. 

11, a / V3\ 1 (2 ode 3 r * eae 

Ana. p = log3+-[ 1 J + — 1 -^-i + — \ -r-r; whence 

3 4 w\ 2/ 2Tjosina 2*J? erne 

9 

p = 0.7771. This result is easily obtained by employing the values given in 
Ques. 25. 

27. Four points are taken at random within a circle or an ellipse. Show 

" 35 
that the chance that they form a re-entrant quadrilateral is — ^. 

16 

28. Find the mean distance of two points within a sphere. Am. —r. 

35 

29. Three points A, B, are taken within a circle, whose centre is 0. 
Find the chance that the quadrilateral ABCO is re-entrant. 

Ana. i + -3-. 
4 3«* 

30. Find the chance that the distance of two points within a square shall 
not exceed a side of the square. 

Ana. p e= v _ " 

6 
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31. In the same case, to find the chance that the distance shall not exceed 
an assigned value e ; the square being a 2 . 

u 2 / 8 1 \ 

Ans. (1). When e<a: p = -.lira 1 — ac + ~&\. 

« 4 V 32/ 

„ (a). When <J > a; p = 4--8in- 1 --ir- i +- — -; — \/ «*-**- *-*- —2 + ~ 

a 1 c . a* 3 a* a 2 itr 3 

32. Three points are taken at random on a sphere ; the chance that in the 



1 



spherical triangle some one angle shall exceed the sum of the other two is -. 

1 2 

Also the chance that its area shall exceed that of a great circle is -. 

33. If a line be divided at random into 4 parts, it is an even chance that 
one of the parts is greater than half the line. 

34. The mean distance of a point within a triangle from the vertex Cis 

I (a + * (a-*)(a 2 -&2) A 2 a+b-c) 
' + -h --log « 



1 ( a + 
3 I » 



if € *a+b+cy 

where A is the altitude of the triangle. 

35. The mean value of the distance between any two points in an equi- 
lateral triangle is 



*-}.£+!*,). 



This question may be solved by proving that M — - ifo, where Jfo is the 

mean distance of an angle of the triangle from any point within it. For, 
let Mo = /t&A*, where /x is constant, and A <*= area of the triangle. Take now 
any element dS of the triangle, draw from it parallels to the sides to meet the 
base ; let 8 be the area of the equilateral triangle so formed : the sum of the 
whole number of cases will be equal to 

6fj9.fi$.dS = JfAS 

if d8 is made to range over the whole triangle : if we call the whole triangle 
unity, and put dS = idad$ as in (Ex. 3, p. 309), & m a 2 , and the integral 

6 
becomes — /i = M. The result then follows from (34). 

36. From a tower of height A, particles are projected in all directions in 
space, with a velocity due to a fall through a height h. Show that the mean 
value of the range is 

HI = 2 A I »S 1 - ** . dx. (Prof. WolsUnholme.) 



340 On Mean Value and Probability, 

37. If there be m quantities a> b y e, d . . . . each of which takes indepeo* 
denUy a given series of values «i, *i, at, . . . . , b\ 9 b%, b%y . . . . &c, (the number 
of values is different for each), if we put 

and far shortness we denote " the mean value of s" by Mx t prove that 

Mia » Ma + Mb + Me + . . . . = *Ma> 
Jf(3«)»« (*M*y - 3(Ifa)» + *M(a*). 

38. Two points are taken at random in a triangle. Find the mean area of 
the t>iangular portion which the line joining them cuts off from the whole 
triangle. 

Am. - of the whole. 
9 

39. A ship at A observes another at B t whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a given 

2 d 
distance d of the second is always -sin' 1 -, whatever the course taken by A ; 

* a d 

provided its inclination to AB is not greater than cos' 1 - : putting AB = a. 

(Camb. Math. Tripos, 1871. Prof. Miller.) 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random shall lie on opposite sides of the line. 

128 

Ans. : this is deduced at once from the value of M. the mean 

45* 2 2 M 

distance of the two points ; as the chance = — . 

41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the 
triangles A OB, BOC, CO A \ 

Ans. — . This may easily be found to depend on the 
integral j j a/9 y . idadp, where a, /9, y are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 
the circle. 4 

Ans. 1 . 

3* 
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r. If a be the sagitta of a circular segment whose base is b> prove that the 
area of the segment is, approximately, 

2 a 8 
= - ab + — . 

3 *b 

2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 

3. Find the value of 

/ log (x + *s/ x 7, + a 2 ) dx. 

Ant. «log(« + v a^'+a 2 ) - v^* 3 + a2 - 

4. Show, from Art. 157, that the definite integral | pda>, when extended 

Jo 
round any convex closed boundary is equal to the whole length of the boundary. 

5. In a spiral of Archimedes, if P, Q, and P', Q be the points of section 
with any two branches of the curve made by a line passing through its pole ; 
prove that the area bounded by the right line and by the two branches is half 
the area of the ellipse whose semi-axes are PP' and P'Q. 



6. Find the value of 



(dx Ix + a 
x + e V x + b 



n. If an ellipse roll upon a right line, show that the differential equation 
of the locus of its focus is 

(y 2 + *•) % = </(2ay + y* + »)\2ay-y*-lP). 

8. A circle rolls from one end to the other of a curved line equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed ourve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. (Camb. Math. Tripos y 1871.) 

9. In the same case show that the entire length of the path described 
is 8 times the diameter of the circle. 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 
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1 1 . Evaluate the following integrals : 

** + «* + \/ R 

12. If J2 » (** + «ur) 2 + te, and u = log ^--n , find, by differentia- 

tion, the relation between the integrals 



i 



dx f xdx 



13. If a curve be such that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, ahow that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : 11V3. 



15. Prove that 



f« d$ f fi d$ 

Jo v/i-j^sin** *• \/* a -«ii 



sin 3 
where sin/9 « icsina. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 
same area. 

17. Show that the value of the integral 

•» dy 



i: 



may be exhibited by the following geometrical construction. Let the curve 

m m 

whose equation is r m43 cos « = 1 roll on the axis of *, take the points 

IH T 2 

(*i» y\) (*2, yt) on the roulette described by the pole, such that y\ = a, yt = b, 
then 



f 



dy 



V*r- 



18. If 8 be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pule, prove that 

t - t = j amp da. 
The proof is similar to that of the corew\widm%tWM»m. in piano. See Art. 158. 
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19. Prove that the volume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is 
expressed by the formula 

~CB + # + 4£"); 
o 

where if is the distance between the parallel planes, B and ff the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

ao. If 8 be the length of a loop of the curve r* = a» cosnfl, and A the area 
of a loop of the curve r* m = a 2 * cos 2nd, prove that 

AxS = — . 
in 

21. Find approximately the area, and also the length, of a loop of the 
curve r*e of cos—; (see Dif. Oal., Art. 269). 



Ant. area = a 2 x 0.56616, 
length = a x 2.72638. 



22. Find the value of the integral 



f (1 +z*)dx 
J (i+z + **)*' 



23. If A be the area of any oval, B that of its pedal with respect to any 
internal origin 0, and C that of the locus of the point on the perpendicular 
whose distance from is equal to distance of point of contact from ; prove 
that A f B y Care in arithmetical progression. 

24. The arc of a curve is connected with the abscissa by the equation 
«* = kxy find the curve. 

25. If the co-ordinates of a point on a curve be given by the equations, 

* = e sin 20 (1 + cos 20), y = e cos 20 (1 - cos 20), 
prove that the length of its arc, measured from the origin, is 

4 

- e sin 3 0. 

3 

26. Show how to And the sum of every element of the periphery of an 
ellipse divided by any odd power (ir + 1) of the semi-diameter conjugate to 
that which passes through the element, and give the result in the case of the 
fifth power. (Mr. W. Roberta.) 



This #▼«» ... when r « 2. 
9 <rtr 



An8 - i JL 1 f* («*cob»0 + Pun*0)r-i4ft\ 
(a*)*" 1 Jo ' 
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27. A sphere intersect* a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the 
greatest and least intercepts made by the sphere on the edges of the cylinder. 

28. Show that the equations of the involute of a circle are of the form 

«sacos$ + <tysin0, y = a sin ^ - <ty cos $, 

and prove that tHe length of the arc of this involute, measured from <p = 0, is 
one-half of the arc of a circle which would he described by a radius equal to the 
arc of its evolute moving through the angle <p. 

29. Show that the area of the cassinoid 

r* - itflr* cos 20 + a 4 = £* 

is expressed by aid of an elliptic arc when b > a ; and by a hyperbolic arc 
when a > b. 

30. A string AB, of given length, lies in contact with a plane convex curve 
with its end A fixed ; the string is unwound, and B is made to move about A 
till the string is again wound on the curve, the final position of B being B' ; 
prove that for variations of the position of A t the arc traced out by B will be a 
maximum or a minimum, when the tangents at B and B* are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
curvature at A is greater or less than half the sum of the curvatures at B 
and B'—(Camb. Math. Tripos, 187 1.) 



31. Find the value of 



fV^^L An. CW5 



32. Find the length and also the area of the pedal of a cissoid, the vertex 
being origin. 

8(1 /— TtC? 

Ana. — ~log(2 + v^3)~4«; — • 

33. Prove that the length of an arc of the lemniscate r 2 = a 2 cos 2$ is 
represented by the integral 



Lf ^ 

TJ^/TTT 



^/i * */ I - Jsin a 

34. Integrate the equation 

cos (cos0 - sinaBUKp) d$ + cos <p (coB<p — sin o sin 0) d<p = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, o) of (0, <p>), show that the equation is satisfied by 
putting + = a. 
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35. Each element of the surface of an ellipsoid is divided by the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire ellipsoid. Am. 4. 

36. Hence, show that 

'h fk {fj?-v 2 )dixdv it 



1:1 



h y/fi 2 -h 2 \/k*-n 2 </h 2 -v 2 </k 2 -v 2 2 

This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Geometry of Three 
Dimensions, Art. 426. This proof is due to M. Ohasles (Liouville, tome in., p. 10) . 

37. Hence prove the relation 

F(m) E{n) + F(n) E(m) - F(n) F(m) m -, 
where 

F(m) r. [ 2 dd E{m) = [ f </ I - m 2 sin 2 dQ, 

Joy/i _m 2 sin 2 Jo 

and w a + n 2 = i. 

Let v = Asin0, and /x = v A 2 sin 2 + A^cos 2 ^, in the preceding, and it 
becomes 



ir n 



f» f i A 2 sin 2 A + A 2 cos 2 <f> - A 2 sin 2 

I I — — - — ■ d d<p 

J o J o v/ h 2 sin 2 <p + k 2 cos 2 q> y/k 2 - h 2 sin*0 



ir ir w n 



a* </h* sin 2 A + A 2 cos 2 <p M f 2 f 2 \/k 2 - h 2 sin 2 
- — - - ^fo + — r- — - <*0<fy 

o -v/^-A'sin 2 * JoJoV^ 8in2 ^ + A 2 cos*0 



-IT 

J o Jo 



ir ir 



V^A 2 sin 2 + k 2 cos 2 <f> y^A 3 - A 2 sin 2 



This furnishes the required result on making A = mk. 

The preceding formula, which is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the constant angle y with 
the axis of 2, along the second £ with the axis of y, and along the third a with the 

axis of a, and if the angles be connected by the relations = —7— - — - ; 

then, if A*, A% y A\, be the included portions of the ellipsoidal surface, prove that 



Ai - A2 A\ - A3 A% - A 



1 



5 + -ft 4- -^ = o. {Mr. Jellett.) 



a* b 2 

2 A 
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39. Show that the results in Arts. 161 and 162 are true for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Integrate the expression 



*/ a sin 2 $ + b cos 2 , n 

• do. 



sin0 

41. If the symbols sin hyp. A, cos hyp. A, represent the hyperbolic sine 
and cosine of A (see Ex. I, p. 179) ; find the values of sin hyp. {A + B) and 
cos hyp. {A + E) in terms of the hyperbolic sines and cosines of A and B. 

Ans. Cos hyp. (A+ B) = cos hyp. A cos hyp. B + sin hyp. A sin hyp. B> 
sin hyp. (A + B) = sin hyp. A cos hyp. B + cos hyp. A sin hyp. B. 

42. Prove that the value of 

I 00 cos bx sin ax , . r * 
ax is o. - or --, 
x '42' 

according as b is >, = , or < a. 

43. Prove that 

(• sin to i 
~x* 

= - multiplied by the lesser of the numbers a and b. 



* sin to sin ax , 



2 



44. If e be the eccentricity of an ellipse whose semiaxis major is unity, and 
E the length of its quadrant, prove that 

Bed* xh 






45. If £ represent the length of a quadrant of the curve r"» = a m cos m0, 
and &i the quadrant of its first pedal, prove that 



„ _, m + 1 

2M 



Here (Ex. 3, p. 215), we have 



*'w r 
am 



\im) 



\ 2tn J 
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Also, the first pedal (Dif. Gal., Art. 190) is derived by substituting 



m+ 1 
instead of m, hence 



_ (wt + 1) aV* * \ 2m / 

01 = — ■ 



/- r 



2*t 



\ 2m/ 

oc (m + 1) *«» T [wf (m + i) Ttf 2 
.*. 001 = 



4»' 



.» / I \ 2«l 



V 2W/ 



46. In general, if fl» be the quadrant of the n th pedfX of the curve in the 
last, prove that 

tnn + 1 , 

Sn.l S n = — »« 2 . 

2m 
Here the equation of the n th pedal is got (Dif. Gal., Art. 190) by substi- 

tuting instead of m in the equation of the proposed, .*. &c. (Mr. W. 

mn -j- 1 

Roberts, Liou. x., p. 177.) 

47. If two confocal ellipses be such that a polygon can be inscribed in the 
one and circumscribed to the other, prove that an indefinite number of such 
polygons, can be described, and that they all have the same perimeter. (Chati*+ 
Comptet Rendut, 1843, p. 838). 

48. Being given any plane closed curve ; if dt represent an infinitely small 
superficial element of area at a point outside the curve, and t, f the lengths of 
the tangents from the point to the curve, and 9 the angle of intersection of these 

/fa OITl A 

tangents : prove that the sum of the quantities represented by — — — taken for 

all points exterior to the curve is equal to aw 2 . (Prof. Crofton, Phil. Trans., 
1808.) 

49. Find the mean distance of two points on opposite sides of a square, whose 
side = 1. 

Ant. 2 ~ 2 + log (1 + Va.) 

* 

50. A cube being out at random by a plane, what is the chance that the sec- 
tion is a hexagon? (Col. Clarke.) 

A V3 cot- 1 V3 - Va cot- 1 Va £ , 

Ana. — : = .04646. 

5 1 . Three points are taken at random, one on each of three faces of a tetra- 
hedron ; what is the chaiice that the plane passing through them cuts the fourth 
face? (Col. Clarke.) 

Ant, -. 



+' 
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52. Two stars are taken at random from a catalogue : what is the chance that 
one or both shall always be visible to an observer in a given latitude, X ? (Qol. 
Clarke.) 

Ana. - nmSn X + - sin x. 

2 4 

53. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the triangle. 



Ana. '— [a + — kg 4 ) . 
27 V 3 / 



54. Two Joints «re taken at random in a triangle, the line joining them 
dividing the mangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 



Ana. - (470 + — log 4) -'A. 



55 Show that the mean distance M of a point in a rectangle from one angle 
is given by 

3 * = rf+ _ log _ + ._ log _, 

a and b being the tides, d the diagonal. 

56. Show that the mean distance M of two points within a rectangle is 
given by 



1 



„ * *" ^/ « 2 **\ 5 /*» a + d a 2 b+d\ 



This result may be deduced from the preceding : for if fx = mean distance of a 
point within the rectangle whose sides are z, y y from one of its angles, it is easy 
to see that 

a 2 £*if=4 I I xyfxdxdy, .*. &c. 
J J 

57. Show that if if be the mean distance of two points within any convex 
area A, we have 



jr-^jjxr*** 



where 2, X are the segments into which the area is divided by a straight line 
crossing it ; the co-ordinates of the line being p, « ; and the integration extend- 
ing to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

iM 

chance of its passing between the two points is — , L being the length of boun- 

dary : again, for any position of the line, the chance of the points lying on 
opposite sides of it is — — ; therefore the whole chance is — j M (25'), where 
M (XX) is the mean value of the product XX' for all positions of the line. 

THE END. 



r 



